SUPPLEMENT 


THE ELEMENTS 


EUCLID. 


BY D: CRESSWELL, M. A. 


FELLOW OF TRINITY COLLEGE, CAMBRIDGE. 


LONDON: 


PRINTED FOR J. DEIGHTON AND GONS, CAMBRIDGE, 
AND G. AND W, B. WHITTAKER, AVE-MARIA-LANE, 


1819. 


T. Davison, Printes, Whitefriars. 


PREFACE. 


[mno 


Tx propositions contained in the following 
compilation are either obvious deductions 
from those of Euclid, or such as exhibit 

some remarkable properties of lines, angles, - 
or figures, which are not to be found in 
Euclid's work ; or; lastly, they are the geo- 
metrical solutions of many well-known pro- 
blems in the. different branches of Natural 
Philosephy. But although the propositions, | 
which have here been collected for the use 
of the. academical student, are of these three 
kinds, it. has -not been thought advisable to 
olnse-- them -according to that threefold di- 
vision. Designed as a supplement to the 
Elements of Euclid, they have been disposed 
according to Euclid's arrangement. And 

a 2 


lv 'PREFACE. 


not only have those which constitute the 
first book been made to depend upon the 
first book of the Elements, and so on ; but 
the propositions in each separate book will 
also be found to follow the order of the 
propositions of the corresponding book of 
. Euclid. There is no necessity, therefore, 
for the student to wait until he has gone 
through Euclid's Elements, before he enters 
upon the perusal of this Supplement, It 
will, perhaps, be more to his advantage to 
read the original work and this, which is 
principally intended to supply its deficien- 
cies, together; especially if he has the assist- 
ance of a tutor, who will point out to him 
. those propositions which may be considered 
as best deserving his attention. Some regard 
bas, indeed, been paid to the probability of 
such a plan being thought worthy of adop- 
tion, in the distribution of the matter of this 
present publication.: An endeavour has been 
made to offer something to the notice of the 
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€ after almost every one of the most 
important propositions, in each of the books . 
of Euclid's Elements: so that, supposing him 
not. to advance beyond the first book, or 
beyond the first four books, of Euclid, a 
field, more or less contracted, is still open to 
his research, for the exploring of which he 
will find himself already sufficiently furnished 
with previous knowledge. With this view, 
especially, many of the following theorems 
and problems, which -might undoubtedly 
. have been demonstrated more concisely, if 
they had. been put after Euclid's fifth book, 
have had a place assigned to them nearer to 
the beginning. For thus is the learner shewn 
how extensive an application may be made 
of some of the easiest propositions of Geo- 
metry ; and thus is a scope afforded to the 
study of those, who cannot at first encounter, 
without reluctance, the somewhat abstruse 
reasonings, upon which the ancients, with so 
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much acuteness and solidity: of judgment, 
have founded the doctrine of propertionality. 
In order to facilitate the execution of the 
plan here recommended, an index has been 
constructed, by means of which the Geo- 
metry of this Supplement may be- incor: 
porated, as it were, with that of Euclid, and 
the reading of both the treatises may be 
made to go on together. | 
In the demonstrations of the propositions 
recourse has been had to symbols. But 
| these symbols are merely the representatives 
of certain words and phrases, which may be 
substituted for them at pleasure, so as to 
render the language employed strictly con- 
formable to that of ancient Geometry. The 
consequent diminution of the bulk of the 
whole book is the least: advantage which 
results from this use of symbols. For the 
demonstrations themselves are sooner read 
and more easily comprehended by means 
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of these useful abbreviations, which will, in 
a short time, become familiar to the reader, 
if he is not already perfectly well acquainted 
with them. 
It appeared to be unnecessary to print the 
formal and logical conclusion which belongs 
to every geometrical demonstration, and 
which consists in repeating the enuntiation 
of the proposition which was to be proved, 
and in asserting that it has been proved. 
This last step, is, therefore, left for the 
reader in all cases mentally to supply. And 
if some omissions of a weightier kind, and 
some errors, be discoverable in the following 
pages, it is hoped that they will be found 
neither too great,.nor too many to be for- ` 
given, if the general plan of the work meet 
with the ápprobation of those who are com- 
petent to decide upon it. | 


Trinity College, 
April 27th, 1819. 
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AN EXPLANATION 


OF THE 8YMBOLS EMPLOYED IN THIS TREATISE, 
AS ABBREVIATIONS. 


== denotes is equal to or equal to. 

> xs is greater than. 

€ . . is less than. 

5 .. together with. 

— 2 . . diminished by. 

Lo eee perpendicular. 

Lo angle. 

4 1 . angles. ` 

or AB ...... a straight line, of which the points 
" denoted by A and B are. the 

extremities. 


P | 

AB . . . . @ circular arch, of which the 
potnts denoted by A and B are 
the extremities. | 

AB* .. @ square, having An fee one of 


| its sides. 
ABXCD ..... a rectangle, of which AB and 
CD are adjacent sides. 
2ÀB, &c. ...... the double, &c. of. AB. 


A denotes a triangle. 
S. . . iriangles. 
CJ . .. d parallelogram. 
[rl iu .. parallelograms. 
A: B isc ».- the ratio of A to B. 
A:B::C:D ... the ratio of A to.B — 
| to the ratio of C to D. 
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SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 
BOOK I. 


Prop. I. 


1. PRoBLEM. , A GIVEN plane rectilineal angle being 
divided into any number of equal angles, to divide 
the half of it into the same number of angles, all 
equal to one another. | 


Bisect (E.* 9.1.) the given angle: And, first, 
if it be divided into an odd number of equal parts, 
it is evident that the middle part is thereby bi- 
sected. Bisect, therefore, each of the remaining 


* [n this and the following references, the letter E is used 
to indicate Euclids Elements; the letter 8, in like manner, 
refers to this Supplement ; the former of the subsequent num. 
bers points out the Proposition, and the latter the Book, in- 
_ tended to be quoted. 
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equal parts, on either side of that middle part, 
and the half of the given angle will, manifestly, 
be divided into as many equal parts as the given 
angle itself. 

Again, if the given angle be divided into an 
even number of equal parts, it is plain that the 
straight line which bisects it, will have the half 
of that number of equal parts, on each side of it. 
Bisect, therefore, each of the equal parts, on 
either side of that line; and the half of the given 
angle will thereby be divided, as before, into as 
many equal parts as the-given angle itself. 


Pror. II. 


2. PnosLEM. From the verlez of a given scalene 
triangle, to draw, to the base, a straight line 
which ‘shall exceed the less of the two sides, as 

much as it is itself exceeded by the greater. 


Let ABC be the given scalene triangle, and let. 
AB be greater than AC : It is required to draw, 


A 
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from the vertex A, to the base BC, a straight line 
which shall exceed AC, as much as it is exceeded 
by AB. 

From AB cut off (E. 3. 1.) AD— AC ; bisect 
(E. 10. 1.) DB in E; from the centre A, at the 
distance AE, describe (E. 3. Post.) the circle EF 
cutting BC in F; and join (E. 1. Post.) A, F: 
Then is AF the straight line which was to be 
drawn. . 

For, (E. 15. def. I.) AF = AE; and (constr.) 
AD=AC; . AF—AC=AE— AD = DE. 

Also, AB— AE = BE; i. e. AB AF = BE: 
and (constr.) BE = DE. 

„ AF—ACIAB-AAF. 


Prop. III. 


3. 8 In a straight line given in position, 
but indefinite in length, to, find a point, which 
shall be equidistant from each of two given points, 
esther on contrary sides, or both on thé seme side 
Qf the given line, and in the same plane witk it; 
but not situated in a perpendicular to ét. 


Let XY be a given straight line indefinite im 
length, and A, B, two given points without it; 
not situated in a perpendicular to XY: It is 
required to find a point in XY that shall be 
equidistant from A and B. 

First, let A, B be both on tbe same side of XY. 
B 2 
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Join A, B ; bisect (E. 10.1.) AB in C; from € 
draw (E. 11. 1.) CD , to AB, meeting XY in D. 
The point D is equidistant from A, B. 

For, jom A, D and B,D. "Then, since (constr.) 
AC=BC, and CD is common to the two ACD, 
BCD, and that (constr. and E. 10. def. 1.) Z ACD 
= 4 BCD, .. (E. 4. I.) AD=BD; ie. D is 

equidistant from A and B. 

But, if the two given points, A and B, are on 
contrary sides of XY, let them be joined, as be- 
fore, and let the straight line which joins them 
be bisected. 

Then, if the point of bisection be in XY, that, 
which was required, has been done. But, if that 
point be not in XY, draw from it, as before, a 
perpendicular to AB, and it may be shown, as in 
the first case, that the point, in which the per- 
pendicular meets XY, is that which was required 
to be found. | | 

4. Cog. 1. By the help of this problem, it is 
manifest that a circle may be described, which 
shall have its centre in a given straight line, and 
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which shall pass ** two given points — 
that line. | 

5. Cog. 2. It is evident from the — 
tion, that any point in an indefinite straight line 
DZ, which bisects the given finite straight line AB, 
at right angles, is equidistant from the extremi- 
ties A and B, of that given finite line: And, any 
point which is not in that indefinite line DZ,. is 
not equidistant from the two extremities A and B 
of the given finite. line. 

For, let P be any point, not in DZ, which bi- 
sects AB at right 4 in C; and, if it be possible, 
let P be equidistant from A and B: Join P, A 
and P, C and P, B; and since (hyp.) AC CB, and 
CP is common to the two A ACP, BCP, and that 
(hyp.) PA==PB, .. (E. 8. 1.) the z ACP— < 
BCP, and . (E. 10. def. I.) the Z ACP ia a 
right, 2 ; but (hyp.) the C ACD is a right 4; . 
the Z ACP is equal to the 2 ACD, the less, to 
the greater, which is impossible; .. the point P is 
not equidistant from À and B. 

6. Con. 39. Hence, an indefinite number of cir- 
cles may be described all of them passing through 
two given points: And if any number of circles 
pass, all of them, through the same two given 
points, their centres are all in the straight line 
that bisects at right angles the straight line join- 
. ing the two given points. 

7. Cor. 4. Hence, also, a circle may be de- 
scribed which shall pass through two given points, 
and which shall have its semi-diameter equal to 
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any given finite straight line, that exceeds the 
half of the straight line joining the two = 
pointa. 

For, let. A, B be the two given points; and j join 
A,B; and let CD be drawn bisecting AB at 
right 4 ; from A, as a centre, at a distance equal 
to the given finite straight line, describe a circle, 
and let it cut CD in D; .. (Cor. 2.) D is equidi- 
stant from A and B; and . a circle described 
from D, as a centre, at the distance DA, which 
(constr. E. 15. def. 1.) is equal to the given semi- 
diameter, will pass through B. 


Prop. IV. 


8, THEOREM, Uf the three'sides of a given triangla 
Be biseeted, the perpendiculars drawn to the sides, 
from ihe three several bisections, shall all meet in 
‘the same point: And that point is equidistant from 
the three angular points of the given triangle. 


Let ABC be a given A, of which the three sides 


AB, AC; and CB are bisected: in the points D, E 
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and F, respectively: The perpendiculars drawn 
to the several sides from D, E, F, shall all meet in 
a point that is equidistant from A, B and C. 

For, draw (E. 11. 1.) DG to AB, and EG 
to AC, and let them meet in G: Join G, F. 
Then, (constr. and S. 5. 1. Cor. 2...) BG = AG, 

and AG—CG; . CG— BG. 

Again, since (hyp.) BF— CF (constr.) and F G 
is comnion to thé two A BFG, CFG, and that 
BG = CG, . the z BFG — z CFG (E. 8. 1.) 4. e. 
E. 10. def 1.) GFis 1 to BC: And thefe cannot 
(E. 10. def. 1.) be drawn from F more than one 
straight line 1 to BC. It is plain, therefore, that 
the perpendiculars | drawn to thé sides, from D, E 
and F, all meet in the same point G: And, since 
it has been shown that AG = BG=€G, the point 
G is equidistant from A, B and C. 


Prop. V. 

9. PROBLEM. To find a point, in a given plank, 
which shall be equidistant from three gtcen points 
_in the plane, that are not all in the same straight 
ine. hn = 

Let A, B, C. be thrée given Poe not al 

of them in the same ‘straight line: It is required 

to find a point, that shall be heroe from 

A, D and C. 

Join A, B, and: BC, and C, A; sect (Ez 10. 1.) 
AB in D; and -AC'in E; draw (E. 11. 1.) from Ð 
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and E, DG to AB, and EG 1 to AC, and let 

them meet in G. 

Then, (S. 3. 1. Cor. 2.) the pn G is equidi- 
stant from A, B, and C. 

10. Cor. By the help of this problem a circle 
may be described about a given triangle; or so as 

that its circumference shall pass through any 

three given points that are not in the same straight | 

line. 


Prop. VI. 


11. THEoREM. There cannot be drawn more than 
two equal straight lines, to another straight line, 
From a given point without it. 


Let A be a given point, without the given 
straight line BC: There cannot be drawn more 
than two equal straight lines, from A to BC. 

For, if it be possible, let AB. AG AC 3 6 
(E. 5. 1.) Z ACB = C AGC: Also Z ACB = 
ABC; .. 2 AGC= z ABC; i.c. the exterior is 
equal to the interior opposite 4, when the side 
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A 


G C 
BG, of the A AGB, is produced: which (E. 16. 1.) 
is absurd. 
12. Cog. A circle cannot cut a straight line 
in more points than two. 


Prop. VII. 


13. THeorem. The perpendicular let fall from 
the obtuse angle of an obtuse-angled triangle, or 
from any angle of an acute-angled triangle, upon 
the opposite side, falls within that. side: But the 
perpendicular drawn to either of the sides con- 
taining the obtuse angle of an obtuse-angled tri- 
angle, from the angle opposite, falls without thai 
side. 


Let ABC be an obtuse-angled A, obtuse-angled 
at B, and let ABD be an acute-angled A: The 
perpendicular.drawn from B to AC falls within 
AC; the perpendicular drawn from any other Z A, 
ef the A ABC, to the opposite side BC, falls 
without BC ; and the perpendicular drawn from 
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A. 


any Z A, of iip A ABD, to the opposite side 
BD, falls within BD. 

For, first, if it be possible, let AG, drawn 
(E. 12. 1.) from A J to BD, meet DB, produced, 
in G: Then, since (p.) the 2 ABD is acute, 
the ^ ABD is (E. 13. 1.) obtuse; and (constr.) 
the z AGB is a right angle: Wherefore the two 4 
ABG, AGB of the A ABG are not less than two 
right angles; which (E. 17. I.) is absurd. There- 
fore, the perpendicular drawn from A on BD 
cannot fall without BD. And, in the same man- 
ner, it may be shewn, that the perpendicular 
drawn from B on the opposite side AC, of the ob- 
tuse-angled A ABC, cannot fall without AC, and 
also that the perpendicular drawn from A, on the 
opposite side BC, of that A, cannot * within 
BC. 


Prop. VIII. 


14. Trrorem. Jf a straight line, .mésting two 
other straight lines, makes the two interior angles 
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on the samé side F it not less than divo right 
angles, these lines shall never meet on that side, 3f 
produced ever so far. 


For, if it be possible, let two straight lines meet, 
which make, with another straight line, the two 
interior angles, on the same side, not less than 
two right L: Then it. is plain, that the three 
straight lines will thus include a A, two £ of 
which are not less than two right angles; which 
(E. 17. 1.) is absurd. Wherefore, the two straight 
lines cannot meet, on that side of the straight line, 
on whieh they make the two interior I not less 
than two right 4. 

15. Cor. Two straight lines, which are both 
perpendicular to the same straight line, are parallel 
to each other. 


Pror. IX. 


. 16. TukonEM. The three sides of a triangle taken 
together, exceed the double of any one side, and 
are less than the double of any two sides. 


For, since (E. 20. 1.) any two sides of a A are 
> the third, if the third side ba added both to 
those two and to itself ; itis evident that the three 
sides are, together, > the double of the third. 

Again, since (E. 20. 1.) any sidg of a A is < 
the other two, if the other two be added both to 
that side, and to themselves, it.is evident, that the 
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three sides are, together; < than the double of | 
the other two. 


Prop. X. 


17. THEOREM. Any side of a triangle is nom 
than the difference between the ofher two: sides. 


. If, the A be vn or piii the propo- 
sition is manifestly true. . But let it be a scalene. 
A: Then, since (E. 20. 1.) any two sides of the 
A are > the third, if either of those two be taken 
from that third side, it is plain that the remaining 
side is greater than the difference of the other 
two. 


Prop. XI. 


18. THEOREM. Any one side of a rectilineal figure 
is less than s aggregate of the remaining sides. 


Let ABCD i a given rectilineal figure: Any 


D 


| C 
one side, as BC, isless than the aggregate i 
the remaining sides. 
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For, first, let the figure be quadrilateral; and 
join B,D: Then (E. 20. 1.) BD + DC > BC; and, 
. BA + AD > BD; BA + AD + DC > BD+DC; 
mucli more, then, is BA + AD + DC > BC. 

And the proposition may, in the same manner, 
be proved to be true, when the figure has more 
than four sides. 


Prop. XII. 


19. TuEoREM. The two sides of a triangle are 
together, greater than the double of the. straight 
line which joins the vertex and the bisection of the 
base. 


Let ABC be any given A, and let AD be the 


straight line joining the vertex A, and the bisec- 
tion, D, of the base BC : AB+ AC» 2AD. Pro- 
duce: AD to E, and cut off (E. 3. 1.) DE = AD; 
also, join B, E. | 

Then since (hyp) BD DC, and (constr.) 
AD = DE, the two sides BD, DE, of the A RDE, 
are equal to the two sides AD, DC of the A ADC; . 
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and (E. 15.1.) the Z BDE A ADC; .-. (E 4. 
1.) BE. AC. But (E. 20.1.) AB+ BE > AE; 
but AC has been proved to be egual ta BE, and 
pner „ABT AC» 
24D. 


Pnor. XIII. 

20. 'TIHEonEM. The two sides of a triangle are, 
together, greater than the double of the straight 
line drawn from the verter to the base, bisecting 
the vertical angle. 


Let ABC be any given A, and let AD be drawn 
from the vertex A, to the base BC, bisecting the 
vertical Z BAC: Then, AB + AC>2AD. 

If the given A be isosceles, the straight line 
which bisects the vertical 7 is (E. 4 1.) | 
to the base; and since (E. 17. 1. and E. 19. 1.) 
each of the equal sides is greater than the per. 
pendicular, the proposition, is, in this case, manis 
festly true. 

. But, let: ABC be a scaléne A, and let the ide 
AB be less than AC: Then, of the segments inte 
which AD, bisecting the. 2 BAC, divides the 
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base BC,BD, which is adjacent to the less side 
AB, is the less. 

For, from AC, the greater, cut off (E. 3. 1.) 
AE = AB, the less, and join D, E; and because 
BA, AD are equal to EA, AD, and (Ayp.) the 
L BAD— z EAD, .. (E. 4. 1.) BD—DE, and 
z BDA = E EDA; but (E. 16. 1.) 2 DEC > z 
ADE; . DEC > 2 ADB; and (E, 16. 1.) 
2 ADB > 2 ACD; much more then is 2 DEC > 
4 ECD; .. (E. 19. po but it has been 
shewn that DE=DB; ...DC>DB. From DC, 
the greater cut off (E. $.1 .) DF=DB; and join 
A,F: Then (E. 16. 1.) the Arco Z ABC; 
and because (Ayp) AC > AB, . (E. 18. 1.) 
£L ABC» 2 ACB; much more hens is 2 AFC > 
ACF z. .., (E. 19.1.) AC> AF: But (8.12.1. 
and constr.) AB+AF>2AD; much mare then is 
AB4-AC»2 AD. 

21. Con. From the demonstration it is mani- 
fest, that of the seguiehts into which the straight 
line bisecting the vertical 2 of a scalene A, di- 
vides the base, that which i is adjacent to the less 
side, is ig n" 


: Pror. XIV. 

22. .Tazorun.. IF a trapesium and a triangle 
' stand upon the same base, and on the same side 
i, and the one figure fail within the other, this 
: whick has the greater surface shall have the 

arealer perimeter, 


16 A SUPPLEMENT TO THE 


A 
D 


C 


Let the trapezium EBCF fall within the. A 
DBC ; let, also, the A DBC fall within the tra- 
pezium ABCD ; and let all the figures stand on 
the same base BC: The perimeter of the A 
DBC is > the perimeter of EBCF, and < the 


perimeter of ABCD. 
First, let E and F be in the sides DB and DC. 


of the A DBC, and let tlie vertex D of the A DBC 
coincide with the 7 A or the < D of the trape- 
zium ABCD. 
Then, since (E. 20. 1.) DE+DF> EF, add to 
both, EB, BC, and CF; .. DE--EB4-DF--FC 
+ BC > EF-4- FC4- CBT BE ; i. e. the perimeter of 
the A DBC > the perimeter of EBCF. 
Again, since (E. 20, 1.) BA-- AD > BD, add to 
` both DC and CB; .. BA+AD+DC+CB> 
BD+DC+CB; i.e. the perimeter of the trape- 
zium ABCD > the perimeter of the A DBC. 
And, if E or F fall within the A DBC, and the 
vertex of the A do not coincide with either of 
the ( A or D, of the trapezium, it may, in the 
same manner, be proved, that the proposition is 
true, a fortiori. 
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Pnor. XV. | 
23. PRoBLEM. One of the angles at the base of 
a triangle, the base itself, and the aggregate of 
the two remasning sides, being given, to construct 
` the triangle. 


Let K be the given angle, AB the given base 


C 
H 


of the e triangle, and H the aggregate of the two 
remaining sides: It is required to construct the 
triangle. 

At the point A, in AB, make (E. 23. 1.) the 
4 BAC = z K, and make (E. 3.1 .) AC=H; 
join C,B; and at the point B, in CB, siske 
(E. 23. L) the 2 CBD = z ACB: Then is DAB 
the triangle which was to be constructed. 

For, since (constr.) 2 DCB= Z DBC. .. 

| C 


18 - A SUPPLEMENT TO THE | 


(E. 6. 1.) BD=DC; add to both DA; 
BD--DA-— pm i.e. BD DA CA; and 
(constr.) CA = H; . BDT DA = H; and the 
4A was made * to the given 2K: It is 
manifest, therefore, that DAB is the triangle 
which was to be constructed. 


Pror. XVI. 


24. THEOREM. F two right-angled triangles have 
the three angles of the one equal to the three angles 
of the other, each to each, and if a side of the one 
be equal to the perpendicular let fall from the 
right angle upon the hypotenuse of the other, then 
Shall a side of this latter triangle be equal to the 
hypotenuse of the former. | 


Let ACB and EDF be two right. angled aA, 


l A D 

B | C E G È 
right angled, at Ç and D, having, also the 
4 DEF = 4 ABC, the 2 EFD = z CAB, and 
the side AC, of the A ABC, equal to the 


perpendicular DG, drawn D to the hypotenuse 
EF of tbe A DEF: The side DE; of the A 
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DEF, is equal. to the hypotenuse AB, of the A 
ABC. 

For, since AC== DG, and the two 1 ACB, 
ABC, of the A ABC, are equal to the two Z, 
DGE, DEG, of the A DEG, each to each, 
(E. 26. 1.) DE = AB. 


Pror. XVII. 


25. THEoREM. If the sides of any given equila- 
teral and equiangular figure of more than four 
sides, be produced so as to meet, the straight 
lines, joining their several intersections, shall con. 
tain an equilateral and equiangular figure, of the. 
same number of sides as the given figure. 


Let ABCDEF be any equilateral and equi- 


—-— figure, of more than four sides; let the 

sides, produced, meet in the points G, H, I, K, 

L, M: and let those points of intersection be 
| c 2 
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joined: Then is GHIKLM an equilateral and 
equiangular figure, of the same number of sides 
as ABCDEF. 

For, since (hyp.) the Z A, B, C, D, E, F are 
all equal, the MAB, GBC, HCD, IDE, KEF, 
LFA are all (E. 13. 1. and E. 6. 1.) isosceles, and 
any two of them have their æ equal, each to each; 
.". since (p.) BA = AF, and that the Z MAB, 
MBA are equal to the I LFA, LAF, each to 
each, the side MA of the A MAB-the side LA 
(E. 26. 1.) of the A LAF ; and in the same man- 
ner it may be shewn that MBzzGD, GC CH, 
HD = DI, IE EK, and KF FL: But, be- 
cause the æ of the figure ABCDEF are (p.) 
equal, . (E. 15. 1.) the 4 LAM, MBG, GCH, 
HDI, IEK, KFL, are all equal to one another; 
*. (E. 4. I.) the sides LM, MG, GH, HI, IK and 
KL are all equal, as are also the g of the ALAM, 
MBG, GCH, HDI, IEK, and KFL, each to each: 
And the 4 AMB, BGC, CHD, DIE, EKF, and 
FLA have been shewn to be equal to one an- 
other: Wherefore the figure GHIKLM is equila- 
teral and equiangular; and it is manifest that it 
has the same number of sides as the figure 
ABCDEF. 


Pror. XVIII. 


26. TuHroREM. Jf two opposite sides of a quadri- 
lateral figure be equal to one another, and the two 
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remaining sides be also equal to one another, the. 
figure is a n | 


Let say two Senate sides, as AB, DC, of 
— 
É — C 


the quadrilateral figure ABCD, be equal. to one 
another, and let the two remaining sides, AD, 
BC, be, also, equal to one another: The figure 
ABCD is a ©. 

For, join D, B: Then since the two sides AD, 
DB, of the A ADB, are equal to the two sides 
CB, BD, of the A CBD, and that the base AB is 
equal (p.) to the base DC, .. (E. 8. 1.) the 
L ADB— 2 ; and (E. 4. 1.) the Z ABD 
4 BDC; .. (E. 27. 1.) AD is parallel to BC, 
and AB is parallel to DC; i.e. the figure ABCD 
is a U. 

27. Con. 1. Hence may be deduced a practical 
method of drawing a straight line, through a given 
point, parallel to a given straight line. ` 

For, letit be required to draw through the given 
point B, a straight line parallel to AD: From any 
point A in AD, as a centre, and at any distance, 
describe a circle cutting AD in D ; and from B 
as a centre, at the same distance, describe another 
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circle; lastly, from D as a centre, at a distance 
equal to that of A, B, describe another circle, 
cutting the circle last described in C; join B, C. 
BC is parallel to AD. 

For, if A, B and D,C be joined, it is manifest 
from the construction, that AD= BC, and 
AB= DC: . (S. 16. 1.) BC is parallel to AD. 

28, Con. 2. A rhombus is a parallelogram. 


Pror. XIX. 


29. TuHEoRgEM. Every parallelogram which has 
angles. 


Let ene 4, as A, of the ABCD be a right 
angle: The. æ B, C, and D are also right angles, 


A. D 


B | C 
For, since AD is parallel to BC, and AB meets 
them, the two interior 4 A, B are, (E. 29. 1.) 
together, equal to two right 4 ; but (hyp.) the 
aA is a right £5 .. the 2B is also a right £: 
And, in the same manner, may the remaining £, 
PME be shewn to be right g. 
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. Prop. XX. | 
80. ProsLem. To trisect a right angle, i. e. to 
divide it into three equal parts. 


Let the XA be a right 2: It is required 


to trisect it; i. e. to divide it into three equal 
parts. l 

In AX take any point B; upon AB describe 
(E. 1. 1.) the equilateral A ACB; and from A 
draw (E. 12. I.) AD 4 to BC: The ^ XAY is 
trisected by the two straight lines AC and AD. 

For, from C draw (E. 12. 1.) draw CE | to 
AY; then, since the I BAE, AEC, are right g 
. (E. 28.1.) AB is parallel to EC; .. (E. 29. 1.) 
£ ECA =, Z CAB = Z ACB; because (constr.) 
the A ACB is equilateral, and (E. 5. 1. cor.) 
equiangular: Since, , the 2 ACE = 4 ACD, 
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and that the g D and E are right A, and AC 
is common to the two a ADC, AEC, .. 
(E. 26. 1.) the Z EAC =Z DAC: Again, since 
(constr. and E. 5. 1. cor.) the 2 ACB=z ABC, 
and (constr.) the æ at D are right angles, and that 
AC=AB, .. (E. 26.1.) the Z DAC =z DAB: 
But it was shewn that the 2 EAC = z DAC: 
S. C EAC 2 DAC= DAB; i.e. the right 
4 X. AY is trisected by AC and AD. 


~ Pror. XXI. 

31. PRoBLEM. Hence, to trisect a given rectilineal 
angle, which is the half, or the quarter, or the 
eighth part, and so on, of a right angle. 

First, let the given 2 YAZ, be the half of a 


A. _ X 


right 4, and let it be required to trisect it. 


ELEMENTS OF EUCLID. 25 


Draw (E. 11. 1.) from A, AX T; trisect 
(S. 18. 1.) the right Z XAY ; then (S. 1. 1.) tri- 
sect the Z Y AZ, which is the half of the 2 YAX. 

But, if the given 7 be the quarter of a right 
angle, its double may be triseeted bysthe former 
case; and .. the given C. itself may be trisected 
by. (S. 1. 1.) 

And, by following the same method, it is evi- 
dent that an 4 may be trisected, which is the 
eighth part, or the sixteenth part, and so on, of a 
right angle. | 


Prop. XXII. | 


32. PRoBLEM. In the hypotenuse of a right-angled 
triangle, to find a point, the perpendicular distance 
of which from one of the sides, shall be equal to 
the segment of the hypotenuse between the point 
and the other side. 


Let ABC be a right-angled A, right-angled 
A. 


f 0 e 
at C: It is required to find a point in the hypo- 
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tenuse AB, the perpendicular distance of which 
from one of the sides, as AC, shall be equal to 
the segment of the hypotenuse between that 
point, and BC. 

Bisect (E.9. 1.) the Z ABC, by BD, and let BD 


meet AC in D; through. D, draw DE (E. $1. 1.) 
parallel to CB: E is the point which was to be 
found. 

For, since DE is parallel to CB, the Z CBD= 
L BDE " 99. 1.); but (on) the z CBD = 
4 DBE; .:. 2 DBE=z BDE; .. (E.6.1. ED 
EB;. and since (Ayp.) the z C h a right 2, and 
that DE is parallel to CB, the 2 CDE (E. 29. 1.) 
is a right £5 he. ED is 1 to AC. 


Pror. XXIII. 


83. PnonLEM. In the base of a given acute-angled 
triangle, to find a point, through which jf a straight 

.. line be drawn perpendicular to one of the sides, the 
segment of the base, between that side and the 
point, shall be equal to the segment of the perpen- 
dicular, between the point and the other side pro- 
duced. 


Let ABC be the given acute-angled A: It is 
Bussi, to find, in the base BC, a point through 
which if a perpendicular be drawn to AB, the seg- 
ment of the base, between that point and the point 
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B, shall be equal to the segment of the perpen- 
dicular between that same point and AC produced. 
Draw (E. 11.1.) from B, BY | to AB; bisect 


(E. 9.1.) the Z CBT by BD, meeting AC, prp- 
duced in D; through D, draw (E. 31. 1.) DE 
parallel to BY, and let DE cut BC in F: F is 
the point which was to be found. 
For, sinee (constr.) the 2 ABY is a right 
£L, and that DE is parallel to BY, the zE 
(E. 29. 1.) is, also, a right /; and the pi it 
Z BDF; but m " + YBD = z DBF; 
the 4 DBF=2 BDF; .. (E. 6. 1. ) FB= FD. 


Prop. XXIV. 


94. PROpLEM, From a given ixosceles triangle to 

. ext offa trapezium, which shall have the same base 
: us the triangle, and shall kave its p 
sides equal to each other. 
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Let ABC be the given isosceles A: It is re- 
" : 


B C 


quired to cut off from it a trapezium, which, having 
BC for its base, shall have its three remaining sides 
equal to one another. 

Bisect (E. 9. 1.)the 2 ABC by BD, meeting AC 
in D; and through D draw (E. 31. 1.) DE parallel 
to CB: Then shall BE, ED, and DC, the three 
sides of the trapezium BEDC, be equal to one 
another. 

For, since DE is parallel to BC, the Z AED = 
. L ABC (E. 29. 1.), and 2 ADE=z ACB; but 
(kyp. and E. 5. 1.) (ABC 4 ACB; ., 
4 AED =Z ADE; .. (E. 6. 1.) AE —AD; but 
(Ap.) AB— AC; from these equals take the 
equals AE and AD, there remains EB z DC: 
Again, because DE is parallel to BC, the  CBD— 
4 BDE (E. 29, 1.); but (constr.) 2 CBD = 
2 DBE; . the 2 DBE= z BDE; .. (E. 6.1.) 
EB= ED; and EB has been proved to be equal 
to DC; .. EB, ED and DC are equal to one an- 
other. 


* / 
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Prop. XXV. 


35. PRobBLEM. To draw to a given straight line, 
From a given point without it, another straight 
line which shall make with it an angle equal to a 
given rectilineal angle. 


Let BC bea given straight line, A a given point 


without it, and D a given rectilineal 2: It is re- 
quired £o E y from A, a straight line which shall 


make with Pan 7 equal te the 7 D. 

'Throuaf 
at the point A in EAF, make (E. 23.1.) the. 
£ EAG —. D: AG. is the line which was to be 
drawn. "i 

For, since (constr.) EF is parallel to BC, the 
EAG = AGC (E. 29. 1.); but (constr.) the 
EAG =D; . 2 AGC D. 


Prop. XXVI. 


, 96. THkoREM. f all the angles but one of any 
rectilineal figure, be ‘together, equal to all the 


draw (E. $1.1.) EA parallel to BC; ` ` 
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angles but one, of another rectilineal figure having 
the same number of sides, the remaining angle of 
the one figure, shall be equal to the remaining 
angle of the other: And, conversely, if an angle 
in the one figure be equal to an angle tn the other, 
the remaining angles of the one shall be equal, to- 
gether, to the remaining angles of the other. 


For, since the two figures have the same num- 
ber of sides, all the interior J of the one are, to- 
gether, equal (E. 32. 1. cor. 1.) to all the interior 
4 of the other: If.. from these equals be taken 
first, the aggregates which, by the hypothesis, are 
equal; and secondly, the single angles, which are 
supposed to be equal, it is manifest that the re- 
maining angle, or angles, of' the one figure, must 
be equal to the remaining angle, or angles of the 
other. 


Prop. XXVII. 


37. THeorem. The angle at the base of an isos- 
celes triangle is equal to, or is less, or greater, 
than the half of the vertical angle, accordingly as 
the triangle is a right-angled, an obtuse-angled, 
or an acute-angled triangle. 


For, (E. 5.1, and E. 32. 1.) the double of the 
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L at the base + the vertical Z = two right Æ ; 
if .. the vertical 2 be a right Z, and if it be 


taken from both, there remains the double of the 
4 at the base =a right 2; .. the Z at the base 


= half of a right Z. 

But, if the vertical 2 be obtuse, when it is 
taken away from the same equals as before, there 
will remain the double of the z at the base equal 
to a less ^ than a right ; .. the Z at the base 
is, in this case, less than the half of a right . 

And, in like manner it may be shewn, that, 
when the vertical Z of the isosceles A is acute, 
the Z at the base is greater than the half of a 
right angle. 


Pror. XXVIII. 


38. Tueorem. F either of the equal sides of an 
isosceles triangle be produced, towards the vertex, 
the straight line, which bisects the exterior angle, 
Shall be parallel to the base. 


For, (E. 5. 1. and E. 32. 1.) the exterior Z at 
the vertex of an isosceles A is the double of 
either of the g at the base; .. the half of that 
interior Z is equal to either of the g at the base; 
.".the straight line bisecting the vertical L is 
(E. 28. 1.) parallel to the base. 
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Prop. XXIX. 

9. TuHronkM. The-distance of the vertex of a tri- 
angle from the bisection of its base, ts equal to, 
greater than, or less than the half. of the base, ac- 
cordingly as the vertical angle is a right, an acute, 

or an obtuse angle. : 


First, let ABC be a right-angled A, right- 


angled at A, and let AD join A and the bisec- 
tion, D, of the base: AD==DB, or DC. 

For, if not, AD is either greater or less than 
BD: Produce BA to X; and first, if it be possi- 
ble, let AD» DB; .., also, AD» DC; .. (E. 18. 
1. ZB» < BAD, and 4 C> Z CAD; . L B4- < 
C> Z BAD+ ZCAD; i.e.2B+2C> BAC; 
* (hyp. and E. def. 10. 1.) Z BAC = CA; 

. BTCC CAXR; which (E. 32. 1.) is 
absurd. 

And, in like manner, if DA be supposed to be 
less than BD, it may be shewn that 2 B + C 
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£CAX; which is absurd. Therefore, DA: DB, 
or DC. 

Next, let the vertical 2 CEB, of the A EBC, be 
acute, and let ED join E and the bisection, D, of 
BC, ED » BD, or DC. 

From either of the ~ B or C, as C, if the A 
EBC be acute-angled, draw (E. 12. 1.) CA 4 
to the opposite side EB; and join A, D: Then 
(S. 7. 1.) CA falls within EB; and, since (constr.) 
the 2 CAE is a right 2, the 4 DAE is greater 
than a right ; .. (E. 17. 1.) the 2 AED is less 
than a right 2, and .. less. than the 2 DAE; 
^. (E. 19. 1.) DE > DA; but, by the former case, 
DA —DB; .. DE» DB, or DC. : 

Lastly, if FBC.be an obtuse-angled A, obtuse- 
angled at F, join F, D ; draw, as before, CA 1 BF; 
and join A, D: Then (S. 7. 1.) CA falls without 
BF, and the 2 AFD (E. 16. 1.) >the 2 FBD; but 
since (Ist case) DA — DB, the Z DBF E 
DAF (E. 5. I.); . 2 AFD > ^ DAF; .. (E. 19. 1.) 
" DA>DF; but DA = DB; .. DF« DB, or DC. 

Or, the two last cases may be proved, ex absur- 
do, in the same manner as the first is proved. 

40. Con. 1. If any number of triangles have 
a right angle for their common vertical angle, and 
have equal hypotenuses, the locus-of the bisections 
of the several hypotenuses is a quadrantal arch of 
a circle, having the common vertex for its centre, 
and the half of any hypotenuse for its radius. 

For, the bisections of the hypotenuses will, 
each of them, (S. 29. 1.) be at a distance from the 

j D 
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common vertex equal to the half of one of the 
equal hypotenuses ; i. e. they will all be at distan- 
ces from that point, equal to the half of any one 
of those equal lines: It is manifest, .., that they 
will be in the circumference of a circle, described 
from that point as the centre, at a distance equal 
to the half of one of the hypotenuses. 

41. CoR.2. A circle described from the bisection 
of the ‘hypotenuse of a right-angled triangle as a 
centre, at the distance of half the hypotenuse, will 
pass through the summit of the right angle. 

42. Con. 8. The vertical angle of a A being 
a right angle, a point in the base, which is.equi- 
distant from the vertex and ftom either extremity 
of the base, bisects the base. 

Let the point D, in thebase BC of the A ABC, 

-having the ^ B a right angle, be equidistant 
— from either extremity, as B, of BC, and from the 
angular point A: The point D bisects BC.. 

For, if not, let G be the bisection of BC, and 
join D, A and E, A: Then, since (hyp.) DA = 

DB, .. (E. 5. 1.) the 2 DAB= Z DBA: also, 
since G is the bisection of BC, .. (S. 99. 1.) 
GA=GB,; ~. (E. 5. 1.) the Z GAB=2 GBA; 
^ the Z GAB == z DAB, the greater to the less, 
which is absurd; .. no other point than D can be 
the bisection of BC. 
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Pror. XXX. ` 


43. PaosLEM. Upon a given finite straight line, 
as a diameter, £o describe a square. 


Let AB be a given finite straight line: Upon 
* 


C 

AB, as a diameter, it is required to describe a 
square. | 

Bisect (E. 10. 1.) AB in E; through E draw 
(E. 11. 1.) DEC I to AB, and make (E. 8. 1.) 
ED and EC each of them equal to AE or EB: 
Join A, D, and D, B, and B, C, and C, A: The 
figure ADBC is a square, having AB for its di- 
ameter. l | 3 

For since (constr.) DE EC, and AE is com- 
mon to the AED, AEC, and that the right 
AED — right Z AEC, .. (E. 4. 1. AD = AC; 
and in the same manner AD may be shewn to be 
equal to DB, and DB to BC; .. the figure ADBC 
is equilateral. EE 

D2 
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Again, since (constr.) A E = DE, the 2 EAD 
=z EDA (E. 5. 1.) ; but (constr.) 2 AED is a 
right 7 ; . each of the 7 EAD, EDA, is half 
a right Z ; and, in the same manner, may each of. 
the 4 EDB, DBE, CBE, BCE, ECA, EAC, be 
shewn to be half a right 2; . all the g of the 
figure ADBC are right 4 ; and it has been proved 
that all.its sides are equal; . (E. 30. def. 1.) 
." ADBC is a square. 


Prop. XXXI. j 

44. THEonEM. eiiier of the acute angles of a 
given right-angled triangle be divided into any 
number of equal angles, then, of the segments of 
the base, subtending those equal angles, the near- 
est to the right angle ts the least; and, of the rest, 
that which is nearer to the right angle is less than 
that which ts more remote. 


Let ACB be a right-angled A, right-angled at C, 


and let the acute 2 BAC be divided into any num- 
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ber of equal 4, CAD, DAE, EAB, &c.; then is 
CD the least of the segments of the base subtefid- : 
ing those equal A, and of the rest DE < EB; and 
80 on. 

For, at the point D in AD make (E. 23. 1.) 
the  ADF— ADC: And since, also, the 2 CAD 
= 4 DAE (Ayp) and AD common to the 
two œ ACD, AFD, .. (E. 26. 1. DF= DC: 
But (E. 19. 1. and E. 32. 1.) DE» DF; . DE» 
DC; i. e. DC CDE. 

Again, at the point E, in AE, make the 2 AEK 
= AED; and it may, in like manner, be shewn 
that EK = ED: But (E. 16. 1.) BKE > Z AEK; 
^. Z BKE» 2 AED; and Z AED > 7 ABE; much 
more then is 2 BKE> 2 EBK; .. (E. 19. 1.) BE 
» EK or ED; i. e. ED < EB. 

And in the same manner may EB be shewn to 
be less than the next segment that is more remote 
from C; and so on. 

45. Con. It is manifest, from the demonstra- 
tiori, that if any three straight lines AB, AE, AD, 
be drawn to the given straight line XC from a 
given point A, without it, so that the 2 BAE = 
z EAD, the segment BE, of XC, which is the 
further from the perpendicular AC, shall be 
greater than the segment ED, which i is tbe nearer 
to AC. 


Prop. X XXII. 
46. TuEonEM. Jf either angle at the base of a 
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triangle be a right angle, and if the base be di- 
vided into any number of equal parts, that which 
is adjacent to the right angle shall subtend the 
greatest angle at the verter ; and, of the rest, 
that which is nearer to the right angle shall sub- 
tend, at the vertex, a greater angle than that 
which is more remote. ! 


Let ACB be a right-angled A, right-angled at 


C, and let the base BC be divided into any num- 
ber of equal parts CD, DH, HG, &c.: Of these 
segments DC shall subtend the greatest 7/ at 
' the vertex A; and of the rest DH shall subtend, 
at A, a greater 2 than HG; and so on. 

For, join A, D, and A, H, and A, G, &c.; also, 
at the point A, in DA, make (E. 23. 1.) the < 
DAE=CAD: Then (S. 31. 1.) ED» DC; but 
(Ayp.) DC = DH; .. ED» HD, and it is mani- 
fest that the. 2 EAD > 4 HAD; but (constr.) 
L EAD =Z CAD; . CAD» Z DAH: 

And, in the same manner, it may be shewn, by 
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the help of the corollary to S. 80. 1. that the: 
DAH? thez HAG; and so on. 


Pror. XXXIII. 


47. PnonLEM. To trisect a, given finite straight 
line. 


Let AB be the given straight line: It is re- 
C po ord 


quired to divide it into three equal parts. 

Upon .AB describe (E. 1. 1.) the equilateral A 
CAB; bisect (E. 9. 1.) the two equal 4 A and B, 
by the straight lines AD and BD, which meet in 
D; and from D draw (E. 31. 1.) DE parallel to 
CA, and DF parallel to CB: Then are AE, EF 
and FB equal to one another. 

For, since (E. 29. 1. and constr.) the 2 DEF — 
CAB, and 2 DFE— z CBA .-. (S. 26. 1.) Z EDF 
= ACB; but (E. 5. 1. cor. and constr.) the 
A CAB is equiangular; . the ADEF is equian- 
gular; and.. (E, 6. I. cor.) it is, also, ęquilate- 
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ral; so that DE and DF are, each of them, equal 
to EF. 

Again, since (E. 29. 1. and constr.) the 2 EDA 
= DAC; and that (constr.) the 2 DAC = Z 
DAE, .. Z EDA = Z DAE; ~. (E. 6. 1.) AE 
DE; but DE has been proved to be equal to EF ; 
^ AE=EF; and in the same manner, EF may 
be shewn to be equal to FB; . AB has been 
divided into the three equal parts AE, EF, and 
FB. | i 


Pror. XXXIV. 


48. ProsLem. To describe a triangle which shall 
have its three sides, taken together, equal to a 
given finite straight line, and its three angles 
equal to three given angles, each to each; the 
three given angles being together equal to two 
right angles. À 


Let AB be a given finite straight line, and C and 


D two. given rectilineal angles: It is required to 
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describe a triangle, which shall have its perimeter 
equàl to AB, two of its angles equal to C and D, 
each to each, and its thitd angle equal to an angle, 
whicb, together with C and D, makes up two 
right angles. 

At the point A, in AB, make (E. 23. 1.) the 2 
BAE = ^ C; and at the point B make the 4 ABE 
=D; ` (S. 26. 1.) the Z AEB is equal to the 
third 7 of the A which is to be described : Bisect 
(E. 9. 1.) the z EAB, EBA, by AF aud BF, which 
meet'in F; and through F draw (E. 31. 1.) FG 
parallel to EA, and FH parallel to EB: Then is 
. FGH the A, which was to be described. 

For, since (constr.) FG is parallel to EA, and 

FA meets them, .. (E. 29. 1.) the Z EAF=z 
AFG; but (constr.) the 2 EAF— z FAG; 
the Z FAG AFG; .. (E. 6. 1.) FG— GA; 
and, in the same manner, it may be shewn that 
FH = HB; .. FG + GH + HF = AG + GH 
T HB ; i.e. the perimeter of the A FGH is equal 
to the given straight line AB. 

Again, because FG is parallel to EA, and FH 
is parallel to EB, . . (E. 29. 1.) the 4 FGH = 4 
EAB, and 4 FHG = ZEBA; but — the 
L EAB = C, and the LEBA— 2D; *. also, 
the 4 FGH —7 C, and the 7 FHB— 4D; 

(S. 26. 1.) the 2 GFH is equal to the third 
of. the A, which was to be described; ., the 
A FGH, the perimeter of which has been hewn 
to be equal to the given straight line AB, is the A 
which was to be described. 
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Prop. XXXV. 


49. TukoREM. Jf, in the sides ofa given square, at 
equal distances from the four angular points, four 
other points be taken, ‘one in each side, the figure 
contained by the straight lines which join them, 

. shall also be a square. 


Let ABCD be a given square; in the sides 


AB, BC, CD, DA, let the four points E, H, G, 
F be taken, so that E is at the same distance from 
A that H is from B, that G 1s from C, and F from 
D; and let E, H, and H,G, and G, F, and F, E, 
be joined: The figure EFGH is a square, | 
For, since (E. 50, def. 1.) all the sides of tbe 
given square ABCD are equal, and that (hyp.) 
AE = BH = DF, it is manifest that the two A 
FAE, EBH have the two sides FA, AE equal to 
the two EB, BH, each to each, and (E. 30. def. 1.) 
the <. A= L B; ~. (E. 4.1.) the Z AFE= 4 BEH ; 
and FE = EH: And, in the same manner, it may 
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be shewn that EH — HG zz GF; .. the figure 
EFGH is equilateral. 

Again, since, as hath been proved, the 2 AFE 
= 4 BEH, .. the Z AFE + 2 AEF = 2 BEH 
+ Z AEF; but, since the z A is a right 2, 
(E. 32. 17) Z AFE+ z AEF =a right ; .. also, 
2 BEH + 2 AEF=a right 2; but (E. 15. 1. Cor.2.) 
£L BEH -- 2 AEF + 2 HEF = two right £5 .. 

the 2 HEF is a right angle; and, in the same 
manner, may the remaining g of the figure EFG H, 
. which has been shewn to be equilateral, be proved 


to be right ; .. (E. 30. def. 1.) EFGH is a 
square. : 


Pnor. XXXVI. 


50. TuzonEM. If the opposite angles, of a quadri- 
lateral figure be equal to each other, the figure 
` shal be a parallelogram. 


Let AB be a quadrilateral figure, having the 


angles A equal to the opposite angle B, and the 
anglo C to the opposite angle D: The figure 
ADBC is a parallelogram. 
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For, (É. 92. 1. Cor. 1.) the four angles of the 
figure ADBC are together equal to four right I; 
and, by the hypothesis, the four J are the double 
of the two A, DAC, ACB; it is manifest, .., that 
the two A DAC, ACB are together equal to two 
right “;. (E. 28. 1.) AD is parallel to CB: 
And, in the same manner, AC may be shewn to 
be parallel to DB; .. the figure AD BC is a paral- 
lelogram. 


Pror. XXXVII. 

51. PnoBLEM. In a given square to inscribe an 
equilateral triangle, having one of its angular 
points upon one of the angular points of the square, 
and its two remaining angular points one in each 

two adjacent sides of the square. 


Let ABCD be a given square: It is required 


AG E p 


to inscribe in it an equilateral triangle, having 


one of its angular points upon the spe point 
B of the square. 
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Trisect (S. 20. 1.) the right 2 ABC, by BE 
and BF; bisect (E. 9. 1.) the g ABE, CBF by 
BG and BH; meeting AD and DC in G and H, 
respectively ; and join G, H: The A GBH is 
equilateral. 

For, join B, D, and let BD meet GH in K: 
Then, it is manifest from the construction, that 
the Z ABG = ZCBH ; also, (hyp. and E. 30. 

def. 1.) the 2 A = C, and the side AB, of the 
A ABG, is equal to the side CB, of the A CBH; 

(E. 26. 1.) BG = BH; (E. 5. 1.) the Z BGH 
BHG; also, (constr. wal E. 8. I.) the 4 GBD 
` = HBD; and BK is common to the two ~ BKG, 
BKH; .. (E. 26.1. the 2 BKG= 2 BKH; - 
(E. 10. def. 1.) each of these-Z isa right ; . 
(E. 32.1.) 2 KGB+ 2 GBK = a right Z = 2 GBH 
+ 22 ABG = ^ GBH + z ABE (cogstr.); but, 
since (constr.) 2 ABG-+- 2 CBH= C EBF, add to 
each of these equals the 4 EBG, FBH, and the 
LGBH = 22 ABE; ~». the 2 GBK = Z ABE; 
and it has been shewn that Z KGB+ 2 GBKz z 
GBH-+ 2 ABE; ~. 2 KGB=2GBH; ~. HGz 
GB= BH; i. e. the A GBH is equilateral. 


. PRor. XXXVIII. 


52. THEOREM. f, at the extremities of the base 


of a given triangle, two straight lines be drawn, 
both above the base, and each of them equal to 
the adjacent side, and making with it an angle 
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equal to the vertical angle of the triangle ; then, 
if two straight lines, let fall from the extremities 
of the two so drawn, make, with the base pro- 
duced, two angles that are equal eack of them to 

- the vertical angle, they shall cut off equal seg- 
ments from the base produced. 


From the extremities B, C, of the base BC of 


oh. aa ir MN C G 


the given A ABC, let BD be drawn equal to the 
adjacent side AB, and CE equal to the adjacent 
side AC, making the 4 ABD, ACE, each equal 
to the vertical Z BAC of the A, and let DF and 
EG, drawn from D and E, make with BC pro- 
duced the 4 DFB, EGC, each also equal to the 
Z BAC: Then shall FB GC. 

For, from the point A draw (S. 25. 1. ) AH and 
AK making with BC the g AHB, AKC each 
equal to the z DFB, or BAC, or CGE: And, since 
(E. 13.1.)2 ABH+ z ABD+ z DBF =two right 
4 = 4 DBF + ż BFD + Z FDB (E. 32. 1.), and 
that (constr.) ABD = Z BED, ~.  ABH =< 
FDB; but, (constr.) AHB = z DFB, and the 
side AB of a A AHB is equal to the side DB of 
the A DFB; .. (E. 26. 1.) FB = AH: And in 
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the same manner GC may be shewn to be equal 
to AK; but since (constr.) the 7 ANES Z AKC, 

. (E. 13. 1.) the AHK 2 AKH; .. (E. 6. I.) 
AH= AK; and " was sbewn to be equi to AH, 
and GC to AK; .. FB=GC. 

53. Con. If he vertical 2 BAC be a right /, 
the two straight lines AH and AK coincide; and : 
the segments FB, GC are equal each of them to 
- the perpendicular drawn from A to the base BC: 
In this case, also, DF- BK, andEG=CK. 


Pror. XX XIX. 


54. TuHkoRnEM. If four straight lines cut each 
- Other, without including space, but so as to make 
three internal angles, towards the same parts, 
which together are less than four right angles, 
the two lines, which are not joined, shall meet, V 
pum far enough. 


Let "hi four straight lines AB, BC, CD, DE, 


cut one another, without enclosing space, so that 
the E ABC, BCD, CDE, are together less than 
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four right I; Then shall BA and DE meet, if 
they are produced far enough. i 

For, join B, D: And (E. 32. 1.) LDBC +z 
BCD+ z CDB S two right A; if, ., these three g 
be taken from the three given A, which (Jyp.) are 
less than four right 4, there will remain the two 
4 ABD, EDB, together less than two right I; 
*. (E. 12. axiom 1.) BA and DE will meet if 
they be continually produced. 


Pror. XL. | 
55. PRoBLEM. To inscribe a square in a a: 
right-angled tsosceles triangle. 


Let ABC bethe given isosceles A, right-angled 


at À: It is required to inscribe a square in the 
A ABC. 

Trisect (S. 33. 1.) the TL , in the 
points D and E; from D and E draw (E. 11. 1.) 
DF and EG I to BC, meeting the sides AB and 
AC in F, and G, respectively ; and join F, G: 
The inscribed figure FDEG is a square. 

For, since the (A is a right-angle, and that 
(hyp. and E. 5. 1.) 2 B— 7C, . . (E. $2. 1.) <B 
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is half a right-angle; but (constr.) the 2D is a 
right 4; . the 4 DFB is half a right Z, and is, 
* equal to the 2 FBD; .. (E.6.1.) DF = BD; 
but (constr.) BD = DE;. DF DE; and, in 
the same manner, it may be shewn that EG = 
DE; ..DF—DE-EG. 

Again, since (constr.) the 4 D and E are right 
4. . . (E. 28. 1.) DF is parallel to EG; and it 
has been shewn that DF = EG = DE; . 
(E. 33. 1.) FG is equal and parallel to DE; 

(E. 29. 1.) the figure FDEG has all its g right 
J; and it is —1 .". (E. 30. def. I.) it is a 
square. 


Pror. XLI. 


56. Proptem. To find a point, in either of the 
equal sides of a given isosceles triangle, from 
which, NF a straight ine be drawn, perpendicular 
to that side, so as to meet the other side produced, 
it shall be equal to the base of the triangle. 


Let ABC be the given isosceles A : It is re- 
quired to find, in either of the two equal sides, as 
AB, a point from which if a perpendicular be 
drawn to AB and produced to meet AC, pro- 
duced, it shall be equal to the base BC. 

Draw (E. 11. 1.) from B, BD 1 to AB, and 
make (E. 3. 1.) BD = BC; from D draw (E. 81. 1.) 
DE parallel to AB, meeting AC produced in E; 

i E 
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and from E, draw EF parallel to BD: F is the 
point which was to be found. 

For (constr.) the figure FBDE is a ; 
(E. 34. 1. FE = BD — BC (constr.); also, since 
(constr.) the 2 FBD is a right 2, the 2 BFE is, 
' also, (E. 29. 1.) a right . 


Prop. XLII. 


. TRR. The diameters of a parallelogram 
. bisect each other. | 


Let AB and CD be the diameters of the Cà 
A e 


? os 5 
ADBC; AB and CD bisect 
point of their intersection E. 


TB | 
one another in the 
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For since ADBC isa c, AD CB (E. 84, 1.) aad 
(È. 29, I.) the Z EAD of the A AED, =z EBC, 
of the A BEC, and the Z EDA =Z ECB; s. 
(E, 26. 1.) AE = EB, and DE == EC. 


Pror. XLIII. 


58. THzorem. f in two opposite sides of a pm 
. rallelogram two points be assumed, one in euch of 
those sides, equidistant from two opposite angles 
of the figure, and f two other points be likewise 
assumed, in the two other opposite sides, equidi- 
stant from the same two angles, ihe figure, con- 
tamed by the straight lines joining the four poinis 
so assumed, shall be a parallelogram. 


In tbe opposite sides AD, BC of thera ABCD, ` 


let the points E and G be taken equidistant frem 
the opposite 4 A and C; let also, the points F and 
H be taken, in the other two opposite sides, AB 
and DC, equidistant from A and C ; and let E, 
F, and F, G, and G, H, aine E, be joined : The 
fgura EFGH is a parallelogr 

For since (hyp.) AE=CG, and AF == CH, and 
that (E. 84.1 Jthe Z A = zZ C, . (E. 4. 1.) TKR 

E 2 
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GH: Again since (E. 34.1.) AB DC, and 
AD = BC, and that (p.) of AD the part AE is 
equal to the part CG of BC, and of A the part 
AF is equal to the part CH of DC, .-. ED—GB, 
and DH — BF; also (E. 34. 1.) the LEDH = 
Z FBG; .. (E. 4. 1. ^ FG ; andit hag been 
proved that EF = HG; .. (S. 18. 1.) EFGH is 


a parallelogram. 


| Prop. XLIV. — 

59. TuHkoREM. Zf any number of parallelograms 
be inscribed in a given parallelogram, the diame- 
ters of all the figures nm another in the 
same point. 


Let ABCD be a given cg, and let EFGH be 


L B G C 


any C3 whatever, inscribed in ABCD: The dia- 
meters of ABCD and of EFGH cut one another 
in the same point. 

For draw AC a diameter of ABCD, and FH.a 
diameter of EFGH ; let AC and FH cut one an- 
other in K ; and let CB, produced, meet EF, pro- 
duced, in L: Then, since AE is parallel to BC, 
and EF parallel to HG, the 4 CGH=(E. 29. 1.) 


ELEMENTS OF EUCLID. 53 


GLE; and the 2 GLE = LEA; .. the 
¿ CGH = z AEF; also (hyp. and E. 34. 1.) the 
4 À — £C, and the side FE = the opposite side 
GH, of the c EFG; .. (E. 26. 1.) CH= AF: 
Again, since the side AF of the A AKF= the 
side CH of the A CKH, and that (E. 29. 1.) the 
“a KAF, KFA are equal to the I KCH, KHC, .-. 
(E. 26. 1.) AK KC, and FK KH; i. e. K is 
the bisection of the diameters AC, FH; .. 
(S. 42. 1.) all the diameters cut one another in the 
point K. 

60. Con. From the demonstration it is mani- 
fest, that the angle contained by any two given 
straight lines, is equal to the angle contained by 
two other straight lines, that are parallel to the 
two given straight lines, each to each. | 


Prop. XLV. 


61. Tuzonem. The diameters of an equilateral 
Sour-sided plane rectilineal figure bisect one an- 
other at right angles. 


Let AB and DC be the diameters of the equi- 
lateral four-sided figure ACBD, cutting one an- 
other in E: AB and DC bisect one another in E, 
at right angles. 

For, since (hyp.) ACBD is e it is 
(S. 18. 1.) a C3; and.. (S. 42. 1.) the diameters 
bisect one another in E: Again, because DE = 
CE, and EA is cómmon to the two a AED, 
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AEC, and that (hyp.) AD = AC, .. (E. 8. I.) 
the 2 AED = Z AEC; i.e. (E. 10. def. I.) each 
ofthe 4 AED, AEC is a right 2; . (E. 15. 1.) 
each of the * CEB, is, -— a right Z. 


2. THEoREM. The diameters of a rectangle are 
p to one another. 


Let AC, and BD be the diameters of the rect-. 
angle ABCD: Then AC = BD. 


For, since (p.) the opposite A of the figure 
are equal, each being a right Z, . . (S. 26. 1. ae 
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figure ABCD isa; .-. (E. 83. 1.) Ab BC 
and AB is common to the two ABC, BAD, 
and the 4 ABC z BAD; . (B. & 1.) Ac 
BD. g: | 


Pror. XLVII. B 
63. PRORI EAM. To inscribe a square th a given 
.equilaterat four-sided figure. 


Let ABCD be the given equilateral four-sided 


figure: It is required to inscribe a square in 
ABCD. : 

Join A, C, and B, D, and let AC and BD cut 
one another in X ; bisect (E.9. 1. and E. 15. 1.) 
the 4 AXB and CXD, by the straight line EG, 
and the I BHC, AXD; by the straight line FH; 
and join E, F, and F, G, and G, H, and H, E: 
The inscribed figure EFGH is a square. . : 
For, since the figure ABCD is (p.) equila- 
teral, AC and BD (S. 45. 1.) bisect one another at 
right 45 .*. (constr.) each ofthe L EXA, AXH, 
HXD, DXG, GXC, CXF, FXB, BXE, is half a 
right 2; . the g EXH, HXG, GXF, FXE are 
right I: Again, because ABCD is equilateral, it 
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is (S. 18. 1.) a C3; .. (E., 28. 1.) the Z BAC 
,4£ ACD ; but, because (3% p.) DC = DA,. 
(E. 3. 1.) the z ACD= 4, DAC; , the Z BAC 
= DAC; i. e. the 4 EAX = 2 HAX; and it has 
been shewn that the EXA =z HXA; and AX 
is common to the two AEX, AHX; .. (E. 26. 
1.) EX — HX ; and, in the same manner it may 
be shewn that EX, HX, GX, and FX, are all 
equal: and the æ contained by those lines are 
equal, being right 4; .. (E. 4. 1.) the figure 
EFGH is equilateral, and .. (S. 18. 1.) it is a ; 
and since the Z EXH isa right 2, and that X E = 
XH, .. (E. 5. 1. and E. 32. 1.) each of the A 
XEH, XHE is half a right : In the same man- 
ner it may be shewn that each of the 7 XHG, 
XGH, XGF, XFG, XFE, XEF is half a right 4; 
. the figure EFGH, which has been shewn to 
be equilateral, has all its 4 right angles; .. (E. 
$0. def. 1.) it is a square. 


Pror, XLVII. 


64. Tueorem. F two opposite sides of a paral- 
lelogram be divided each into the same number of 
equal parts, the straight lines, joining the oppo- 
sile points of division, shall also divide the dia- 
meter of the parallelogram into the same number 

~ of equal parts. j 


Let the two opposite sides AD, BC, of the C 
ADCD, of which BD is a diameter, be divided 
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into any number of equal parts, AE, EF, FG &c., | 
BH, HI, IK &c.; and let E, H, and F, I, and 
G, K, &c. be joined : The diameter BD is divided . 


by EH, FI, GK, &c. into the same number of 
equal * BL, LM, MN, &c. as either of the 
opposite sides AD, or BC. 

For, through L, M, N, &c. draw (E. 31. 1.) LP, 
MQ, NR, &c. each parallel to AD or BC: Then, 
since AE is equal and parallel to BH, EH (E. 38. 
1.) is parallel to AB; and in the same manner it 
may be shewn, that FI, GK, &c., are parallel to 
one another; .. the figures LI, MK, NC, &c., 


are [; . (E. 34. 1.) LPS HI; but (Ap.) 


HI BH; .., BH==LP; aud since LP is 
parallel to BC, and LH parallel to MI, and that 
MLB meets these parallels, . (E. 29. 1.) the g 
HBL, BLH, of the A BLH, are equal to the g 
PLM, LMP, of the A LMP; and it has been . 
proved that the side BH — LP; .. (E. 26. 1.) 
BL- LM: And, in the same manner it may be 
shewn, that LM — MN; MN ND, and so on. 
65. Cor. From the demonstration it is mani- 
fest that if the one of two given straight lines, or 
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a part of it, be divided into any number of equal 
parts; and from the points of division parallel 
. straight lines be drawn cutting the other, the seg- 
ments of that other given line, between these 
parallels, will be equal to one another. 


Pror. XLIX. 


66. ProsLem. To divide a given finite straight 
line into any given number of equal parts. 


Let BD be a given finite straight line: It is re- 


M" to divide it into any given number of equal 


go B draw am indefinite straight Wise BC 
making. any angle with DB; and from D draw. 
(E. $1: 1.) DA, also indefinite, and parallel to BC; 
take any point Hin BC; make (E. 3. 1.) HI, IK, 
DG, GF, FE, each equal to BH, so that the fum- 
ber of these equal straight lines in BC, and also 
in DA, may be less by one than the given number 
of parts, into which BD is tobe divided ; and join 
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E, H, and F, I and G, K: The straight lines EH, 
FI, and GK, will divide BD into the required 
number of equal parts. 

For, in BC, and DA, take KC, and EA, each 
equal to BH, and join A, B and D, C: Then, 
since (constr.) AD is equal and parallel to BC, AB 
is also (E. 38. 1 J parallel to DC; . ABCD is a 
C3, of which BD is a diameter; .. (constr. and 
S. 48. 1.) BD is divided by EH, FI, and GK, into 
as many equal parts as BC, or AD, is divided into. 


Otherwise, 


Draw BC, as before, and make the number of 
, equel parte BH, HI, IK, KC, equal to the givett 

number into which BD is to be divided; join 
C, D; and draw HL, IM, KN, each parallel to 
CD: Then will these parallels divide BD inte tha 
required number of equal parts. 

Fot, if LP, MQ, NR be drawn each parallel t to. 
BC, it may be proved, (as in S. 48. 1.) that BL => 
LM zz MN zz ND. 


Prog. L. 
6}. PRobLbM. Upon a given finite straight line to 
^ deseribe an equilateral and equiangwlar octagon. 
Let AB be a given finite straight line: Upow 
AB, it is required to describe an equilateral and 


ce qulaagular octagon. 


e 
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8 1 —ů h 

From the points A and B draw (E. 11.1.) AD 
and BE I to AB, and produce, AB both ways to X 
and Y ; bisect (E.9.1.) the I DAX, EBY, by A, 
and BL, and make AU and BL each equal to AB; 
from the points G and L, draw GF | to AG, and 
LI | to BL; also, draw (E. 31. 1.) GH parallel 
to AD, and make GH — AB or AG ; in like 
manner, draw LK parallel to BE and make LK — 
AB; lastly, draw HD parallel to GF, meeting AD 
in D, and KE parallel to LI, meeting BE in E; 
and join D, E: The. figure ABLKEDHG, de- 
scribed on AB, is an equilateral and equiangular 
, octagon. l | 

For, since (consir.) the side AG, of the A. 
AGF, is equal to the side BL, of the A. BLI, and 
L GAF — ^ LBI, and that the ~ BGF, BLF are 
equal, being right Z ; . ., (E. 26. 1.). AE = BI; 
alsa, since (constr.) HF and KI are D, FD — G, 
and IE = LK; but (constr) GH = LK; 
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FD- IE; . the whole AD =the whole BE; 
and (constr. and E. 28. 1.) AD is parallel. to BE; 
.. (E. $3. 1.) DE is equal and parallel to AB; and 
*. (consir. and E. 34. I.) the 4 ADE, BED are 
right I: Again, since (constr.) the I AGF, BLI, 
are right 4, and that the 4 GAF, IBL are each 
the half of a right , . (E. 32. 1.) the E GFA, 
: LIB, are each the half of a right Z ; AG = 
GF = BL= LI; and (E. 34. 1.) HD = GF, and 
KE =LI; whence it is manifest that the figure 
ABLKEDHG is equilateral. 

Lastly, since HG is parallel to DA, and KL to 
EB, and FG and IL meet these parallels, .-. (E. 
29.1.) the z HGF = z GFA, and .-. z HGF 
the half of. a right ; .. (E.:34.1.) the 2 HDF 
is the half of a right 4; in the same manner, it 
may be shewn that each of the 4 IEK, KLI, is 
the half of a right. 2; and it has been proved that 
the g ADE, BED are right 7; whence, and from 
the construction, it is manifest, that the figure 
ABLKEDHG, which has been shewn to be equi- 
lateral, is also equiangular. 


Prop. LI. 


68. Tuxoram. F either diameter of a parallelo- 
. gram be equal to a side of the figure, the other 
diameter shall be greater than any side of the 
ure. 


Let the diameter AB, of the c1 ACBD, be 
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A — 
alin 


equal to the side AC: The other diameter CD 

shall be greater than either AC or AD. : 
For, because AC = AB, the Z ACB=z ABC 

(E. 5. 1.) and (hyp. and E. 29. 1.) the Z DAB =œ 


„ ABC; but the Z DAC > E DAB; .^. the 


£ DAC > 2 ACB; and the sides DA, AC, of 
the A DAC, are (E. 34. 1.) equal to the sides 
BC, CA, of the A BCA; .. (E. 24. 1.) CD» 
AB; but (%.) AB = AC; . CD» AC: And 
it has been shewn that the 2 DAC» C ACB; 
much more then is the ^ DAC» 2 ACD; .. (E. 
19. 1.) DC» AD. 


Pror. LII. 


69. PnoBLEM. From a given point to draw a 
Straight line cutting two parallel straight lines, so 
that the part of tt, intercepted between them, shall 
be equal to a given finite straight line, mot lese 
than the perpendicular distance of the two paral- 

Lenk. ! | 


. Let A be a given point; XY and ZW two given 
parallel straight lines, indefinite in length ; and B 
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a given finite straight line, not less than the per- 
pendicular distance. of XY from ZW: It is re- 
quired to draw through A, a straight line, cutting 
XY and ZW, so that the | part of it, between the 
two parallels, shall be equal to B. 

Take any point C in ZW; from C as a centre, 
at a distance equal to B, desoribe a circle, cutting 
in XY in D; join C, D; and through A draw (E, 
34. 1.) AF parallel to DC, cutting XY and ZW in 
the points E and F: Then is EF — B. 

For, (constr.) the figure DCFE is a ; . (E. 
$4. 1.) EF = DC; and (constr.) DC = B; ~. 
EF =B. 


Prop. LIII. 
7 Tusonrw. If, from the summit of the right 


angle ef a scalene. right-angled triangle, two 
straight lines be drawn, ane perpendicular to the 
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hypotenuse, and the other bisecting it, they shall 
contain an angle equal to the difference of the two 
acute angles of the triangle. 


Let the Z A, of the A BAC be a right 7 ; let 


ik 
a 
"d 7 N 
: E D € 
AE be drawn to the bisection E, of the hypote- 
nuse BC, and let AD be drawn perpendicular to 
BC: The z EAD=zC— zB. 

For (S. 29. 1. and hyp.) EA = EB; .. the 2 
EAB= Z EBA: Again, since (Ayp.) the two 4 
BAC, CBA, of the A BAC, are equal to the two, 
4 BDA, ABD, of the A ADB, .. (S. 26. 1.) the 
BAD ACB; but the z EAD =z BAD— 
£BAE; .. the 2 EADS (C- ZB. 


Prop. LIV. 


71. PRoBLEM. To bisect a parallelogram by a 
straight line drawn through a given point in one 
of its sides. 


Let ABCD be a c, and E a given point in one 
of its sides: It is required to bisect the C1 ABCD, 
by a straight line drawn through E. 
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From AD, the side opposite to BC, cut off 
DF — BE (E. 9. 1.); and join E, F; EF bisects 
the C ABCD. 

For, through E and F dein (E. $1.1.) EG and 
FH, each parallel to AB or DC; .. AE, GH, FC 
are [; and since EF is the Neate of the C3 
GH, .. (E. 34. 1.) the A EGF— A EHF; also, 
m BE — FD, and that AD is parallel to BC, 

. (E. 36.1.) the ca AE = NFC; to these equals 
add the equal A, EGF, EHF, and it is evident 
that the trapezium ABEF is equal to’ the trape- 
zium FECD; i.e. EF bisects the c3 ABCD. 


Pror. LV. 


72. THEOREM. A trapezium, which has two of its 
sides parallel, ts the half of a rectangle between 
the same parallels, and having its base equal to 


the aggregate of the two — sides of the tra- 
pexium. 


Let ABEF be a trapezium, having its side AF 
parallel to the opposite side BE; The trapezium 
ABEF is equal to the half ofa rectangle between ‘ 

| F 
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AF and BC, and having its base equal to AF+ 
BE. ; ! 
For, produce BE to C, and make EC — AF; 
through C draw (E.'31. 1.) CD parallel to BA, 
and let CD meet AF produced in D; . the 
figure ABCD is a ; .. (E. 34.1.) AD BC; 
and (constr) AF= EC; . FD—BE: It is 
manifest, .., (from S. 54. 1.) that the trapezium 
ABEF is the half of the cà ABCD; but (E. 35. 1.) 
the M ABCD =a rectangle upon the same base 
BC, and between the same two parallels; .. the 
trapezium ABEF — the half of a rectangle on the 
base BC, which (constr.) = BE + AF, and be- 
tween the two parallels BE and AF. : 


Prop. LVI. 


79. PRoBLEM.: Any two parallelograms having 
been described on two sides of a given triangle, to 
apply, to. the remainng stde, a parallelogram, 
which shall be equal to their aggregate. 


Let the [ AQ and AP be on the two sides AB, 
AC, of the given A ABC: It is required to apply 
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H K G 
to the remaining side BC, a c3 which shall be 
equal to the C3 AP together with the C3 AQ. 

Produce QD and PE until they meet in F; 
join F, A; through C draw (E. 31. I.) CG parallel 
to FA, and make, also, CG — FA ; complete the 
C BCGH: The H BCGH — 0 AQ + AP. 

For, produce FA, so that it shall meet BC in I, 
and HG in K; produce, also, GC and HB, until 
they meet EP and DQ in Land M; .. the figures 
. FACL, FABM are ; and, since (constr.) the 
1 FACL, CGKI, are upon equal bases FA, CG 
and between the same parallels, .*. (E. 36. 1.) the 
Cc FACL=OCGKI; but (E. 35. 1.) the cA 
FACL= cn AP; . the c AP, =o GI: And in 
the same manner, it may be proved that the © 
AQ —on31H ; . the whole ca BCGH = NC AP 
＋ AQ.* 


* It the parallelograms AP and AQ are squares, it is easy 
¥2 
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Prop. LVII. 
74. PnoklL EM. A plane rectilineab figure of any 
number of sides being given, to find an equal rec- 
‘tilineal figure, which shall have the number of its 
sides less, or greater, by one, than that of the 
given figure. 


| First, let ABCDE be'a given rectilineal figure: 
| A. 


= 


C D F 
It is required to find an equal rectilineal figure, 
having the number of its sides less by one, than 
the number of the sides of ABCDE. 

Let A, E, D be any three consecutive 4 of the 
given figure ABCDE ; join A, D; through E draw 
(E. 31. 1.) EF parallel to AD and meeting CD, 
produced, in F; join A, F: The figure ABCE, 
which bas the number of its sides less by one than 
ABCDE, is equal to ABCDE. 

For, since the two a AED, AEF, are upon 


to shew that the parallelogram BG will also be a square; and 
, thus the forty-seventh proposition of the first Book of Euclid's 
Elements will have been demonstrated. | 
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the same base AD and (constr.) are between the 
same parallels, AD, EF, .. (E. 37. 1.) the A AFD 
=A AED ; to each of these equals add the figure 
ABCD; and tbe figure ABCF — the figure 
ABCDE. | 

Secondly, let ABCF be a given rectilineal 
figure; and let it be required to find an equal rec- 
tilineal figure, having more sides by one, than 
ABCF. 

Take any point, D, in any of the sides, as CF, 
of ABCF, and join B, D, or A, D; A and B be- 

ing the g which are next to the / F and C, at the 
extremities of CF; then, A, D having been 
joined, through F draw (E. 31. 1.) FE parallel to 
DA; and since the Z ADC is greater (E. 16. 1.) 
than the ^ ADF, and equal (E.29.1.) to the 
_ LEED, .. FE falls without the given figure: In 
FE take any point E, and join E, A, and E, D: 
The figure ABCDE has more sides, by one, than 
the given figure ABCF; and it may bé shewn, as 
in the preceding case, to be equal to ABCF. 

75. Con. Hence, first, a triangle may be found 
which shall be equal to any given rectilineal figure: 
For the number of eides of the given figure being 
thus diminished, by one, at each step, they will at 
length be reduced to three, and the triangle which 
they contain, will be equal to the given figure. 

Secondly, it is manifest, that, by the latter part 
. of the preceding problem, a polygon, of any given 

number of sides, may be found, which shall be 
equal to a given triangle. ! 


4 
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' Prop. LVIII. 
76. TugoREM. The diameters of any parallelo- 
gram divide tt-into four equal triangles. 
Let ADBC be a ©, of which the diameters AB, 
x | 


E" 
io wd 


CD cut one another in E: The four A AED, 
DEB, BEC, CEA are equal to one another. 

For (hyp. and E. 54. 1.) the side AC of the 
A AEC, is equal to the side DB, of the A DEB; 


also (S. 42. 1.) AE = EB, and DE = EC; 


(E. 8. 1. and E. 4. I.) the A AEC A DEB. In 
the same manner, it may be shewn that the A 
AED = A CEB: And since, the two A AED, 
AEC, stand upon equal bases DE and EC, .. 
(E. 38. 1.) the A AED = A AEC. It is mani- 
fest, ., that the four ~ AED, AEC, CEB, BED 
are equal to one another. 


Prop. LIX. 


77. PROBLEM. If two triangles have the two adja- 


cent sides of a parallelogram for their bases, and 
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have their common vertex situated in the diameter, 
or $n the diameter produced, they shall be equal 
£o one another. 


Let the two 2 AFC, BFC, have the two adja- 
cent sides AC, BC, of the C3 ADBC, for their 


A C 


<9 
BL c3 


bases, and also have their common vertex situated 
at any point F, in the diameter DC, or in DC, 
produced: The A AFC= A BFC. 

- First, let the point F be in the diameter DC: 
Join A) B; andlet AB cut DC in E. 

Then, dee (S. 42. 1.) AEs EB, .. (E. 88. 1.) 
the A AEC — A BEC, and the A AEF— A 
BEF; . the A AFC, BFC, which are the differ- 
ences of these equals, are equal to one another. 

And the proposition may, in the same manner, 
be shewn to be true, when the common vertex of 
the two A, which have AC and BC for their bases, 
is in DC preduced. | 


Prop. LX. 


78. TuronrM. Of all triangles, which are between 
the same parallels, that which stands on the 
greatest base ts the greatest, 
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For it is manifest, that the A which has the 
greater base will exceed the A which is formed 
by joining its vertex and the extremity of a seg- 
ment of its base made equal to the base of the 
other A : But the A so formed is equal (E. 38. 1.) - 
to the other given A; . the A which has the, 
greater base is greater than that other triangle. 


Prop. LXI. 


79. THEOREM. The straight line, joining the ver- 
tex and the bisection of the base of any triangle, 

- bisects every other straight line that is parallel to 
ihe base and is terminated by the two remaining 
sides of the triangle. 


Let PQ be any straight line, either within or 


without the A ABC, parallel to the base BC, 
and let AD, joining the vertex A and the bisec- 
tion D of BC, cut PQ in R: PQ is bisected by 
AD in R. | | 
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First, let PQ be within the A ABC; and if 
PR be not equal to RQ, one of them is the 
greater: Let PR > RQ; and join D, P, and D, Q. 

Then since (Ayp.) the base BD, of the A BAD, 
is equal to the base DC, of the A CAD, .. 
(E. 38. 1.) the A BAD = A CAD; also, because 
BD. = PBC, and that-(hyp.) PQ is parallel to BC, 
*. (E. 38, 1.) the A BPD = ACQD ; if, , the 
two latter equal A be taken from the equal A 
BAD, CAD, there remains the A APD =A 
AQD: But, since PR > RQ, the A APR >A ` 
AQR, and the A DPR > A DQR; .., the whole A 
APD > AAQD ; but it has been shewn that the 
AAPD= AAQD;; and it is, also, greater; which 
is absurd: .., neither of the two lines PR, RQ, 
can be greater than the other; .., PR = RQ. 

In a similar manner the proposition may be 
proved, when PQ is without the A ABC. 

80. Con. Hence, it is easily shewn, ex absurdo, 
that the straight line joining the bisections of any 
two straight lines, that are parallel to the base, and 
terminated by the sides of a A, passes through 
the vertex of the A. 


Prop. LXII. 


81. THEOREM. Lf two opposite sides of a trapezium 
be parallel to one another, the straight line, joining 
their bisections, bisects the trapezium, 
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For, let PBCQ bea trapezium having [the side 


D R a 
2 N 


PO parallel to BC, and let RD join the bisections, 
R and D, of the opposite sides PQ and BC: RD 
bisects the;trapezium PBCQ. 

For, join P, D, and Q, D: Then since (Ayp.) 
PQ is-parallel to BC, and that the base BD of the 
A BPD, is equal to the base DC, of the A DQC, 
` SO (E. 8s. I.) the A BPD = ADQC; and, in the 
same manner, it may be shewn that the A PDR = 
'" ADRQ;.., A BPD + A PDR = A DQC+A 
DRQ; i.e. the figure BPRD=CQRD; .. RD 
hisects the trapezium PBCQ. | 


Pror. LXIII. 


82. ProsLem. To bisect a given trapezium by a 
straight line drawn from any of its angles. 


Let ABCD be a trapezium : It is required: to 
draw a straight line from any of the A, as B, 
which shall bisect the trapezium ABCD. 

Join B, D; through A draw (E. 31. 1.) AE 
parallel to BD, and let CD, produced, meet AE - 
in E; bisect (E. 10. 1.) EC in F ; and join B, F; 
BF bisects the trapezium ABCD. 


' ELEMENTS OF EUCLID. 75 


For join B, E; and since the two . BAD, 
BED are on the same base BD, and between the 
same parallels, .. (E. 37. 1.) the A BAD = A 
BED; to each of these equals add the A BDF; 
^ A BAD+ A BDF= A BED +A BDF; i. e. 
the trapezium BADF = A BEF; but since 
(constr.) EF=FC, .. (E. 38. 1.) the A BEF = 
ABFC; .. the trapezium BADF =.A BFC; i.e. 
BF bisects the given trapezium ABCD. 


Pror. LXIV. 


83. PRoBLEM. To bisect a given triangle by a 
straight line drawn through a given um in any 
one of its sides. 


Let ABC be the given A, andlet D be a given 
point in one of its sides BC: It is required to 
draw through D a straight * which shall bisect 
the triangle. 

Bisect (E. 10. 1.) AC in E; join D, E; through 
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B draw (E. 31. 1.). BF ` parallel to DE, meeting 

AC in F; join D, F: DF bisects the A ABC. 
For join B, E and let BE cut DF in G: Then 

since the 2. DFE, EBD are upon the same base 


B D CG: 


DE and (constr.) between the same parallels, .°. 
(E. 37. I.) the A DFE— A EBD; take away the 
common part DGE, and there remains the A 
BGD — A EGF ; to each of these equals add 
the trapezium ABGF, and it is manifest that the 
trapezium ABDF — A ABE; but since (constr.) 
AE=EC, .. (E. 88. 1.) the A ABE= A EBC; 
the trapezium ABDF is equal to the half of the 
given A ABC; i. e. DF bisects the A ABC. 


= Prop. LXV. 


84. PROBLEM. Equal triangles, which have their 
bases in the same straight line and which are 
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between the same parallels, ‘stand upon equal 
Bases. 


For if not, l¢t one of the bases be greater than 
the other; .. (S. 60. 1.) the A, of which it is the 
base, is greater than the other, which is contrary 
to the supposition : .., neither of the bases can 
be greater than the other; i. e. the bases are equal 
to one another. 


Pror. LXVI. 


85. PROBLEM. To describe a parallelogram, the 
surface and perimeter of which shall be respect- 
tvely equal to the surface and perimeter of a given 
triangle. 


Let ABC be the given A: It is required to 
| add 
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describe a C3, whicl{shall be equal to the A ABC, 
and which shall, sled, have its perimeter equal to 
the perimeter of ABC. 

Bisect.(E. 10.1.) BC in D; produce AC to E, 
and make CE = AB; bisect WE in F; through A 
draw (E. 31. I.) AH parallel to BC; from D asa 
centre, at a distance equal to AF describe a circle, 
cutting AH in G; join D, G, and through € draw 
CH parallel to DG: Then is the t DCHG = A 
ABC, and the perimeter of DCHG is, also, equal 
to the perimeter of ABC. "m 

For join A, D;- and since BD = DC, .. (E: 38. 
1.) the A ABD =A ACD, so that the whole A 
ABC is the double of the A ADC: Again, since 
the cg DC HG and the A ADC are on the same base | 
DC, and between the same parallels, .. (E. 41. 1.) 
the c3 DCHG is the double of the A ADC; as 
is, also, the A ABC: .. theca DCHG—A ABC: 
And because (constr.) DG 1s equal to the half of 
BA -- AC, and that (E. 34. 1.) CH = DG, . DG 
+CH=BA + AC; also (E. $4. 1.) GHS DC- 
DB; .. DC GHz BD + DC c BC; .. DG + 
GH +HC+CD=BA + AC4-CB. 


Pror. LXVII. | 


86. Turorem. The two triangles formed by 
drawing straight lines, from any point within a 

. parallelogram, to the extremities of either pair of 
opposite sides, are, together, half of the paral- 


lelogram. 
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Let E be any point in the ca ABCD, and let 


E, A, and E, B, and E, C and E, D be joined: 
The two A AEB, DEC are, together, half of the 
C3 ABCD. 

For, through E draw (E: 31. 1.) FEG parallel 
to AB or DC: and since AG, and GD are m, .-. 
(E. 41. 1.) the A AEB is the half of the C1 AG, 
and the A DEC is the half of the ca GD; .. the 
A AEB+ A DEC is the half of the c3 AG + the 
half of the GD, or the half of the whole © 
ABCD. 7 


Prop. LX VIII. 


87. THEOREM. Jf two sides of a trapezium be paral- 
lel, the triangle contained by either of the other 
sides, and the two straight lines drawn from its 
extremities to the bisection of the opposite side, is 
the half of the trapezium. 


Let the two sides FD, EC, of the trapezium 
FECD be parallel; let K be the bisection of 
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either of the two remaining sides, as DC; and 
let K, E and K, F be joined: The A FKE is the 
half of the trapezium FECD. 

For, through K draw (E. 31. 1.) LKM paral- 
lel to FE, and let LKM meet BC in M and FD, 
produced, in L. And since FL (consir.) is on 
lel to EC, and LM meets them, .. the 2 DLK = 
ZKMC; also (E. 15. I.) the Z DKL=zCKM, 
and (hyp.) the side DK of the A DKL, — the side 
CK of the A CKM; .. (E. 26. 1. and E. 4. I.) the 
A DKL=A CKM ; but if to the rectilineal 
figure FEMKD there be added the A CKM, there 
results the trapezium FECD ; and if to the same 
figure there be added the A DKL, there results 
the © FEML ; . these results are equal; but 
(E. 41. I.) the A FKE is the half of the © FEML ; 
* the A FKE is the half, also, of the trapezium 
FECD. 


Pror, LXIX. 
88. THeorem. The triangle, contained by the 
straight lines joining the points of the bisection of 
the three ‘sides of a given, triangle, is one-fourth 
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part of the given — and is equiamgular 
with it. 


Let D, E, F, be the bisections of the sides AB, 


BC, CA, respectively, of the given A ABC; and 
let D, E, and E, F, and F, D, be joined: The A 
DEF is one fourth part of the A ABC, and is 
equiangular with it. 

. For, join A, E; and, "— (Ayp.) BE= EC, 
CF=FA, and AD= DB, .. (E. $8. 1.) A AEB 
— AAEC; and the A AEB is the double of the 
A BDE, and the A AEC is the double of the A 
CEE; .. thea BDE = A CFE; i. e. each of them is 
a fourth part of the A ABC; also they are upon 
equal bases BE and EC; .. (E. 40. 1.) DF is pa- 
rallel to BC; and, in the same manner, it may, 
be shewn that DE is parallel to AC, and FE 
parallel to AB; ., the figures FCED, DBEF, 
are (I); .. (E. 34. 1.) the A DEF = A DBE, 
which has been proved to be a T part of the 
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A ABC; also, the 4 DFE, of the c1 BF, — 
opposite 2 B, and the 2 FDE, of theca DC, = 
opposite ^ C; . (E. 32. I.) the 2 DEF, of the 
À DFE = the 2 BAC, of the A ABC; and the 
two% ABC, DEF, are .. equiangular. 

89. Cor. 1. The straight line joining the bisec- 
tions of any two sides of a A, is parallel to the 
remaining side. 

90. Cor. 2. If the four sides of any given 
quadrilateral rectilineal figure be bisected, the 
figure contained by the straight lines joining the 
several points of the bisection, shall be a paral- 
lelogram, which is the half of the given figure ; 
also the four sides of this parallelogram shall be, 
together, equal to the two diagonals of the given 
figure. 

‘Let DH, HI, IF, FD be the straight, lines 
joining the several bisections D, H, 1, and F, of 
the sides AB, BG, GC, and OA, ef the quadrila- 
teral figure ABGC: The figure DHIF is a.; it 
is the half of the given figure ABGC ; and its four 
sides are, together, equal to the two diagonals 
AG, BC, of the figure ABGC. | 
i First, since, D, H, F, I, are the bisections of 
the sides of the A ABG, GCA, BAC, CGB, .: 
(8. 69. 1. cor.) DH and. FI are. parallel to AG, and 
DF and HI are parallel to BC; .. (E. 30. 1.) 
DHIF is a : And, because DF is parallel to 
BC, and AB meets them, .. (E. 29. 1.) the £ 
ADL z: 2 DBK; again, because DH. is parallel 
to AG, and AB meets them, the Z DAL = Z 
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BDK ; and (p.) the side AD, of the A ADL, 
‘=the side DB of the A DBK; .. (E. 28. 1.) 
DL = BK, LA = KD, and (E. 4.1.) the A ADL“ 
= A DBK; but DKEL being a , DL = KE, 
and KD=EL (E. 34. 1.); . BK- KE, and EL 
=LA: If, .., D, E be joined, the A DLE = A 
DLA (E. 38. 1.) and the A DKE= A DKB; so 
that the cà KL = the half of the A AEB, DK + 
FM = AE, and DL + HN— BE. In the same 
manner it may be proved, that the c3 LM = the 
half of the A AEC, that the cà MN =the half of 
the A CEG, that the c3 NK = the half of the A 
BEG, that LF--NI—EZC, and that MI +KH= 
EG: .., the © DHIF is the half of the given 
figure ABGC, and its four sides are, together, 
equal to the two diagonals AG, and BC. 

91, Cor. 3. It ig manifest that the straight 
lines which join the opposite points of bisec- 
tion of the sides of any trapezium, bisect each 
other. | 

For, if D, I, and F, H, be the bisections of 
opposite sides of the given quadrilateral figure 
ABGC, it is manifest, from the preceding corol- 
lary, that the straight lines DI, FH which join 
them, will be the diameters of the  DHIF; 
and . (S. 42. 1.) they bisect one another. 


Prop. LXX. 


92. PROBLEM. T'o describe a parallelogram, which 
G 2 
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_ shall be of a given altitude, and equiangular with, 
. and also equal to, a given parallelogram. 


Let ABCD be a given C3, and E a given 


H ET M 


B L C 


straight line: It is required to describe a C3 which 
shall be equal to the Cà ABCD, and also equian- 
gular with it; and which shall have its altitude 
equal to the given line E. 

From the point C draw (E. 11. 1.) CF 1 to BC, 

and make CF=E; through F draw (E. $1. 1.) 
HG parallel to BC; produce BA and CD to meet 
HG, in H and G; join H, C, and let HC cut AD 
in I; through I draw (E. 31. 1.) KIL parallel to 
HB or GC: The c KLCG, which (constr. and 
E. 29. and 34. 1.) is equiangular with the © 
ABCD, and has its altitude equal to E, is also 
equal to the ABCD. 
For, since BI and IG are compliments about 
the diameter HC of the cà HBCG, they are (E. 
43.1.) equal to one another; to each of these 
equals add the LD; and it is plain that the c 
KLCG zr ABCD. 

93. Cor. Hence, a rectangle may very readily 
be found, which shall be equal to a given square, 
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and shall have one of its sides equal to a given | 
straight line. 
| ; Prop. LXX I. | 

94. TnzgonmM. If there be any number of rectili- 
neal figures, of which the first is greater than the 
second, the second than the third, and so on, the 


first of them shall be equal to the last together with 
the aggregate of all the differences of the figures. 


First let there be three such given rectilineal 
figures. Make (E. 45. 1.) the C3 FH equal to the 


x 
ores 


F P à. x: 
greatest of the given figures, having its 2 FGH 
of any given magnitude; produce GH to X; from 
HX cut off (E. 3. 1.) HI—GH ; find (S. 57. 1. 
cor.) a A equal to the next greatest of the given 
figures, and apply (E. 44. 1.) to HI a c equal to 
that A, having its 2 IHK = 2 HGF: Again, 
from IX cut off IM=GH or HI, and, in like man- 
ner, to IM apply a c3 IO, equal to the least of the 
given figures, and having its ^ MINz z HGF. 
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' Produce LK and ON to meet FG in P and Q; 
and let OQ meet KH in R. 
Then, (E. 36. 1. E. 34. 1. and constr.) the C3 
FH=0 QH +0OPR+OFK 
i. e. thecaFH =0NM 4+ mo PR+0 FK. 
But the CIPR is the difference of the IPH and 
AH or (E. 36. 1.) of KI and NM; and the © FK 
is the difference of thet FH and PH, or of FH and 
KI: Whence it is manifest that the proposition is 
true, when three rectilineal figures are taken: 
And it may, in the same manner, be proved to be- 
true, when more than three are taken. 


Pror. LXXII. 


95. PROBLEM. To find a rectangle, which shall, 
have one of its sides equal to a given finite straight 
line, and which shall be equal to the excess of the 


greater of two given rectilineal figures above the 
less. 


To the given finite straight line, and on the 
same side of it, apply (E. 45. 1. cor.) two rectan- 
gies, the one equal to the greater and the other to 
the lesa, of the given rectilineal figures: And it 
is manifest that the rectangle which ig the differ- 
ence of the two rectangles so described, will have 
one ‘of its sides equal to tbe given straight line, 
and will be equal to the excess of the greater of 
the two given figures above the tess. 


= 2S 
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Prop. LXXIII. 


96. TuronEx. If two right-angled triangles have 
‘two sides of the one equal to two sides of the other, 
each to each, the triangles shall be equal, end 
similar io each other. 


If the two sides about the right-angle of the one 
A, be equal to the two sides about the right- angle of 
the other, each to each, it follows, (from E. 4. 1.) 
that the / are equal and similar. 

But, let now, the hypotenuses of the right A, 
in the two A, be equal, and also let one other 
side, of the one A, be equal to another side of the 
other; .. (E. 47. 1.) the squares of the two re- 
maining sides of the one, will be equal to the 
squares, taken together, of the two remaining 
sides of the other 4; from these equals take away 
bhe equal squares of the two other sides, which, 
by the hypothesis, are equal, and there remsing 
the square of the third side, of the one, equal te 
the square of the third side, of the other A; .". 
the third side of the one is equal to the third side 
of the other; .. (E. 4. 1.) the two Æ are equian- 


gular, and are, also, equal to one another. 
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Prop. LXX IV. 


97. PROBLEM. To find a square which shall be 
equal to any number of given squares. 


First, let there be three given square, and let 
their sides be equal to the three straight lines A, 
B and C. i 


_. Take any straight line DX, indefinite towards 

X; from D draw (E. 11. 1.) DY | to DX, and 
produce DY indefinitely towards Y: From DX 
cut off (E. 8. 1.) DE = A, and from DY cut off 
DFB; and join E, F: Again, from DY cut 
off DH — EF, and from DX cut off DG = C, 
and join G, H: The squares deseribed (E. 46. 1.) 
upon GH shall be equal to the three given squares 
to the sides of which A, B and C are respectively 
equal. 

For (E. 47. 1. and ind constr.) EF —ED' +DF’; 
i. e. (consir.) DH’ = A'4-B'; 
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^. (constr.) DH - DG* — A' B. C- 
i. e, (E. 47. 1.) GH!“ A'!＋B'＋ C'. 
And in the same manner, it is evident, a square 


may be found, which shall be equal to the aggre- 
gate of any number of given squares. | 


| Pror. LXXV. 

98. PROBLEM. Two unequal squares being given, to 
find a third square, which shall be equal to the 
excess of the greater of them above the less. 

Let AC and CB placed in the same straight 

i | V n 


A 


line, be the sides of the two given squares, of 
which the square of AC is the greater: From 
the centre C, at the distance CA, describe the 
circle ADE, meeting AB, produced, in E; from 
B draw (E. 11. 1.) BD 1 to AB, and let BD meet 
the circumference in D: The square of BD is 
equal to the excess of the square of AC above the 
square of BC. | a | 
For join D, C: And since (constr.) the 2 B isa 
right 2, .. (E. 41.1.) CD'Z CB*-- BD 
i.e. (E. def. 15. 1.) AC zCB -- BD' 
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Whence it is manifest, that tbe square of BD is 
equal to the excess of the square of AC above 
the square of CB. | 


Pror. LXXVI. 


99. TuroREM. Jf the side of a square be equal to 
the diameter of another square, the former square. 
shall be the double of the latter. 


For (E. def. 30. 1. and E. 47. 1.) the square of 
the diameter of a square is equal to the squares of 
its two song i. e. to the double of the square 
itself: . the square of any straight line which is 
equal to the diameter of a FRAN is the double of 
that square. 


Pror. LXXVII. 


100. Tygorem, In amy right-angled triangle, tke 
square which is described on the side subtending 
the right angle, as a diameter, is equal to the 
Aquares described upon the other two sides, as 
diameters. 


For, (S. 76. 1.) the squares described on the 
hypotenuse, and on the two sides ofa A as diame- 
ters, are, respectively, the halves of the aquares of 
those lines: But since (Ayp.) the A is right- 
angled, . (E. 47. 1.) the square of the hypotenuse 
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is equal to the squares of the two sides; .. the 
square described on the hypotenuse as a diameter, 
is equal to the squares described on the other two 
sides as diameters. 


A ; 
SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 


BOOK II. 


4 


Prop. I. 


l. THkonEM. If two given straight lines be divided, 
each into any number of parts, the rectangle con- 

. tained by the two straight lines, is equal to the 
rectangles contained by the several parts of the 
one and the several parts of the other. 


Let the given straight line AB be divided into 


- 
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any parts in the points E, F, and let the given | 
straight line CD be divided first into two parts in 
the point G: The rectangle contained by AB 
and CD is equal to rectangles contained by AE 
and CG, by EF and CG, by FB and CG, by AE 
and GD, by EF and GD, and by FB and GD, 
taken together. 


From tlie point A draw (E. 11. 1.) AX 1 to 
AB; from AX cut off (E. 3. 1.) AI—CG, and 
from IX cut off IH = GD, so that AH = CD; 
through I and H draw (E. 31. 1.) IN and HR 
parallel to AB, and through B, F, E, draw BK, 
FM, EL, parallel to AH: Then (E.1.2.) the 
rectangle AN is equal to the rectangles contained 
by AE and CG, by EF and CG, and by FB and CG; 
also the rectangle IK is equal to the rectangles 
contained by HL and GD, by LM and GD, and 
by MK and GD; but (E. 34. 1.) HL = AE; 
LM — EF; and MK = FB; .. the rectangle IK 
is equal to ‘the rectangles contained by AE and 
GD, by EF and GD, and by FB and GD; but the 
two rectangles AN and IK make up the rectangle 
AK, which is contained by AB and AH or CD; 
*. the rectangle contained by AB and CD is equal 
to the rectangles contained by AE and CG, by 
EF and CG, by FB and CG, by AE and GD, by 
EF and GD, and by FB and GD, taken together, 


And, in the same manner, the proposition may 
be proved to be true, when the given straight line 
CD is divided into more than two parts. 

2. Cor. If the parts EF, FB, &c., into which 


4 
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AB is divided, and the parts CG, GD, &c., into 
which CD is divided, be each of them equal to 
AE, it is manifest that the rectangle contained by 
AB and CD is equal to the square of AE taken as 
often as is indicated by the product of the num. ' 
ber,of equal parts in AB, multiplied by the num. 
ber of equal parts in CD. 


Prop. II. 


3. TuEoREM. Fa straight line be divided into 
two unequal parts, in two different points, the 
rectangle contained by the two parts, which are 
the greatest and the least, ts less than the rectangle 
contained by the other two parts; the squares of 

^ the two former paris, together, are greater than 
the squares of the two latter, taken together ; and 

. the difference between the squares of the former 
and the squares of the latter, is the double of the 
difference between the two rectangles. 


Let the given straight line AB be divided into 
! A K GDB 
two unequal parts, in the point C, and also in the 
point D: Then AD x DB < AC x CB; but 
AbD’ + DB > AC + BC’; and the excess of 
AD + DB above AC' 4 CB is the double of the 
excess of ACX CB above ADX DB.. 

For, bisect (E. 10. 1.) AB in K: Therefore, 

ACXCB HCK = AK* 
and ADXDB+DK’= KK. G 5.2) 
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But CK? < DK’; . ADX DB DB < ACXCB. 


Again, Decane 


AD*+DB*+2ADX DB= AB‘) (E. 4.2.) 
AC'+CB'+2AC x CB=ABY 7777 
and that, as hath been shewn ADX DB < ACX CB, 

. AD*+ DB! 2» AC TCB. 


| Lastly, since 
AD' +DB'+2ADxDB . 
= AC +CB’+2ACXCB, 
it is manifest, if from these equals there be taken 
AC*+CB*+ >2ADXDB, that the excess of 
AD’*+ DB’ above AC*-- CB* is the double of the 
excess of ACXCB above ADX DB. 


Prop. III. 


4. Tuzorem. In any isosceles triangle, if a straight 
line be drawn from the vertex to any point in the 
base, the square upon this line, tagether with the 
rectangle contained by the segments of the base, ts 
equal to the square upon either of the equal sides. 


| Let ÀBC be an isosceles A, and let AQ, be 
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drawn from its vertex A, to any point Q, in BC 
its base: AQ’+BQXQC= AB. 

For bisect ( E. 10. 1.) BC in D, and join A, D. 
. QD'--BQx QC = BD' (constr. and E. 5. 2.) 

- To each of these equals add DA“; 
^ AD’ +QD'+BQx QC— AD & DB : 

But (constr.) BD = DC, and DA is common to 
the . ADB, ADC, and (Ayp.) AB = AC; ~. the 
ADB z ADC; and ~. each of these " is a 
right 2; .. (E. 47.1.) AD'4-DQ' — AQ, and 
AD'--DP' — AB’; 

^ AQ'--BQXQC = AB*. 


Pnor. IV. 

5. TnuEoREM. The rectangle contained by the ag- 
gregate and the difference of two unequal straight 
lines is equal to the difference of their squares. 
Let AC and CB be two given' unequal straight 

| C D | 


A B 


. lines, of which CB is the greater; and let them 
be placed in the same straight line AB; so that 
AB is the aggregate of AC, CB, and if (E. 8. 1.) 
CD be cut off from CB equal AC, DB is the dif- 
ference between AC and CB. Then since (constr. 
and E. 6. 2.) 
| ABXDB--AC = CB’, 
it is manifest, if from these equals AC* be taken, 


that AB BB CB AC; 
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i. e. the rectangle contained by the. aggregate 
AB, of AC and CB, and their difference DB, is 
equal to the difference of their squares. 

6. Cog. If there be three straight lines, the 
difference between the first and second of which 
is equal to the difference between the second and 
third, the rectangle contained by the first and 
third, is less than the square of the second, by 
'the square i the common veu between the 
lines. 

For, let AB, CB, and DB be the three straight 
lines, having AC the difference of AB and CB, 
equal to CD, the difference of CB and DB: Then, 


since it has been shewn that ABXDB = CB’*— 
AC, it is manifest that ABX DB is less a CB 
by AC. 


. Prop. V. 


7. Turorem. The square of the excess of the 
greater of two given straight lines above the less, 
is less than the squares of the two lines, ty twice 
the rectangle contained by them. 2 


For let AB and CB be two given straight lines, 
A 5 = E | í | 
of which AB is the greater: Then is AC the ex- 
cess of AB above CB; and since (E. 7.2.) AC + 
2ABXBC- AB CB, it is manifest that AC 
is less than AB'4- CB. by 2AB x BC. 
| H 
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! Pror. vI. | 
8. IMO RI. The.squares of any two unequal 
straight lines are, together, greater ihan twice the 
réctangle contained ‘by those lines. 


For let AB and CB be two given straight lines 
| A. 8 -B 
of which AB is the greater: Then since (E. 7. 2.) 
AB +CB'= 2AB X BC+ AC 
it is manifest that AB + CB » AB x BC. 


Pror. VII. 


9. TuEOR ERM. Ifa straight line be divided into five 
equal parts, the square of the whole line is equal 
to the square of the straight line, which is made up 
of four of those parts, together with the square of 
the straight line which is made up of three of 
those parts. 


Let the straight line AB be divided into tive 
A C D. E E 


equal parts 'by the points C, D; E, F: Then, 
KT TAE = AB. 3 
For since (p.) EF = SB FEX APY KE = 
"AB (E. 8. 2.) | | 

But, since AC = CD = DE = EF, 4FE= AF: 
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„ 4FE x AF =AF 
— AF + AE’ = AB; 


Prop. VIII.. 


10. PRosLxkM. Upon a given straight line, as an 
hypotenuse, to describe a right-angled triangle, . 
such that the hypotenuse, together with. the less of 
the two remaining sides, shall be the double of the 
grania of those sides. 


Let AB.be the given straight line: Upon AB, 


as an hypotenuse, it is required to describe a right- 
angled A, having the less of its two remaining 
sides, together with AB, the double of the third 
side.* 
Divide (S. 49. 1.) AB into five equal parts in the 
points C, D, E, F; from A as a centre, at the di- 


* That is, Upon a given straight line, as an hypotenuse, 
to describe à right-angled triangle, the sides of which shall be 
arithmetic proportionate.” 

H 2 
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stance AF, describe the circle FG, and from B as 
a centre at the distance BD, describe the circle 
DG cutting FG in G; join A, G and B, G: The 
A AGB is right-angled at G, and AB+BG is the 
double of AG. 

For (constr. and S. 7. 2.) 

AB = AF + AE 
= AF + BD (constr.) 
. 2 ÀG + BG (constr. and E. def. 15. 1.) 

Wherefore (E. 48. 1.) the A AGB is right- 
angled at G: And since (constr.) AB, and BG, 
together contain eight of such equal parts as AG 
contains four, it is manifest that AB 4- BG i is the 
couble of AG. 


Pror. 1X. 


11. Tueorem. Jn any triangle, the squares of the 
two sides are, together, the double of the squares 
of half the base, and of the straight line joining 
sts bisection and the opposite angle. 


Let ABC be any given A, of which BC is the 
2 | 


és : E C | 
base, and AE the straight line joining the vertex 
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À, and the bisection E of the base: Then, AB 4. 


AC —2AE +2EB’- 
For from A draw (E. 12. 1.) AD L to BC, and 
first let AD fall within the base BC. 


Then, BD'--DC' Z 2DE +2EB’. (E.9. 2.) 
Add to these equals 2AD*- 
-.BD'-DC' +2AD Z2AD' 4-2DE -- ZEB* 
i. e. AB TAC =2AE +2EB. (E. 47.1.) 
And, if the perpendicular AD fall without the 
base BC, the proposition may, in like manner, be 
deduced from E. 47. 1, and E. 10. 2. 


Prop. X. 


12. Tuzorem. The squares of the sides of any 
parallelogram are, together, equal to the squares 
of its diameters taken together. 


Let ACBD be a parallelogram, of which AB 


md CD are the diameters: AC + CB + BD + ! 
DA'— AB CD. | 

For (S. 42. 1 ) AB and CD bisect one Vans 
in E: 
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AC’+ CB B' DA= 2AE' + 2DE' + 
9BE 4-2DE (S. 9.2.) | z AB'4 CD" 
(B. 4. 2, and S. 42. 1.) 


Pnor. XI. 


18. TuEonEkM. Jf either diameter qf a parallelo- 
gram be equal to one of the sides about the opposite. 
angle of the figure, tis square shall be less than 

' the square of the other diameter, by twice the 
Mun of the other side about that we angle. 


Let dn diameter AB of the C3 AC BD be equal 
A C 


i 


; B 
to one of the sides, as AC, about the opposite 
£4 ACB; and let CD be the other diameter : om 
CD = AB + 2CB*- 


For, CD + AB "= 2KC'+ 2CB' (S. 10. 2, and 
E. 34. 1.) 


From these equals take AB which dep) is 
equal to AC ; and there remains, 
i A 
CD'2 AC*+2CB’: 
ie. D' = AB 7＋ 205: 
Wherefore AB' is less than CD’ by eCB'. 
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Prop. XII. 


14. TuEoREM. If two sides of a trapezium be 

, parallel to each other, the squares of its diagonals 
are, together, equal to the aggregate of the squares 
of its two sides, which are not parallel, and of 
twice the rectangle of ite parallel sides. ) 


Let ABCD be a trapezium, having the side AD 


E A D Y 


B 
parallel to the side BC, and let AC and BD be its 
diameters: Then, AC + BD = AB + DC + 
2ADXBC. 

From B and C, the extremities of BC, the 
greater of the two parallel ides, draw (E. 12. 1.) 
BE and CF, each 1 tc AD; .. (hyp. and E. 28. 
1.) the figure EBCF is a , "m (E. 34. 1.) EF 
BC. 

First, let both the perpendiculars BE and CF 
fall without AD, so that both od them meet AD 
produced. 

. AC DC --AD  LeXBx DEL 
wáBD' —AB + AD'+2ADx AE 

^ AC BDB = AB'+DC'+2AD'+2ADX AE - 

+2ADX DF. 


(E. 12. 2.) 
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But 2AD'+2ADx AE+2ADXDF=2ADX 
EF e 1. 2.) 

„AC BD = AB'4-DC '+2ADXxEF: 
-- AC’+BD*= AB'+DC+2ADx BC; 
sche as hath been shewn, EF= BC. 

And, in like manner, may the proposition be 
demonstrated, by the help of E. 13.2. if one of 
the perpendiculars drawn from B, C, fall within 
AD the Jess of the two parallel sides. 


Pror. XIII. 


15, THEOREM. The square of the base of an isos- 
celes triangle is the double of the rectangle con- 

. tained by either side, and by the straight line 
intercepted between the perpendicular, let fall upon 

it from the opposite — and the extremity of 
the base. 


If the vertical angle of the isosceles A be 
a right angle, the proof of the proposition is mani- 
festly deducible from E. 47. 1. 

But let ABC, be an isosceles A, having its ver- 


A 
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tical & A, not a right angle: First, let A-be an 
acute 4, and let BD be the perpendicular drawa 
from' B to the opposite side AC: Then, BC' — 
2A Xx CD. 

For, since BD is | to AC, 


*. AB +2AC X CD=AC’+BC’ — 


From these equals take away the equal squares 
(Ap.) AB and AC’, and there remains BC = 


E 2AC x CD. 


Pror. XIV. 


16. THeorem. . If from any point, in the circum- 
` ference of the greater of two given concentric cir- 
cles, two straight lines be drawn to the extremities 
of any diameter of the less, their squares shall be, 
together, the double of the squares of the two 
semi-diameters of the two given circles. 


Let ACB, PDE be two circlés having a com- 
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mon centre K : and from any point P, in the. ein. 
eumference of the greater, let PA, PB, be drawa 
to the extremities A and B, ef amy diameter AKB 
of the less circle: Then PA --PB' —2KA -2KP", 
KA being a semidiameter of the lees, and KP a 
semidiameter of the greater circle. 

From P draw (E. 12. 1.) PF I te AB; and, 
first, Jet PF fall without AB. And, because P? 
is 1 to AB, 

^ PB’ +2BK X KFZ KP - KB' (E. 18. 2.) 

also, - PA’. =Kp’+KA -2KAXKE;, 
wherefore, since (E, 14. def. 1.) KB=KA, if to 
the two former equals, the two latter be added, 
. amd if the equal rectangles, 2BK x KF, and AKA 
X KF, be taken from the equal aggregates, it is 

manifest that 
| » PA'.-PB'Z9KA 4 2KP. 

And, in like manner, the proposition may be 
demonstrated, when the perpendicular PF falls 
within AB, the diameter of the lesser circle. 


4 
SUPPLEMENT 


TO THE 
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BOOK III. 


Prop. I. 
1. Tueorem. F two circles cut each other, the 
straight line joining their two points of intersec- 


lion-is bisected, at right angles, by the straight 
line jotning thetr centres. 


Let the circle ABC, of which the centre is K, 


and thé circle ADC, of which the centre ia L, 
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cut one another in the points A, C; and let K, L, 
and A, C be joined: AC is bisected, at right 
angles, in E, by KL. 

For, join K, A, and K, C, and L, A, and L, C: 
And since (E. def. 15.1.) KA—KC and LA= 
LC, and that KL is common to the two A KAL, 
KCL, ~. (E. 8. 1.) the 2 AKL=2zCKL. Again, 
since AK=CK, and that KE is common to the 
two 2. AEK, CEK, and, as hath been shewn, the 
4L AKE=2CKE, .. (E. 4. 1.) AE. = CE, and 
the 2 AEK =z CEK, so that (E. def. 10. 1.) each 
of these J isa right 2. Wherefore, KL bisects 
AC at right angles. 

2. Cor. Hence, if a trapezium have two of its 
adjacent sides equal to one another, and also its 
' two remaining sides equal to one another, its dia- 
. meters bisect each other at right angles. - 


Prop. II. 


3. PROBLEM. Through a given point within a 
circle, which is not the centre, to draw a chord 
which shall be bisected in that point. 


Let.A be a given point within the circle BCD: 
It is required to draw, through A, a chord of the 
circle BCD, which shall be bisected in the point A. 

Find (E. 1. 3.) the centre K of the circle BCD; 
join A, K ; draw (E. 11. 1.) through A, the chord 
BAC |, to KA: Then is BC bisected in the given 
poiat A. ; 
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For (constr. KA, which is drawn through the 
centre K, cuts BC at right angles in A; .. (E. 3.3.) 


Prop. III. | 


A. THEoBEM. Jf two isosceles triangles be of equat 
altitudes, and the side of the one be equal to the 
side of the other, their bases shall be egual. 


Let BKC, DKE be two isosceles Ds, having 


either of the equal sides, as BK, of the one, equal 
to either of the equal sides, as DK, of the other, 
and having, also, their altitudes, that is, the per- 
pendiculars drawn the vertex to the base in each, 
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equal to one another: The base BC is equal, also, 
to the base DE. 

For the / being supposed to be so placed as to 
have their summits in the same point K, if they 
wholly coincide, it is manifest, that BC = DE; 
And, if they do not coincide, since (p.) KB = 
KD= KE- KC, a circle described from the centre 
K, at the distance KB, will pass through D, E, 
and C. From K as a centre, describe, therefore, 
the circle BDEC ; and since (hyp.) the | KA = 
EKL, (E. 148.) BC — DE. 


Puor. IV. 


5. TuronEM. Any two chords of'a circle which cut 
a diameter tn the same point and at equal angles, 
are equal to one another. | 


Let any two chords AD, CD of the circle ADBC 


ew EO. i 
P a — ( 
E er ( wt 
/ Ao l 4 
D — di — à X 
`N \ 
| f ii 
| K | 
* 
E i 


cut a diameter. EF in the same point G, and make 
with it the 2 AGE = 2 CGE: Then AB= CD. 


For, from K, the centre of the circle, draw 
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(E. 12. 1.) KL 1. to AB, and KM I to Cl). And 
since (hyp. and E. 15.1.) the z LGK = z MGK, 
and (constr.) the 4 at Land M are right angles, 
and that KG is common to the twoz, KLG, KMG, 
. (E. 26. 1.) KL=KM; .. (E. 14. 8.) AB = CD. 


Pop. V. 


6. PnoBLEMx. Through a given point, within a 
given circle, to draw two equal chords, making 
with one another an angle equal to a given reclili- 
neal angle. 


Let G be a given point in the circle ADBC, 


! 1 ri 
| T 
QU dp 


and XHY a given rectilineal angle: It is required 
to draw through G two equal chords of the circle 
ADBC, which shall make with one another an 
£m NH. 

Find the centre K (E. 1. 3.) of the circle ADBC, 
and join K, G; bisect (E. 9. 1.) the 2 XHY by 
ZH; at the point G, in KG, make (E. 28. 1.) the 
4 KGB, KGD each equal to the 2 ZHX or ZHY, 
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and produce: BG and DG to meet the circum- 
ference in À and C respectively. 

Then (constr. ) the whole 2BGD=2z al^. 
and since (constr.) the Z KGB = ( KGD, — (S. 
4. 9.) the chord AB= chord CD. 


Prop. VI. 


7. THEOREM. if the diameters of two circles are 
in the same straight line, and have.a common ez- 
tremity, the two circles shall touch one another. 


For since (hyp.) the two diameters are in the 
same straight line, it is manifest that a straight 
line drawn, from their common extremity, perpen- 
dicular to either of them will be perpendicular to 
the other, and .. (E. 16. 3. cor.) will touch both 
the circles: The circles, .., (E. 3. def. 8.) will 
touch one another: For it is plain that they can- 
not cut one another without also cutting the 
straight line that has been shewn to be their com- ' 
mon tangent; which is impossible. 


Prop. Vil. 


8. PROBLEM. Three points being given in the cir- 
cumference of a circle, and the middle point being 
equidistant from the other two, to describe two 
equal circles; which shall touch each other in the 
middle point, and which shall pass the one through 
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one of the extreme points, and the other through 
the other extreme potni. 


Let A, B, C, be three given points in the cir- 


cumference of the circle ABC, and let the middle 
point, B, be equidistant from A and B: It is re- 
quired to describé two equal circles, the one pass- 
ing through 'A and the other through C, which 
shall touch one another in B. 

Join A, B, and B, C; find (E. 1. 3.) the centre 
K of the circle; from K draw (E. 12. 1.) KD 1 
to AB, and KE to BC; join K, B; and through 
B draw (E. 11. 1.) FBG 1 to KB meeting KD 
and KE, produced in F and G respectively. 

Then since (kyp.) AB=BC, .. (E. 14. 3.) 
KD= KE; and KB is common to the two A 
KDB and KEB, and (hyp. constr. and E. 8. 9.) the 
side DB = the side EB; ~. (E. 8. 1.) the 2 DKB 
/ EKB. | j | 
And, since KB is common to the two ÆA KBF, 

KBG, and the 2 FKB— C EKB, and (constr.) the 

! , ; 
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£ KBF =z KBG, .. (E. 26. 1.) FB=GB. If, 
., from F and G, as centres, at the equal di- 
stances FB, GB, two equal circles be described, 
they will pass (constr. and S. 8. 1. cor. 2.) the one 
through A, and the other through B, and (S. 6. 
3.) they will touch one another in the point B. 


Prop. VIII. 


9. PROBLTM. To draw a tangent to a circle, which 
Shall be parallel to a given fintte straight line. 


Let ABC be a given circle, and XY a given 


G W 


straight line: It is required to draw a straight 
line which shal] touch the circle ABC, and which 
shall be parallel to XY. 

Find (E. 1. 8.) the centre K of the circle ABC; 
from K draw (E. 12. 1.) the diameter AKC | to 
XY ; and from either of the extremities, as C, of 
AC draw (E. 11.1.) ZCW I to AC. 

Then since ZCW is | to AC, at its extremity 
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C, it touches (E. 16. 3. cor.) the circle ABC: 
And since (constr.) the two LX DC, DCZ are 
two right angles, .. (E. 28. 1.) ZW is parallel to 
XY 


10. Con. Hence a tangent may be drawn to a 
circle which shall make with a given straight line 
an Z equal to a given rectilineal angle.. 

For let it be required to draw a tangent to the 
circle ABC, which shall make with a given straight 
line VW an 4 equal to a given 4: Take any 
point Y in VW, and at the point Y, in VY, make 
(E. 23. 1.) the Z VYX equal to the given Z: If, 
then, the tangent ZW be drawn (S. 8. 3.) parallel 
to YX, it will make (E. 29. 1.) the zZWV= | 
4 XYV, which is equal to the given . 


vy 


Prop. IX. 


11. ProsLem. Zhe diameter of a gircle having 
been produced to a given point, to find in the part 
produced, a point from which, if a tangent be -> 
drawn to the circle, tt shall be equal to the seg- 
ment of the part produced, that is between the 
given point and the point found. 


Let the diameter AB of the circle ABC be pro- 
duced to the given point D : It is required to find 
in BDa point from which if a tangent be drawn 
to the circle, it shall be equal to the part of BD 
which is between that point and D. 

12 
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Find the centre K of the circle ABC ; from K 
draw (E. 11. 1.) KC 1 to AB; join D, C, and let 
DC meet the circumference in E; join K, E; from 


E draw EF | to KE and let EF meet BD in F: 
Then is F the point which was to be found. 

For (E. 18. 1.) the A KEC, KEF, FED are to- 
gether equal to two right angles; as are, also, 
(E. 32. 1.) the three I DCK, CKD, and KDC, of 
the A DKC: But since (E. 15. def. 1.) KE = KC, 
2. (E. 5.1.) the C KEC= 2 KCE; and (constr.) 

the æ KEF, CKD are equal, each of them being 
 aright angle; .. the remaining 2 FED is equal 

to the remaining 2 KDC or FDE: .. (E. 6.1.) 

FE = FD; and since (constr.) EF is perpendicu- 

lar to the semi-diameter KE, at its extremity E, 
. (E. 16. 8.) FE touches the circle ABC. Q. E. F. 
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Prop: X. 


19. PRoBLEM. To describe a circle which shall 
have a given semi-diameter and its centre in a. 
given straight line, and shall also touch an- 
other straight line, inclined at a given angle to the 

former, — * | 


Let AX and AY be two given straight lines in- 


clined to one another at a given angle; and let L 
be a given finite straight line: It is required to 
describe a circle, which shall have its centre in 
AY, and its semi-diameter equal to L, and which 
shall touch AX; : 

From the point A, in AX, draw (E. 11. 1.) AB 
1 to AX, and make AB = L; through B draw © 
(E. 31. 1.) BC parallel to AX, and through C draw 
CD parallel to AB: Wherefore, DB is a C3; . 
(E. 34. 1. DC = AB; and since (constr.) the 
£ BAD is a right z; .. (E. 29. 1.) the 2 ADC is 
also a right 2: It is manifest, ., that a circle 
described from C as a centre, at the distance CD, 
will (E. 16. 3..cor.) touch AX; and its semi-dia- 
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meter CD has been shewn to be equal to AB, 
which was made equal to the given —— line 
L. Q. E. F. 


Prop. XI. 


18. PROBLEM. To describe a circle, the circum- 
. ference.of which shall pass through a given point, 
and touch a given straight line in another given 
point. 
Let B bea given point in the given straight 
x Y 
D^ 


A 


line XY, and let A be any other given point, 
without that line: It is required to describe a circle 
the circumference of which shall pass through A 
and touch XY in B. 

From B draw (E. 11. 1.) BC 1 to XY; join A, 
B; bisect (E. 10. 1.) AB in D, and from D draw 
DK 1 to AB; (S. 5. 1. cor, 2.) K is equi 
distant from A and B: It is manifest, therefore, 
that the circumference of a circle described from 
K as a centre, at the distance K B will pass through 
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A; and since BY (constr.) is | to KB, the circle 
so described will (E. 16. 3. cor.) touch XY in B. 


Pror, XII. 

14. PuosLEM. To describe a circle, the circum- 
Jerence of which shall pass through a given point, 
and touch a given circle in another given point; 
the two points not lying in a tangent to the circle. 


Let B'bea given point in the circle AB, and C 


any other given point, which is not in a tangent . 
to the circle at B: It is required to describe a 
circle, the circumference of which shall pass 
through C and touch the circle AB in B. 

Find (E. 1. 3.) the centre K of the circle AB; 
join C, B and K, B; bisect (E. 10. 1.) CB in E; 
draw (E. 11. I.) ED 1 to CB, and let ED meet 
KB, produced if necessary, in D: Then, since 
(S. $. 1. cor. 2.) the point D is equidistant from 
B and C, the circumference of a circle described 
from D à a centre, at the distance DB, will pass 


through C, and (S. 6. 3.) it will touch the circle 
AB in B. 
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Pror. XIII. 


15. ProBLEN. To describe a circle, which shall 
touch a given straight line in a given point, and 
also touch a given circle. 


Let AB be a given circle, and let C be a given 


point in the given straight line XY: It is required 
to describe a circle which shall touch XY in C, 
and which shall also touch the circle AB. 


"Through C draw (E. 11. 1.) ECD 4 to XY; 
find (E. 1. 3.) the centre K of the circle AB, and 
draw any semi-diameter of it at KA; make (E. 
3.1.) CE= KA, and join E, K; at the point K, 
in EK, make (E. 23. I.) the Z EKD = KED, 
and let KD meet ECD in D: Then, since (constr.) 
the 2 DEK =z DKE, .. (E. 6. 1.) DE=DK; 
and CE=BK, for CE was made equal to KA, 
and (E. 15. def. 1.) KA = KB; .., the remainder 
DC is equal to the remainder DB; ., a circle 
described from D, as a centre, at the distance DC, 
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will pass through B; and (E. 16. 3. cor. and 


constr.) it will touch XY i in C, and (S. 6. 8.) it 
will also touch the circle AB in B. 

16. Con. It is manifest that, in the same man- 
ner, a circle may be described which shall touch a 
given circle in a given point, and which shall, also, 
touch another given circle. 

For, if a straight line be drawn at right angles 
to the diameter of the given circle that passes 
through the given point, that the solution of this 
latter problem is, "Y — to that of the 
former. 


Prop. XIV. 


17. PRoBLEM. To describe two circles, each having 
a given semi-diameler, which shall touch the same 
given straight line, both on the same side of it, 
and shall also touch each other. 


Let XY be a given straight line, of indefinite 
length: Itis required to describe two circles, each 
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having a given semi-diameter, which shall touch 


XY, and also touch one another. 
Take any point Ain XY; through A draw (E. 


11. 1.) CB I to XY, and make AB equal to the 
given senii-diameter of one of the circles, and BC 
equal to the given semi-diameter of the other; 
from B, as a centre, át the distance BA describe 
the circle AF; from AB, produced, if necessary, 
cut off (E. 3. 1.) AD= AC; through D draw 


(E. 31. 1.) DZ parallel to XY ; from B as acentre, 
at the distance BC describe a circle, and let rts 


circumference cut DZ in K ; through K draw KE 
parallel to AD, and join K, B; ~. the figure 
AEKD is a C3, and (E. 34. 1.) KE— DA or AC; 

also (constr. and E. 15. def. 1.) BC— BK; and 
BA = BF; ..theremainder AC = the remainder 
FK, and it has been shewn that AC = KE; 
KE= KF; .., a circle described from K as a 
centre, at the distance KE, will pass through F 
and (S. 6. 3.) will touch the circle AF, which 
circle (constr. and E. 16. 3. cor.) touches XV; 
and since (constr.) the 2 DAE is a right 2, and 
that KE was drawn parallel to DA, .. (E. 29. 1.) 
the ^ KEA is a right angle; .. (E. 16. 3. cor.) 
the circle EF, also, touches XY; and its semi- 
diameter KE has been shewn to be equal to AD, 
which was made equal to the given semi-diameter. 


Q. E. F. 
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Pror. XV. 


18. PRosBLEM. To describe two equal circles, each 
having its diameter equal to a given straight line, 
each touching a given circle, and each also pass- 
ing through a given point without that circle: The 
given straight line being greater than the shortest 
distance, between the given point and the circum. 
ference of the given circle. 


Let ABG be a given circle, C a given point 
| D 


without it, and LM a given straight line greater 
than the shortest distance between C and the cir- 
cumfereuce of AB: It is required to describe two 
equal circles, each having its diameter = LM, 
each of them touching ABG and each passing 
through C. l 
Bisect (E. 10. 1.) LM in N; take any point A in 


ÁBÒ; find (E. I. 3.) the centre K of ABG, and 
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join K, A; produce KA to D and make AD— 
NL or NM; from K as a centre, at the distance KD, 
describe the circle DEF, and from the centre C at 
a distance equal to NL or NM, describe the circle 


EF and let EF cut DEF in the points E, and F; 
Join E, K, and F, K, and let EK and FK meet 


ÁBG in the points B and G; join, also, C, E and 
C, F. 

Then, it is manifest, (from the constr. and E. 
15. def. 1.) that EB, EC, FC and FG are each of 
them equal to LN, the half of the given straight line 
LM; .., the two equal circles described from the 
centres E and F, at the equal distances EC and 
FC, will each of them have its diameter equal to 
LM, will each of them pass through the given 
point C, and (S. 6. 3.) will touch the given circle 
ABG in B and G. 

19. Con. In the same manner two equal circles 
may be described, each of them touching two 
given concentric circles, and each passing through 
a given point situated between the circumferences 
of those two given circles. 


Pror. XVI. 
20. PROBLEM. To find a point in the diameter, 
produced, of'a given circle, from which, if a tan- 
gent be drawn to the circle, it shall be equal to'a 
given straight line. 


Let AB be a diameter of the given circle ABC, 
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and let L be a given finite straight line: It is re- 
quired to find a point in AB, produced, from 
which if a tangent be drawn to the circle ABC, it 
shall be equal to L. 

Produce AB, tawards X ; and from B draw (E. 
11. 1.) BD I to. AB wey make BD =L; find 
(E. 1. 8.) the centre K of the circle ABC, and j join 


K, D; let KD cut ABE in C; from KX cut off 
(E. 3. 1.) KE = KD: Then is E the point which 
was to be found. 

For, join E, C: And since (constr. and E. 15. 
def. 1.) the two sides DK, KB, are equal to the 
two sides EK, KC, and that the ^ K is common 
to the two a DBK, ECK, .. (E. 4. 1[) ECZBD 
and the 2 ECK = 2 DBK; but (constr.) BD = 
L, and the ^ DBK isa right 7 ; .. EC=L, and 
the Z ECK is a right ; .. (E. 16. 1. cor.) EC is a 
tangent to the circle ABC. 
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- Prop. XVII. 


21. TnsonrM. I/ the straight line, drawn from 
a point in the produced diameter of a circle to the 
convez circumference be equal to the half of the 
diameler, the angle at the centre, subtended by 
the concave circumference included between the 
diameter and the line so drawn, is the triple of the 
angle, at the centre, subtended by the convex cir- 
‘cumference included between the same two lines. 


Let CDE be a given circle, of which K is the 


centre, and CDB, a produced diameter; and let - 
AE, which touches the circumference in E, or BF, 
a part of BFG, which cuts it, be equal to the se- 
mi-diameter of the circle: Then K, E, and K, F, 
and K, G, having been joined, the Z EKC = 37 
EKD; and.the Z GKCz 587 FKD. 
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For, first, since AE touches the circle, the 
4 AEK (E. 18. 3.) isa right 2; . (E. $2. 1.) the 
L EAÀK4-  EKA— z KEA; „ 

. (E. 5. I.) the 2 EAK= Z EKA; .. the; KEA 
222 EKA; but (E. 32. 1.) the 4 EKC= 2 KEA 
+ 4, EKA; ~v. the Z EK CS 8 2 EKA. 


—— since (hyp. and E. 5. 1.) the L FBK 
= 4 FKB, and (E. 32. 1.) the GFK Z FKB+ 
4 FBK, ~. the GFK — 27, FKB: But (E. 15.. 
def. I.) KF = KG; ~. the 4 KFG = 2 KGF; - 
the ^ KGF = 24 FKD; and (E. 32. 1.) the z | 
GKC = ^, KGB + Z GBK = 2 KGF TZ FKD; 
*. the 2GKC=3 Z FKD. 

22. Cor. Hence, if a straight line could be 
drawn from any point in the curve of a semi-circle, 
to meet the diameter produced, so that the part 
of the line without the curve should be equal to 
the semi-diameter, any angle might be trisected. 

For, let GKC be any given angle; from K as 
a centre, at any distance KC, describe the circle 
CGD, and produce the diameter CD: Then, if 
from G; GFB could. be drawn to meet CD pro- 
duced in B, so that the part of it, FB, without 
the circle, should be equal to the semi-diameter 
KC, it is manifest from the proposition, that tie 
4 GBC is the third part of the 4 GKC : If, 


at the point K in CK, the ^ CKH were MEN | 
(E. 23. I.) equal to the 2 CBG, and if, also, at the 
point K in HK the 2 HKI were made equal to 
the same Z CBG, it is plain that the given Z 
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GKC would thereby be divided into — equal 
parts. ! 


Prop. XVIII. 


23. PROBLEM. Through a given point, either 
within, or without a gtven circle, to draw a straight 
line, so that the part of tt within the circle shall be 
equal to a given finite straight lene, which is not 
greater than the diameter. ! 


Let A be a given point, and L a given finite 
A 


L 


. Straight line, not greater than the diameter of 
FBC a given circle: It is required to draw through 
A a straight line cutting FBC, so that the part of 
it within the circle shall be equal to L. | 
Find (E. i. 8.) the centre K of the given circle; 
and if L be equal to its diameter, let A, K be 
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joined, and it is manifest that AK produced will be 
the straight line which was to be drawn. 
But if L be less than the diameter, take any 


point Bin FGBC ; from B as a centre, at a di- 


stance equal to L, describe a circle cutting FGBC 
in C, and join B, C; .. (E. 15. def. 1.) BC=L: 
From K draw (E. 12. 1.) KD 1 to BC; from the 
centre K at the distance KD, describe the circle ` 
ED ; from the point A draw (E. 17. 3.) AE touch- 
ing the circle ED in E, and let AE, produced, 
meet the circumference in F and G: Then FG =L. 

For (E. 15. def. 1.) KE = KD, and since AE 
touches the circle ED in E, the C AEK is (E. 18. 
3.) a right 2, as is also (constr.) the E KDB; .. 
(E. 14. 3.) FG CB; but CB was made equal to 
Lic FG= L. 


Pror. XIX: 


24. THEoBEM. If, from anz two points in the cir- 
cumference of the greater of two given concentric 
circles, two straight lines be drawn so as to touch 
the less circle, they shall be equal to one another. 


Let F, G, be any two points in the circumfer- 
ence EFG of the greater of two circles, EFG, 
ABC, which have a common centré K: Two 
straight lines drawn from F and G so as to touch 
the less circle ABC shall be equal to one another. 

K 


190 A SUPPLEMENT TO THE ' 


For, draw (E. 17. 3.) from F and G, FC and GB 
touching ABC in C and B respectively ; and join 
K, C and K, F and K, G and K, B; .. (E. 18. 3.) 
the y KCF and KBG are right 7; . (E. 47. 1.) 

KF =KC+CF; i 
and KG EB EBG: 
. But (E. 15. def. 1.) KF = KG, and KC KB; 
KC + CF =KB + BG ; take away the equal 
squares, KC , and KB, and there remains CF 
SBG; .. CFz BG. 


5. Con. 1. In the same manner it may be 
ined that if two straight lines be drawn from 
any the same point so as to touch a given circle, 
they shall be equal to one another; and ., (E. 8. 
1.) the straight line joining that point and the 
centre, bisects the 2 contained by the two equal 
tangents. 


26.. CoR. 2. If o circles touch one another 


and also touch a given straigbt line, which does 
not pass through their common point of eoutaet, 


. e 
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a straight line that touches both the circles in 
their comman point of contact shall bisect that 
other tangent straight line. 


Prop. XX. 

27. Turorem. Fa guadriateral rectilineal figure 
be described about a circle, the angles subtended, - 
at the centre of the circle, by any two opposite sides 
of the figure, are, together, equal to two right. 
angles. — | i 


Let the quadrilateral figure ABCD be described 


about the, circle EFLM, of which the centre is K; 
the A subtended at K, by the two opposite sides 
AD, BC, at by AB, DC, are, together, equal to 
two right angles. 

For join K, A, and K, B and K, C, and K, D: 
Then, because (E. $2. 1. cor. 1.) the four interior 
J A, B, C, D, of the figure ABCD, are equal to 

K 2 
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four right Z, and that (S. 19. 3. cor. 1.) they are 


bisected by KA, KB, KC and KD, respectively, 
^ the 4 KAD, KDA, KBC, KCB are, together, 
equal to two right Z; but (E. 32.1.) those 4, 
together with the g AKD, BKC, being all the 
LL of the two a~ AKD, BKC, are equal to four 
right I; .. the L AKD, BKC, are, together, 
equal to two right 7; . (E. 15. 1. cor. 2.) the J 
AKB, DKC, are, also, taken together, equal to 
two right angles. 


28. Con. If two of the sides as AD, BC, of the 
quadrilateral figure described about the circle 
EFL, touch the circle at the 'extremities of a 
diameter, the 7 subtended at the centre K, by 
each of the two remaining sides, du be right 
angles. 

For then since (E. 18. 3. and E. 28.1 )ÀDi is paral- 
lel to BC; .. (E. 29.1.) the Z EAB + Z ABL 
= two right angles; and (S. 19. $. cor. 1.) 
the ^. EAB is double of the z BAK; in the 
same manner the 2 ABL may be shewn to be 
. double of the 2 ABK ; but it has been proved 
that the 2 EAB + 2 ABL = two right 7; . the 
LKAB + 4 KBA =a right ; . (E. 32. 1:) 
the Z AKB is a right 7 : But (S. 20. 3.) the . 
AKB + ^ DKC = two right 7; .. the 2 DKC. 
is, also, a right angle. | 
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Prop. XXI. 


29. Tuxonkx. Uf two given straight lines touch a 
circle, and if any number of other tangents be 
drawn, all on the same side of the centre, and all 
terminated by the two given tangents, the angles 
which they subtend, at the centre of the circle, 
shall be equal to one another. 


Let the two straight lines AH, DC touch the - 


circle EFLM, and let BC and GH be any other 
tangents of the circle, both on the same side of 
the centre K, and both terminated by AH and DC: 
Then BC and GH subtend equal æ at the centre. 
Eor draw (E. 17. 3.) any other tangent to the 
circle, on the contrary side of the centre, as DEA, 
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terminated in À and D, by AH and DC ; and 
draw KA, KB, KH, and KC, KG and KD: And 
because ABCD, AHGD, are quadrilateral figures 

‘described about the circle, .. (S. 20. 3.) the Z 
. AKD-+ Z BKC two right angles; and, the Z 
AKD+ z HKG = two right angles; .. the 
BKC = Z HKG; i.e. the 4 subtended at the 
centre by the tangent BC is equal to the 4 sub- 
tended at the centre by the tangent HG. 

30. Cor. The two segments, which any two 
tangents, so drawn, cut off from the two given 
-tangents, also subtend equal angles, at the centre 
ofthe circle. — 

Let BH and GC be the segments cut off from 
the tangents AH and DC, by the two tangents 
BC and GH: They subtend equal 4 BKH, GC 
at the centre K. | 
For it hasbeen shewn that the Z BKC = ^ HKG; 
from these equals take away the common Z HKC, 
and there remains the 2 BKH= z GKC. 


Pnor. XXII. 


31. PRonLEM. To draw a tangent to a given circle, 
such that its segment, contained between the point 
of contact, and an indefinite straight line, given 
in position, shall be equal to a given finite 
straight line. 


Let ABC be a given circle, L a given finite 
straight line, and XY an indefinite straight line 
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given in position: It is required to draw a tan- 
gent to ABC so that its segment between the 
point of contact and XY shall be equal to L. 
Find the centre K (E. 1. 3.) of the given circle, 
and take any diameter of it, as AKD ; in AD pro- 
duced find (8. 16. 3.) a point E from which if a 
tangent be drawn to the given circle ABC it shall 
be equal to L; from K as a centre, at the distance 
KE, describe the circle EFG, and let it meet, or 
cut, XY in F; from F draw (E. 17. 3.) FC to 
touch the circle ABC in C: And since (S. 19. 9.) 
FC is equal to the tangent which can be drawn 
from E, and which (constr. )i is itself equal to L, it 
is manifest that CF = L; i. e. the segment of the 


tangent between the point of contact C and XY 
is equal to the given straight line L. 


Pror. XXIII, 


92. TuEgoREM. Fa straight line touch the interior 
of two concentric circles, and be terminated both 
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ways by the circumference of the outer circle, it 
shall be bisected in the point of contact. 


Let GBC, EDH be two circles having a com- 


B 


mon centre K, and let BC touch the interior cir- 
cle EDH in D: Then is BC bisected in D. 


For join K, D: And, because BC touches EDH 
in D, the / KDC, KDB (E. 18. 3. ) are right K; 
„„ (E. 3. 3.) BC is bisected in D. 


Pror. XXIV. 


33. THEOREM. Jf a polygon be described about q 

circle, the straight lines joining the several points 
of contact will contain a polygon of the same num- 
ber of angles as the former ; and any two adja- 
cent angles of the tircumscribed figure shall be, 
together, the double of that angle, v the inscribed 
figure, which lies between them. 
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Let the sides of the polygon AFGHB touch the 


circle CLMED, in the several points C, L, M, E 
and D, and let these points be joined: Then it is 
manifest, that the polygon DCLME has the same 
number of angles as AFGHB; and, further, any 
two adjacent æ A and B of the polygon AFGHB, 
are, together, the double of the intermediate 2 
CDE, of the inscribed figure. 7 

For, find (E. 1. 3.) the centre K of the circle 
DCLME, and join K, C and K, D and K, E: 
The four interior æ of the quadrilateral figure 
ACKD are (E. 32. 1. cor. 1.) equal to four right A; 
and (hyp. and E. 18. 3.) the A ACK and ADK 
are right “;.°. the Z DAC + 2 CKD is equal to 
two right A, as are also (E. 32. 1.) the three g 
of the isosceles A CKD; . . Z DAC+ zCKD= 
£ DCK+ 2CKD+ 2 KDC; take away the com- 
mon 2 CKD, and there remains the 2 DAC equal 
to the two 4 DCK, KDC, or to the double of the 
KDC; because (E. 15. def. 1. and 5. 1.) the Z 
DCK=2KDC: And, in the same manner, it 
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may be shewn that the 2 B is the double of the 
£4 KDE; .. the 2 A+ 2B is the double of the 
whole Z CDE. 


Prop. XXV. 


34. THEOREM. Jf from any given point, in the 
circumference of a circle, two siraight lines be 
drawn, to the extremities. of a given chord, the 
angle which the one makes with any perpendicular — 
to the chord, shall be equal to the angle which the 
other makes with the diameter of the circle that 


passes through the given point. 


Let C be a given point in the circumference of 


the circle ABFC; let AB be e given chord; let 
C, A and C, B be joined ; let K be the centre of 
the circle, and CKF a diameter passing though 
C; and let KD, drawn 1 to AB, meet CB in G. 
and CA, produced, in E: Then, the 2 KEC =< 

BCF, and the (EGB = z ECF. 

For (E. 82. I.) 2 AEK+ AKE 2 CAk : 5 
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But (demonstr. of E. 3. 3. and consir.) : 
the z AKE=4 AKB; 
And (E. 20. 3.) "e Z4 ACB SAC AKB; 
L ACB = 4 AKE. 
Also (E. 15. def. 1. and E. 5. 1.) 
Z CAK = Z ACK; 
„ ZAEK+ 2 ACB = z ACK. 
Take from both the 2 ACB and there remains 
C AEK or KEC=z BCF. 
Again (E. 32. 1.) the 2 EGB=z ECG + 4 CEG: 
And it has been shewn that the ^ CEG = 4 BCF; 
. LEGB=zECB+ 2 BCF 
i. e. 4 EGB = Z ECF. 


Prop. XXVI. 


S5. Tyrorem. The perpendiculars let fall from | 
the three angles of any triangle upon the opposite 
sides, intersect each other in the same point, 


Let ABC bea A; the perpendiculars let fall 
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from the three g A, B, C, on the sides opposite 
to them, . intersect each other in the same point. 


‘For draw (E. 12. 1.) AD ı to BC; about the 
A ABC describe (S. 5. 1. cor.) the circle ÁBC, and 


produce AD to meet the circumference in E; 
from DA, produced if necessary, cut off DF = 
DE; join B, E and C, E; also join B, F and C, 
F; and let BF and CF produced meet AC, and 
AB, in G and H respectively. | 
And since CD is common to the two A CDF, 
CDE, and that (constr.) DF = DE, and the / 

CDF = z CDE, ~. (E. 4. I.) the FCD =z DCE 
or BCE; but (E. 21. 3.) the 2 BAE = z BCE; 
^. the 2 BAE or HAE 7 FCD; and (E. 15. l.) 
the Z AFH, of the A AHF, is also equal to the 
DFC, of the A CDF; .. (S. 26.1.) the Z AHF 
S FDC, which (constr.) is a right ; .. the 
Z4 CHA is a right Z; i.e. CFH is 1 to AB; and, 
in the same manner, it may be shewn that BFG 
is | to AC: Whence it is manifest, that the three 
perpendiculars cut each other in the common point 
F; for (E. 17. 1.) there cannot be drawn, from 
thé same point, two different straight lines both of 
them perpendicular to the same straight line. 


36. Con. The part of any of the three perpen- 
diculars, let fall from the three Z ofa A, on the 
opposite sides, that 1s, between their common in- 
tersection and the circumference of the circle 
described about the A, is bisected by the side to 
which it is perpendicular. | 
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Pror. XXVII. 


37. PRoBLEM. From either of the two given points 
in which two given circles intersect each other,. to 
draw a chord cutting the one circumference, and 
meeting the other, such that the part of it, con- 
tained between the two circumferences, shall be 
equal to a given finite straight line. 


Let the two given circles.ABC, ABD, cut one 


another in the points A and B, and let L be a giveri 
finite straight line: From either of the two given 
points, as B, it is required to draw a straight line 
cutting either of the circumferences, as that of 
ABC, and meeting the other circumference, so 
meeting that the part of it contained between the 
circumferences, shall be equal to L. 

Take any point C in the circumference of ABC, 
and any point D in the circumference of ABD; 
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join A, B, and A, C, and A, D, and B, C and B, 
D; in AB, produced if necessary, take AF =L; 
at the point A, in AF, make (E. 28. I.) the 2. 
FAG — 2 ACB, and at the point. F, make the 
4 AFG = z ADB, and let AG and FG meet in 
G. In the circle ABC place AH — AG; join 
B, H, and produce BH to meet the circumference 
of ADB in I: Then is HIL. 

For, join Á, I: And, since (E. 22.3.) the 7 
AHB-+ 2 ACB —two right g, and that (E. 13. 
1.) the 2 AHB + 2 AHI=two right A, .. the 
4 AHI = 2 ACB; but (constr.) the 2 ACB— 
FAG; ~. the Z AHI = 4 FAG; and (constr.) 
the 2 AFG = ADB, which (E. 21. 3.) = Z 
AIH; .. the 2 AFG = « AIB; and (constr.) the 
side AH, of the AHAI, is equal to the side AG, 
of the A AGF; .. (E. 26. 1. HI: AF; and 
(constr.) AF=L; . HI=L. Q. E. F. 


Pror. XXVIII. 


88. Tuxorim. If two opposite angles of a quadri- 
lateral figure be together egual to two right angles, 
a circle muy be described about it. 


Let any two opposite Æ, as the J ABC, ADC, 
of the quadrilateral figure ABCD, be. together 
equal to two right g : A circle may be named 
about the trapezium ABCD. . 

For, join A, C; and (S. 5. 1. cor.) about the A 
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ABC describe a eircle: Its circumference shall 
pass through the point D. If not, let it pass 
otherwise, so that, first, the point D is without 
the circle ABC, described about the A ABC; 
take any point E in the circumference of the circle 
and within the A ADC; and join A, E and C, 
E: Then, since ABCE is a quadrilateral figure 
inscribed in a circle the ^ ABC + 2 AEC —two © 
right L; and (hyp.) the 2 ABC + ADC = two 
rightz ; . the AEC C ADC, which (E.21.1.) 
is absurd. Wherefore the point D is not without 
the circle ABC ; and in the same manner it may 
be shewn that the point D is not within the circle 
ABC; .., the circumference of the circle ABC 
passes through the point D, and is, .., a circle 
described about the four-sided figure ABCD. 


Prop. XXIX. 


39. THEOREM. A circle cannot be described about 
a rhombus, nor about any other parallelogram 
which is not rectangular. | 
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For (E. 34. 1.) the opposite 4 of à C3 are equat 
to one another; and (E. 22. 3.) if a circle could 
be described about it, the two opposite Z would, 
together, be equal to two right Z; ., since these 
L are equal, they wouid be each of them a right 
Z; but (E. 82. def. 1.) the angles of a rhombus, 
which (E. $2. def. 1. and S. 18. 1.) is a Q, are not 
right 4; . a circle cannot be described about a 
rhombus, nor about any other C3, which has not 
. its opposite A right A, that is s 19. 1.) which 
is not rectangular. 


. Prop. XXX. 


40. Treonem. Jf from any point, in the circum- 
Jerence of a given circle, straight lines be drawn 
lo the three angles of an inscribed equilateral tri- 
angle, the greatest f them shall be equal to the 
- aggregate of the two less. 


Let the equilateral A ABC be inscribed in the 
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circle ADBC, and from any point D in the circum- 
ference, let there be drawn to the three angular 
points A, B, C, the straight lines DA, DB, DC, 
of which DC is the greatest: Thea DC = DA + 
DBB. 
From the centre A, at the n AD, describe 
a circle cutting DC in E, and join A, E; ~. (E. 
15. def. 1. ADñD AE; . (E. 5. 1.) the 2 ADE 
= Z AED ; also (E. 21. $. ) the 2 ADC or ADE 
= ABC; P (hyp. and E. 5. 1.) the Z ABC 
z ACB; .. (S. 26.1.) the 2 DAE = 2 BAC; 
*. the A ADE is equiangular; . (E. 6. 1. AD 
E | | 


— 
— 


Again, since (E. 22. 3.) the 2 ACB+ 2 ADB— 
two right A, and (E. 18. 1.) the C AED+ 2 AEC 
= two right A, and that the 2 AED has been 
shewn to be equal to the 2 ACB, .. the 2 AEC = 
£ ADB; also (E. 21.3.) the 2 ACD or ACE 
z ABD; and (%.) the side AC, of the A AEC, 
is equal to the side AB of the A ADB, .. (E. 26. 
1.) EC=DB: And DA has been proved to be 
equal to DE; .. DE + EC=DA + DB; that is, 
DC=DA+DB. 


Pror. XXXI. 


41. THEonEM. The first, third, fifth, &c. 8 
of any polygon, of an. even number of sides, 
which is inscribed in a given circle, are together 
equal to the remaining angles of the figure ; any 
angle whatever being assumed as the first. | 

L 
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Let ABCDEF be any polygon, of an even num: 


ber of sides, inscribed in the given circle ACE: 
Then A being assumed as the first 7 , the 4 A+ 
C Ex, &c. Z B £D+2F+, &c. 
First, let the inscribed figure have six sides, 
and join B, E. | 
Then, since BAFE is a quadrilateral figure in- 
scribed in a circle, .. (E. 22. 3.) the 
l 2 BAF + .FEB= C EFA + Z EBA: 
Also, the 2 BCD + 2 BED= E EDC + Z EBC. 
Wherefore, equals being added to equals, it will 
be manifest, that the 2 BAF+ 2 BCD + ; FED 
= 2CBA+ Z EDC T ZAFE: | 
i. e. thez A+ 2C+2Z2E=>2B+2D+2F. 
And, in a similar manner, the proposition may 
be demonstrated, when the figure inscribed in the 
given circle has eight, ten, twelve, or any other 
even number of sides. 
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Peor. XXXII. 


42. PaosLEM. To make a trapezium, about which 
a circle may be described, having its four sides . 
respectively equal to four gtven straight lines, two 
of which are equal to each other, and any three 
fogether greater than the fourth ; the two equal 


sides of the trapezium, also, being opposite to 
each other. 


Let AB, CD, DE be three given straight lines : 


A. 
[D 
E 
B 
E 


It is required to make a trapezium having two of 
its opposite sides each of them equal to AB, and 
its two other sides equal to CD and CE, each to 
each, about which a circle may be described. 
Take GH - CD ; and CD and CE being placed 
in the same sivas line, bisect (E. 10. 1.) DE in 
F; produce GH, both ways, and make GI and 
HK each of them equal to DF or FE; .. IK 
CE: From the points G, H draw (E. 11.1 0 GX 
L2 
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and HY 1 to IK; boi I and-K, as centres, at 
distances equal to AB, describe two circles, cut- 
ting GX and HY in L and M, respectively ; and 
join I, Land K, M; .. (E. 15. def. 1.) IL AB 
and KM — AB; join L M. 

And, because (constr.) LI — MK, and IG — 
KH, and that the g IGL, KHM, are right Z, 
(S. 74. I.) GL— HM; aad since, the L at G 
and H are right Z, GLi is (E. 28. 1.) parallel to 
HM; .. (E. 33. 1.) LM is parallel and = to EH; 
but (constr. GH = CD, .. EM — CD. 

Again, since GLMH is a p, the L GLH=4 
G HM (E. 34. 1.) which (constr.) is a right 2 ; also, 
since the two sides IL, LG, of the A LGI, are 
equal to the two sides KM, MH of the A MHK, | 
and the base IG is equal to the base KH, .. (E. 
8. I.) the ^ ILG E KMH; but (constr. and 
E. 32.1.) the Z HKM + Z KMH S a right z ; 
^. the Z HKM, or IKM, + ILG = a right 7; to 
each of these add the right ^ GLM; . the Z 
IKM.+ ZILG + Z GLM = two right J; that is 
the z IKM + Z ILM two right 7; .. (S. 28. 
3.)'a circle may be described about the trapezium 
ILMK, which, as hath been shewn, has two equal 
sides LI, MK, each of them equal to AB, has its 
side LM equal to CD, and its remaining side IK 
equal to CG. 
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Pror. XXXIIL 


43. PRoBLEM. Upon a given finite straight line to 
describe a segment of a circle, which shall be si- 
milar to a given segment of «m circle. 


Let ACB be a given.segment of a "T and 


EN EN 


DE a given finite straight line: It is — to 
describe on DE a segment " a cirele, similar to. 
the segment ACB. 


In ÁCB take any point C, C, and join idi C, and 
B, C: At the point D in DE make (E. 23. 1.) the 
Z EDF = — 4 BAC; and, at - point E, also, 
make the ZDEF—. ABC; .. (S. 26. 1.) the 
L DFE—. ACB: About he A DFE describe 
(S. 5. I. cor.) the circle DFE; .. (E. 11. def. 3. 
and E. 21. 3.) the segment DFE i is similar to tha 

— ACB. 


. Pror. XXXIV, 
44, THEOREM. If upon two opposite sides of an 
nn two similar segments of circles be de- 
scribed, the one of them lying wholly toifhin ^ 
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oblong, and the other wholly without it, the figure 
contained by the two remaining sides of the oblong 
and the two circular arches, shall be equal to the 


oblong. - 
| i Upon the two opposite sides AD, BC, of the 


. oblong ABCD, let there be described two similar 

, segments of circles AED, BFC: the one, namely 
BEC, lying wholly within the oblong, and the other 
lying wholly without it: The figure contained by 


BA, AED, DC and CFB is equal to the oblong 
ABCD. 

For (hyp. and E. 34. I.) AD — BC; . (hyp. 
and E. 24. 3.) the segment AED the segment 
BFC; to each of these equals add the figure 
ADCFB, and it is manifest that the figure 
AEDCEB is equal to the oblong ABCD. 

45. Cor. 1. An indefinite number of such 
mixtilineal figures may be found (S. 3. 1. cer. 3. 
and 8. 33. 3.) equal to one another, and each of 
them equal to any given oblong. - 
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- 46. Cor.2. If upon AB and DC, the two re- 
maiging sides of the oblong, there be, likewise, de- 
scribed two similar segments of circles ALB, 
DKC, it is evident that the figure ALBCDA is 
equal to the figure ABFCDEA ; and that the 
figure ALBFCKDE = ABCD, ALB being sup- . 
posed not to meet BFC again within ABCD. 


Prop. XXXV. 


47. THeorem. The arches ofa circle that are in- 


tercepted between two paratlet chords are equal to i 
| one another. 


Let AB and CG be two parallel chords of the 
circle ACGB: Then is AC = BG. 


For join C, B: And, because (Ayp.) CG is 
parallel to AB, . 3 29.1.) the æ GCB=2 CBA; 


-.. (E. 26. 3.) 050. 
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Prop. XXXVI. 


48. TuHronEM. f two chords of a given circle in- 
tersect each other, the angle of their inclination is 
equal to the half of the angle at the centre stand- 

ing upon the aggregate, or the difference, of the 
arches intercepted between them, accordingly as 
they meet within, or without the circle. 


First, let the two chords AB, CD, of the circle 


ACBD, cut one another in E, within the circle: 
The 2 DEB is equal to the half of an angle a at the 
centre, Standing upon a circumference ool to 
AC + DB. 

For —— a draw (E. 31. 1.) CG parallel to 


AB; . BGA and DBG — AC + DB; but 
(constr. and E. 29. 1.) the 2 DEB = 4 DCG, which 
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0 20. 3.) is the half of an angle at the centre, 


standing upon B. 

Secondly, let the two chords DA and BC, meet 
when produced, without the circle, in F: If, then, 
AH be drawn parallel to CB, it may be shewn, in 
a similar manner, that the 2 DFB is equa to the 


half of an. 2 at the centre standing on on DH, which 
is the difference between AB and AC. 


A Pror. XXXVII. 


49. THEOREM. In equal circles the greater mi 
stands upon the greater circumference; whether 
the angles compared be at the centres or the cir- 
cumferences. ' 


For whether the I be at the centres, or the cir- 
cumferences, if, from the greater, an 7 (E. 23. i.) 
be cut off equal to the less, the circumference on 

which it stands, will evidently be part of the cir- - 

. cumference on which the greater Z stands, and 
will (E. 26. 3.) be equal to that on which the less 

4 stands; the which circumference is, . „ less 
than the other. i 


Pror. XXXVIII. 


50. THEOREN. Jf from any given point, without a 
circle, there be drawn two straight lines cutting 
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te circle, then. of: the circumferences which they, 
intercept, that which is the nearer to the given 
point is less than the other. | 


From the given point B without the circle 


FDCG, let theré be drawn BFG, BDC, cutting 
the circumference in the points F, G, and D, C, 


respectively : Then is FD «GC. 

First, let one of the straight lines drawn from 
B, as BC, pass through the centre K of the circle: 
Join K, F and K, G; then (E. 16. 1.) the ex- 
terior  GKC, of the A GKB, is > the z KGF; 
but (E. 15. def. 1. and E. 5. 1.) the  KGF = 
KFG; .. the Z GKC > the 2 KFG; and (E. 
16. 1.) the 2 KFG > the Z FKB or FKD; much 
more, then, is the ^ GKC > Z FKD; .. (S. 37.3.) 
CG s FD; ie FD < GC. 

But if BLM do not pass through the centre, 
. find (E. 1. 3.) the centre K; join B, K; and pro- 
duce it to meet the circumference in C ; Then it 
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may be shewn, as before, that FD < GC, and that 


bE Gi; . öl < CO. 


Pror. XXXIX. 


. 51. Tarore{m, The straight lines joining the ex- 
tremities of the chords of two equal arches of the 

. same circle, toward the same parts, are parallel to 
each other. | 


Let ÁC, BG BG be the chords of two equal arches 


B 


AC, BG, of the circle ABGC ; and let A, B, and 
C, G be joined: Then CG is paralel to: to AB. 

For join C, B; and since (hyp.) "AC — BG, . 
(E. 27. 3.) the A = 2 BCG ; ^. (E. 27. 1.) 
CG is parallel to AB. 
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Pror. XL. 


52. Tuzorem. In equal circles, the greater of two 
circumferences subtends the greater angle, whether. 
the angles compared be at the pores or the cir- 


— 


For if not, the 4 standing on the greater çir- 
cumference is equal to the other z or less than 
it; but it cannot be equal; for then (E. 26. 3.) 
the two circumferences would be equal, which is 
contrary to the hypothesis: Neither can it be 
Tess, for, then, (S. 37. 3.) the greater circum- 
ference would be less than the other, which is ab- 
surd. Wherefore, the greater of two circum- 
ferences subtends the greater 2, whether the two 
4L be at the centres or circumferences, _ 


‘Prop, XLI. 


58. PROBLEM. Jf any equilateral rectilineal figure, 
of an even number of sides, be inscribed in a given 
circle, to find a curvilineal figure that is equal to 
it, and that is bounded by arches of circles, each of 

, which circles is equal to the given circle. 


Let ABCDEF be an equilateral rectilineal 
figure, of an even number of sides, inscribed in 
the given circle ACE; It is required to find a. 


ELEMENTS OF EUCLID. 157 


curvilineal figure equal to it, and bounded by 
, arches of circles that are equal to the given circle 
ACE. 

On half the number of sides of the inscribed 
figure, taken contiguous to ote another, as BC, 
CD, DE, describe (S. 38. 3.) segments of circles, 
BGC, CHD, DIE, each similar to the segment cut 
off from the given circle by each of the sides: 


The curvilineal um — by ÉG, CHD, : 


DIE, EF. EF, and fA and’ ‘AB, is equal to the in- 
scribed polygon ABCDEF. . 
For, “nce yp.) the figure is equilateral, (E. 


28. 3.) AB=BC; .. AFEDCB = BAFEDC; 
. (E. 27. 8.) the Z in the segment cut off by AB 
is equal to the 7 in the segment cut off by BC; 
^. these two segments (E. 11. def. 3.) are similar, 
and (hyp: and E. 24. 3.) equal to one another. 

` And, in the same manner, may all the segments, 
cut off by the eqnal sides of the inscribed figure, 
be shewn to be similar and equal to one another, 
and to the segments BGC, CHD, DIE. 
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But the figure contained by BA, AF, FE, 


£ID, DHC and CGB, together with the segments 
BGC, CHD, DIE, makes up the equilateral recti- 
lineal figure ABCDEF ; and that same figure, to- 
gether with the equal segments cut off by BA, 
AF, and FE, makes up the curvilineal figure con- 


tained by BGC, CHD, DIR, EF, EA and AB; 
the which figure is, ., equal to the inscribed rec- ` 
tilineal figure ABCDEF.* "i 


Pror. XLII. 


54. TuromzM. In equal circles, the greater chord 
Subtends the greater circumference. ' 


For (hyp. and E. 15. def. 1. and E. 25. 1.) the 
£ subtended, at the centre, by the greater chord 
is > the 7 subtended, at the centre, by the less: 
(8. 37.3.) the circumference subtended by the 


2 - 


* It is easy to shew, by the help, chiefly, of S. y. 3., that 
. when the equilateral figure inscribed in the circle, is a square, 

the eircumferences of the similar segmenta, described in the 
course of the demonstration, touch one another in the common 
extremity of the two contiguous sides ; and that when the in- 

scribed polygon has any greater number of sides, as six, eight, 
| &c., the circumferences of any two of the segments meeting one 
another in the common extremity of two contiguous sides, de 
not meet again within the circle. 


ELEMENTS . OF EUCLID. 159 


greater chord is greater than the * | 
subtended by the less. 


Pror. XLIII. 


55. THEonEM. Jf from a given point within a 
circle, which- is not the centre, straight lmes be- 
drawn to the circumference, making with each 
other equal angles, the two, which are nearer to 
the diameter passing through the given point, shall 

cut off à greater circumference than the two, which 
are more remote. 


From A, a given point within the circle BDC, 


let there be drawn to the circumference any num- 


ber of straight lines AB, AC, AD, &c. containing | 


equal z BAC, CAD, &c.; and let AKM be 
drawn, from A, through the centre K: Then is- 


ED > CB. 


For produce DA and "NN to meet the circum- 
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‘ference again, in E and F; and join B, F and D, 
F: Then, since AD is nearer than AB is to AM, 
^. (E. 7.3.) AD> AB; from AD cut off AG= 
AB, and join C, G and C, B, and C, D and D, B: 
And, because CA is common to the two A CBA, 
CGA, and AB = AG, end that (Ap.) the 
LZ CABZZCAG,..CG-CB. Again, because 
(E. 32. 1.) the ^ CGD = ^, GCA + 2CAG=. 
¿ ACB + 2 BAC, and that (E. 16. 1.) the 2 BAC 
> ZBFC, . the 4CGD Y 2FCB+ ^BFC: . 
But (E. 21. 3.) the 2 FCB = ^ FDB, and the 
BFC = BDC; . the Z CGD > Z FDB + 

4 BDC; i. e. the Z CGD > z FDC, much more 
then is the CGD > EDC or ^ GDC; . (E. 
19. 1.) CD» CG ; but it has been shewn fin | 


CG=CB; were * 42. 8.) CD» CB. 


Prop. XLIV. 
36. TursonkM. In equal circles, the — cir- 
: — has the greater chord, 


For (S. 40. 3.) the greater circumference sub- 
tends the greater 4 at the centre; .. (E. 15. def. 
1. and E. 24. 1.) it has the greater chord. 


Prop. XLV. 


57. TukonEM. The straight line joining any of the 
angular points of an equilateral polygon inscribed © 
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$n a circle and the centre, passes through the op- 
posite angular point, or else bisects the opposit 
side at right angles, accordingly as the figure has. 

an even, or an odd number of sides. 


First, let the equilateral polygon ABCDEF in- 


A. F 


C =D 


| scribed in the circle ACE, of which the cutie is 
K, have an even number of sides, and let B, K be 
joined, B being any one of the angular points of 


the inscribed figure: Then BK passes through the 
opposite angular point E. i 
For, if it be possible, let BK cut the circum- 


ference in any other point L; .. (E. 28. 3.) BAL. 
is the half of the whole circumference; also, prin, 


the polygon PAN AR is 3 the arches AB 
BC, CD; PE. DE, ‘EF, "FA are (E. 28.3.)equal to one 
another ; E. . BAR is the half of the whole cir: 


cumference; .. PAL. EAR, the less to the 


greater, which is absurd: .. BK, produced, passes 
through E. 
M 
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But, secondly, let the equilateral polygors 
ABCDE, inscribed in the circle ACE, have ar 
odd number of sides, and let any of the angular 
points, as A, and the centre K, be joined: Ther 
AK, produced, bisects CD, at right æ in the 
point F. 

For join K, C and K, D: And, because (hyp.) 
the sides of the inscribed polygon are equal, the 
circumferences- which they subtend are (E. 28. 3.) 
equal; since, therefore, the polygon has an odd 
number of sides, it is manifest that the circum- 
ference ABC is equal to the circumference AED; 
<. (E. 27. 8.) the 2 AKC = C AKD; .. (E. 18. 1.) 

. the z CKF =Z DKF; and (E. 15. def. 1.) CK = 
DE, and KF is common to the two a KFC, 
KFD; .. (E. 4. 1.) CF— FD, and the 4 KFC = 
4 KFD; so that AKF bisects at right 4 the side 
CD, which is opposite to the ^ BAE. 


‘Pror. XLVI. 


58. THeorem. The two straight lines in a eircle, 
which join the extremities of two din chords, 
are equal to each other. 


Let AB, CG be two parallel chords, of: the 
circle ABGC, and let their extremities be joined, 
toward the same parts by CA and GB, and to- 
| wards opposite parts by CB and GA: Then 
CA —GB, and CB=GA. 


` ELEMENTS OF EUCLID. 163 


E since CG is parallel to AB, the arch CA 
GB "(S. 35. 3.) ; v. (E. 29. 3.) CA — GB: Again, 
since it has _ shewn that AC =BG, to each 


of these add CG; n Acà = ÉG GC; ~. (E. 29. 3.) 
GÀ —CB. 


Pror. XLVII. 


59. PROBLEM. To divide a given circular arch 
into two parts, so that the aggregate of their 

chords may be equal to a gwen straight line, 
greater than the chord of the whole arch, but not 
greater than the double of the chord of half the 
arch. 


Let ACB be a given circular arch, of which AB 
is the chord; and let L be a given finite straight 
line, greater than AB, but not greater than twice 

M 2 


B 7 * 
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the’ chord of the half of ACB: It is required to 


divide ACB into two parts such that the aggte- 
gate of their chords shall be equal to L. 

Bisect (E. 30.3.) ACB in C, and join C, A, and 
C, B; .. (E. 29. 3.) CA=CB ; from the centre 
C, at the distance CA, or CB, describe the circle 
ADB, which will, ., pass through both A and B: 
From the centre A, at a distance equal to L, de- 
scribe a circle, cutting the circle ADB in D; draw 
AD, which is, .., equal to L; let AD cut ACB 
in E, and join E, B: Then AE + EB= L. 

For (E. 20. 3.) the 2 ACB is the double of the 
ADB; and (E. 21. 3.) the z ACB— C AEB; 
the 4 AEB is the double of the 7 ADB; but 
(E. 32. 1.) the z AEB = 2 EDB + z EBD ; .. the 
. £ EDB + Z EBD is equal to the double of the 
EDB; from these equals take the 2 EDB, and 
there remains the 4 EBD = E EDB; . (E. 6. 1.) 
ED = EB; .. AE + EB= AE 4- ED or AD; 
but (constr.) AD = L; .. AE + EB= L. | 
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Pror. XLVIII. 


60. ProsLem. To divide a given circular arch 
into two parts, so that the excess of the chord of. 
the one above the chord of the other, may be equal 
to a given straight Une, less than the chord of the 
whole arch, 


* 
* 


Let ACB be a given circular arch, of which the 


[SN 
à 5 


chord is AB: It is required to divide ACB into 
two parts, such that the excess of the chord of the 
one above the chord of the other shall be equal 
to a given finite straight line L, that is less tha 

AB. . La aM | 

. Bisect AB (E. 10. 1.) in D; draw DC (E. 11.1.) 
1 to DB; join A, C; bisect (E. 9. 1.) the 
CAB by AX; let AX meet CD in E; and join 
f, E; about the A AEB describe (S. 5. 1. cor.) 
the circle AEB; from the centre A, at a distance 


= L, describe a circle cutting AEB in F; draw 
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AF, which is, ., equal to L, and produce AF to 
meet ACB in G; join G, B: Then is the excess 
of AG above GB equal to L. | 
For join C, B; and (constr. and E. 4. 1.) CA= 
CB and the 2 ACD =z BCD; also EA — EB, 
and the 2 ACB is the double of the 2 ACD; 
. Again, from the centre C at the distance 
CA, describe the circle AHB, which, because 


CA = CB passes through B; produce AG 


to meet ABB in H; join H, B, and F, B: And 


since (E. 21.3.) the 2 AFB=z AEB, .. (E. 13. 
1.) the Z BFH = z BEX; but (E. 32. 1. and E. 
5. 1.) the Z BEX is the double of the Z BAE; 
^ the z BFH is the double of the 2 BAE, and is 
. (constr.) equal to the CAB or CAD; also 
(E. 20. 3. and constr.) the Z ACB is the double of 

the AHB; and it is also, as hath been shewn, 
the double of the Z ACD; .. the Z ACD = 
4 AHB or FHB; and it has been proved that the 
4 HFB,ofthe A FBH,is equal to the 2 CAD ofthe 
ACDA; ~. (S. 26. 1. the Z HBF = z CDA, 
and is, ., a right 4; but (demonstr. of S. . - 
GH = GB; ~. (S. 29. 1. cor. 3.) GF—GB; 
AG — GB = AF; but (constr.) AF = L; 
CAG — GB=L. 
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Pror. XLIX. 


61. Tueorem. If from any point, in the diameter 
of a semi-circle, there be drawn two straight lines 
to the circumference, one to the bisection of the 
circumference, the other at right angles to the 
diameter, the squares upon these two lines are, 
fogether, the double of the square upon the semi- 

~ diameter. 


Let B be any point in the diameter AE of the 
| D 


A C B 
semi-circle ADE; let F be the bisection of the 
circumference ADE; and let C be the bisection 
of the diameter: If B, F be joined, and BD be 


drawn 4 to AE, then BF + BB —2AC* 

For join C, F and C, D: And since (Ayp.) 
— 
AF = EF *. (E. 27. 3.) the 2 ACF = 2 ECF; and 
they are adjacent I; . (E. 10. def. 1.) the 2 FCE 
is a right 2; .. (E. 47.1.) BF = CF + CB’; to 
each of these add BD’; .. BF + BD = CF + 
CB’ + BD’; but (hyp. and E, 47. 1.) CB +-BD zz 
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CD; ~ . BF + BD = CF +CD or (E. 15. def. 
1.) 2AC. 


Prop. L. 


62. ThEOREM. If the chords of two arches of any 
the same circle cut each other at right angles, the 
squares of the four segments of the chords, are, 
together, equal to the square of the dtameter. 


Let the two chords AB, CD of the circle ACD, 


rut each other at right A, in E: The squares of 
the segments of the chords are, together, equal to 
the square of the diameter of the circle. 


For find (E. 1. 3.) the centre K, and from either 
extremity of either of the chords, as B, draw 
through K the diameter BKF; join B, C and C, | 
F, and F, A and A, D. And since (constr.) 
FADB is a semicircle, the 2 FAB is (E. $1.3.) 
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a right 2, as is, also, (p.) the 2 AEC; . (E. 
28. 1.) FA is parallel to CD; .. (S. 44. 3.) FC 
AD. Again, because FCB is a semi-circle, the 
2 BCF (E. 31. 3.) is a right 2; . (E. 47. 1.) 
FB = FC ＋CB'; but FC. has been shewn to be 
equal to AD. . FB'= AD' 4 CB ; that is (Ayp. 
and E. 47. 1.) FB = AE -ED'-CE EB. | 
63. Cong. If the diagonals of a quadrilateral 
rectilineal figure, inscribed in a circle, cut each 
other at right angles, the aggregate of the squares 
of the sides is the double of the square of the 
diameter of the circle. | 
For let the diagonals AB and CD of the quadri- 

lateral figure ACBD, inscribed in the circle 
ACBD, cut one another at right / in E: Then 
it is evident from E. 47. 1, that AC + DB’ is equal 
to the squares of the segments of the diagonals, 
that is, (S. 50. 3.) to the square.of the diameter of 
the circle: Likewise AD’ 4- CB' may, in the same 

manner, be shewn to bé equal to the square of the 
diameter; .. AC +CB’+BD’'+DA’*= twice the 
square of the diameter of the circle. 


Pror. LI. 


64. PROBLEM. To draw a straight line, cutting 
two concentric circles, so that the part of it which 
lies within the greater circle may be the double 
of the part which lies within the less. 
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Let ABC, DEF be two given circles, having a 


common centre K: It is required to draw a 
straight line cutting ABC, DEF, so that the part 
of it within DEF shall be the double of the part 
of it within ABC, : 


Take any semidiameter as KA, of the circle 
ABC, and produce it to G, so that AG= AK; 
upon AG-as a diameter describe the circle DAHG 
cutting DEF in D and H; join D, A, and H, A; 
and produce DA and HA to meet the circumfer- 
ences again in B, E, and I, L, respectively : Then 
DE= 2AB; and HL—2AI. 

For J join D, G and draw (E.12.1.) KM , to 
AB: And since (constr.) ADG is a semicircle, 
the 2 ADG (E. 31. 3.) is a right Z , as is (constr.) 
the 2 KMA; also (E. 15. 1.) the Z KAM Z 
DAG ; and (constr.) the side KA, of the A KMA, 
is ame to the side AG, of the A ADG; ~, (E. 
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26. 1.) ADz AM; . MDz2MA, but (constr. 
and E. 3. 3.) DE—2MD and AB=2MA; .. 
DE = 2AB: And, in the same manner, HL may 
be shewn to be the double of AI. . 


Pror. LII. . 


65. PROBLEM. To draw a straight line which shall 
touch two given circles. 


Let ABC; HFG, be two given circles: It is re- 


& C EL NR. a 


quired to draw a straight line wbich shall touch 
both the circles ABC, HFG. 

First let the two circles be unequal. Find 
(E. 1. 3.) the centres K and L, of the two 
circles ABC, HFG; join K, L; upon KL as a 
diameter describe the circle DKC ; from K asa 
"centre at a distance = KB+LH, the aggregate 
of the semi-diameters of the two circles, describe 


a circle cutting KDL in D, and draw KD, cut- 
ting the circumference of ABC in A; .. KD 


A 
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KB+LH;; in like manner, by the help of E. $. 1, 
place, in the. semi-circle KCL, KE=KB~LH, 
and let KE produced meet the circumference of 
. ABC in C; from L draw (E. $1. 1.) LF parallel 

to DK, and LG parallel to KC; lastly, join A, 

F,and C,G: Then will AF and CG, each of 
them, touch both the circles ABC, HFG. 

: For join D, L, and E, L: And since (constr.) 
KE=KC~LG, it is manifest that ECZLG; 
and (constr.) EC is parallel to LG; .. (E. 33. 1.) 
CG is parallel to LE; but, since KEL is a semi-. 
circle, the 2 KEL is (E. 31. 3.) a right 2; . (E. 
29. 1.) the g KCG, CGL are right 4; . (E. 16. 
3. cor.) CG touches both the circles ABC, HFG. 


And, in the same manner, it may be shewn, 
that AF touches both the circles ABC, HFG. 


‘Secondly, if the two given circles be equal to 
one another, a straight line may be drawn which 
shall touch them on contrary sides, in the same 
manner as when they are unequal:'And, it is 
manifest (E. 33. 1. E. 29. 1. and E. 16. 3. cor.) that 
if a semi-diameter in each circle be drawn perpen- 
dicular to the straight line joining the two centres, 
the straight line, which joins the extremities of 
these two semi-diameters, will touch both the cire 
cles on the same side. 
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Pror. LIII. 


66. TuHgoREM. Jf two straight lines, which touch 
two given circles, the one touching both the circles 
on the one side of them, the other on the other, 
be cut by a third tangent, which touches the two 

circles on contrary sides of them, then, of the seg- 
ments into which the two first tangents are .thus 
divided, those which are alternate are equal to 
one another. | | 


— — d 


Let ABE, ACG touch the two given cireles 
A 
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BCD, EFG, ABE on the one side of them, and 


ACG on the other; and let HLFD be drawn (S. 
52. 3.) touching the two circles, on contrary sides 


of them: Of the segments into which HL divides . 


BE and CG, BH=LG, and EH=CL. 
If the two circles be equal to one another, it is 
manifest, from the latter part of the demonstration 


of S. 52. 3., that BE and CG will be opposite sides 


of a C3, and that, .., (E. 34. 1.) BE=CG: And, 


if BE be not parallel to CG, but meets it, both the 


lines being produced, in A, then, since (S. 19. 3. 
cor. 1.) AEZ AG and AB— AC, BEC, as 
in the former case. 

Again, (S. 19.3. cor. 1. ) HBL LC Hb LD; 
or HL; and HI. HF FL = HE LG; .. HB 
4 LC—HE + LG ; and, as hath been shewn, BE 
-—CG; that is, HB + HE = LC + LG; if, .., 
these two equals be added to the equals HB-- LC 
and HE+LG, it is evident that 2HB4+HE+LC 
= 2LG+HE+LC; take away from both HE+ 
LC, and there remains 2HB = 2LG ; .. HB = 
LG: And it has been proved that BE = CG; if, 
*., from these equals there be taken the equals 
HB and LG, there will remain EH = CL. 


Prop. LIV. 
67. PROBLEM. The perimeter, the vertical angle, 
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and the altitude of a triangle being e given, to con- 
struct the triang le. 


Let XAY be a given rectilineal angle: It is 


fequired to describe a triangle, which. shall have 
XAY for its vertical angle, which shall have a 
given perimeter, and the perpendicular drawn 
from À to the opposite side, equal, also, to a given 
straight line. 

From AX and AY cut off AB and AC, each of 
them equal to the half of the given perimeter; 
from B and C draw (E. 11. 1.) BK and CK 1 to 
AB and AC, respectively, and join A, K;“ 
(constr. and S. 73. 1.) KB— KC; from the centre 
K, at the distance KB, describe the circle BEC, 
which (constr. and E. 16. 3. cor.) will touch AB and 
AC in the points B and C; from AX cut off AD 
equal to the given perpendicular, and from the 


te 
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centre A at, the distance AD describe the n" 
DFG. 

, Lastly, draw (S. 52. 8.) the straight line LH 
touching the circle BEC in E, and the circle DFG 
in F: Then is ALH the A which was to be de- 
scribed. 

For it has the z X AY for its vertical 2, and if 
A, F be joined, since LH touches the circle DFG 
in F,the g AFL, AFH are (E. 18. 3.) right 4; 
and (E. 15. def. 1.) AF = AD which was made 
equal to the given perpendicular: Also (constr. 
` and S. 19. 3. cor. 1.) LE = LB, and HE = HC; 
„. LE+HE, i. e. LH LB HC; to these equals 
add AL-- AH; . AL+LH+HA=AL+LB+ 
AH+HC; but AL + LB = AB, and AH 4- HC 
= AC; .. AL 4- LH + HA = AB 4- AC; and 
AB and AC were made each of them equal to the 
half of the given perimeter; . the A ALH has 
its perimeter equal to the given perimeter; it has 
the given Z for its vertical Z , and, as hath been 
' shewn, it has its 4 AF equal to the dads alti- 
tude. | 


Pnor. LV. 


68. THroREM. Ifthe point, in which two straight 
lines that are perpendicular to each other meet, be 
applied to the circumference of a circle so that the 
Straight lines themselves cut the circumference, 
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the centre of the circle is in the bisection of the’ 
straight line joining those two intersections. 


For, the straight line, joining the intersections 
of the circumference and of the two straight lines 
which (Ayp.) meet at some point of the circumfer- 
ence, and contain a right Z , cuts off a semi-circle: 
If not, let it, if it be possible, cut off a segment 
greater than a semi-circle; .*. (E. 91. 3.) the Z in 
that segment is less than a right 4, which is con- 
trary to the supposition: Neither can it cüt off a 
segment less than a semi-circle; for, then the 7 
in that segment would be greater than a right Z, 
which is, also, contrary to the supposition; .. 
the straight line joining the intersections cuts off 
 &semi-circle, and.. passes through the centre of 

the circle, which point is .. in the bisection of 
that line. | 


Li 


Pror. LVI. 


69. TukonEM. If from the extremities of any di- 
ameter, of a given circle, perpendiculars be drawn 
to any chord of the circle, that 1s not parallel to 
the diameter, the less perpendicular shall be equal 
to the segment of the greater contained between 
the circumference and the chord. 


From the extremities, A and B, of the diameter 
AB of the circle ABDC, let there be drawn AE 
. 17 ` l N^ 


TTS 


and BF I to the chord CD, which is not parallef 
to AB; let AE and BF meet CD, produced, in 
E and 7; ; and let the greater 1 AE cut aan Cir- 
eumference in I: Then BF = IE. 
For join B, I: And since (p.) AICB is a 
. semi-circle, .'. (E. 31.3.) the 4 AIB, isa right 
£s - (p.) the 4 IEF, EFD are, also, right 
. (E. 28. 1.) the figure IEFB is a 2 „. 
(E. 34. 1.) BE ILE. 


Pror. LVII. 


70. Tueornem. Jf from the extremities of any di- 
ameter, of a given circle, perpendiculars be drawn 
io any chord of the circle, they shall meet the 
chord, produced, in two pomis which are equi- 

distant from the centre. ` 


From the extremities, A, B, of the. diameter 
AB, of the circle ABCD, of which K is the centre, 
let there be drawn AE, and BF, 1: to the chord 
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CD, and meeting CD produced in E and F, re- 


spectively: The points E and F are equidistant 
from K. . 

For, join K, E, and K, F, and B, I ; and first let 
EF be parallel to AB: Then, since (hyp.) the Z 
AEF, EFD are right g, .. (E. 28. 1.) EA is, also, 
parallel to FB, and AEFB is al; . (E. 34. 1.) 
EA — FB, and the 2 EAB = 7 FBA, each of 
them being a right 2; also the side KA, of the 
4 EAK, is equal to the side KB, of the A FKB; 

„ (E. 4 1.) EK = FK. 

But, if EF be not parallel to AB, join B, I and 
through K draw (E. 31.1.) KHG parallel to AE 
or BF: And since (Ayp.) AICD is a semi-circle, 
. (E. 31. 9.) the 2 AIB isa right Z, as is, also, 
(up.) the 2 AEF; .. (E. 28. 1.) EF is parallel to 


IB; and (consir.) the figures IG, HF, are p «^. 


(E. 34. 1.) EG = IH, and GF = HB; but since 

KG (constr.) is parallel to AE, and that the g 

AIB, AEP are right z , . (E. 29.1.) the @ IHR, 

EG H are right I; and because KH, drawn from 

the centre K, cuts IB at right g, .. (E. 3. 3.) IH 
N 2 
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= = HB; . . EG— GF; and KG is common to 
the two , KGE, KGF, and the 4 KGE, KGF, 
as hath been shewn, are right 4; .. (E. 4. 1.) 
EK = FK. , | | 


Pror. LVIII. 


71. THeorem. Jf upon either radius, bounding a 
quadrantal circular arch, as a diameter, a semi- 
circle be described, any chord of the semi-circle, 
drawn from the centre of the quadrant, shall be 
equal to the perpendtcular distance of the point, 
in which the chord produced meets the * 
arch, from the other radius. 


Let BDK be a semi-circle, having for its 


C 


K 


diameter KB, one of the semi-diameters which 
bound the quadrantal circular . arch ÁCB, and 
from the point C, in which any chord KD, of 


the semi-circle, meets, when produced, ACB, let 
CE be drawn perpendicular to KA the other ter- 
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minating semi-diameter of ACB: Then KD= 
CE. 

For, since hyp.) KDB is a semi-circle, .° *. (E. 
31.3.) the z BDK is a right z; as is, also, (p. 


the Z CEK: Again, since (hyp.) ÁCB is a qua- 


drant of the circumference of its circle, .. (E. 27. 


3. and E. 15. 1. cor. 2.) the 2 AKB is a right 7; 
*. the 2 EKC + DRB aright z; also, since 
the ¿CEK is a right z, .. (E. $2. 1.) the 
 £ZEKC + z KCE =a right 7; .. the Z EKC + 
Z DKB= Z EKC + ^ KCE; .. the Z DKB = 
Z KCE; and the side KB, of the A KDB, is (E. 
15. def. 1.) equal to the side KC, of the ACEK; o 
. (E. 26. 1.) KD = CE. 


Pror. LIX. 


72. Tueorem. If the angle contained by. two 
straight lines, one of which cuts a circle and the 
other meets it, be equal to the angle in the altere 
nate segment of the circle, the straight line which 
meets, shall touch the circle. 


For if the straight line which, in this .case, 
meets the circle, does not touch it, from the point 
in which it meets the circle, draw (E. 17. 3.) a 
straight line touching the circle: Then (hyp. and 
E. 32. 9.) itis manifest that the greater of two 
angles is equal to the less; which is absurd. 
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Pror. LX. 


73. TukomEM. ` A straight line touching a circular 
arch in the bisection of that arch, is parallel to its 
chora, | | 


For it iL, which each half of the arch sub- 
tends at the opposite extremity of the’ chord, are 
(E. 27. 3.) equal to one another; and (E. 32. 3.) 
they are also equal to the 4 which the straight 
lines, joining the bisection of the arch and the ex- 
tremities of the chord, make with the straight line 
that touches the arch at its bisection; .. (E. 27. 
1.) the tangent, at that point of bisection, 1 is parallel 
to the chord. 


Prop. LXI. 


74. ProsLem. The base, the vertical angle, and 
the altitude of a triangle being given, to construct 
the triangle. 


Let BC be the given base of a A, of which the 
vertical 2 , and the altitude are also given: It is 


tequired to construct the triangle. 

Upon BC describe (E. $3. 3.) a segment of 4 
eircle BAC, capable of containing an Z equal to 
the given vertical Z; from C draw (E. 11. 1.) 
CL 1 to BC, and make it equal to the given alti- 
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A 


— — 


tude of the A; through L draw LA parallel te 


BC, and let LA: meet BAC in A; join B, A and 
C, A: Then is ABC the A which was to be con- 
structed. 

For draw (E. 31. 1.) AD — to E 
the figure ADC is a C3, and (E. 34. 1.) AD 
LC: And because AD is parallel to LC, and 
(constr.) the ^ LCD is a right 4, .. (E. 29. 1.) 
the 2 ADC is a right 2; i. e. AD is 1 to BC; 
and it has been shewn to be equal to LC, which 
(constr.) is equal to the given perpendicular. 
Also (constr.) the 2 BAC is equal to the given 
vertical 2; .. ABC is hu A which was to be 


. constructed.* 


[4 


* If the straight line LA drawn from the extremity of CL, 
which is made equal to the given perpendicular, fall without the 
segment BAC, the problem is manifestly impossible: If LA 
touch the circle BAC, thé problem has only one solution; but if 
LA cut the segment BAC, the m admits ennt two soly- 
tions. 
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Pror. LXII. 


75. PROBLEM. To find a point in a given straight 
line, from which if straight lines be drawn to two ` 
given poinis, on the same side of the given line, 
they shall contain an angle -—- to a given recti- 
lineal angle. 


Upon the straight line joining thetwogiven points, 
describe (E. $3. 3.) a segment of a’ circle, capable 
of containing an 4 equal to the given rectilineal 
4, and the point in which it meets, or cuts, the 
given straight line, is evidently the point which 
was to be found : And if the circumference of the 
segment, so described, cut the given straight line, 
it is manifest that the problem admits of two so- 
lutions: But if the circumference of the segment 
neither touch nor cut the p" line, the problem 
is impossible. | 


Pror. LXIII. 


76. PRosLxM. The vertical angle, the base, and 
. the aggregate of the three sides of a triangle being 
given, to construct the triangle. 


Let DE be the given base: It is required to 
describe on DE a A, which shall have its two re- 
maining sides equal together, to a given finite 
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straight line, and the 2 contained by them equal 
to a given rectilineal angle. 


Upon DE describe (E. 33.3.) a segment of a 
circle DFE, capable of containing an Z equal to 


the given rectilineal 2; divide (S. 47. 3.) fir? 
in F, so that the aggregate of the chords of DF, DF, 


EF shall be equal to the aggregate of the two re- 

\ maining sides of the A; and join D, F and E, F: 
Then it is manifest that DFE is the A which was 
to be constructed. 


Prov. LXIV. 


77. PnosLEM. The vertical angle, the base, end 
the excess of the greater of the two remaining 
sides, of a scalene triangle, above the less, being 
given, to construct the triangle. ` 


Let AB be the given base: It is required to 
describe on AB a A, which shall have the difference 
of its two remaining sides equal to a given finite 
straight line, and the 2 contained by them equal 
to a given fectilineal angle. 
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Upon AB describe (E. $3. 3.) a segment of a 
circle capable of containing an 7 equal to the 


given rectilineal 7; divide (S. 48. 3.) ACB in C, 


so that the difference of the chords of AC and BC 
may be equal to the excess of the greater of the 
two remaining sides of the A above the less; and 
join A, C and B,C: Then it is evident that ACB 
is the A which was to be constructed. 


. Prop. LXV. 


78. PRoBLEM: From two given points, in the cir- 
cumference of a circle, to draw two equal chords 
of that circle, which, produced if necessary, shall 
make with one another an angle equal to a given 
rectilineal angle. 

Let A and B be two given points in the circum- 

ference of the circle AEFB; and let K be a given 

rectilineal angle: It is required to draw, from À 

and B, two equal chords of the circle AEFB, 

which make with oné' another an 2 equal to the 
ZK. ge? g Es 
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Join A, B; upon AB describe (E. 33. 3.) a 
segment of a circle AGB capable of containing 
an Z = the 4 K, and M complete the circle AGBH; 


bisect (E. 30. 3.) AGB in G, Md ABB in H; 


draw AG and BG, cutting ADB in D and C; 
also draw AH and BH, and produce them to meet 


AED in F and E. 


It is manifest, from the construction, that the 
4 AGB, which the two chords, AD, BC, make 
with one another when produced, = z K; also, 
since (E. 22. 3.) the 2 AGB + Z AHB = two 
right Æ, and that (E. 13. 1.) the Z AHE + 
z AHB = two right I, .. the 2 AHE = 
AGB; but (constr.) the 4 AGB = z K; 
the 4 AHE, which the two chords AF, BE, Ros 
with one another, is equal to the < K. 
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Again, join A, C, and B, D; and since (constr.) 


AG=BG *. (E. 29. 3.) AG = BG; .. (E. 5. 1) 
the Z GAB-— ^ GBA ; also (E. 21. 3.) the 7 
ADB=z ACB; .. (S. 26. 1.) the third Z ABD, 
of the A ADB, is equal to the third 2 BAC of 


: — 
the A BCA; . (E. 26. 83.) ÁD — BC, and (E. 29. 
3.) the chord AD = the chord BC. 

Lastly, if A, E, and B, F, be joined, it may be 
shewn, in the same manner, that the z HAB = 
< HBA, that (E. 21. 3.) the z EAF = z FBE, 
and . that the EAB = ^ FBA; .. (E. 26. 3. 


and E. 29. 3.) BE = AF. 


Prov. LXVI. 


79. PROBLEM. In a given parallelogram to in- 
scribe a parallelogram which shall have one of its 
angles equal to a given angle, and posited in a 
given point of one of the sides of the given paralle. 
. legram. | | 


Let F be a given point in the side AB of the 
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c ABCD; and YLX a given rectilineal angle: 
It is required to inscribe, in the Cà ABC, a c3 
which shall have one of its 4 n in F, and 
equal to the 4 YLX. 


Join B, D; bisect BD (E. 10. 1) in K; draw 


FK and produce it to meet DC in H; . (constr. 
E. 15. 1. E. 29. 1. and E. 26. 1.) DH=BF; pro- 
duce XL to Z; upon FH describe (E. 33. 3.) a 
segment of a circle capable of containing an 4 = 
4 YLZ, and let its circumference cut AD in E; 
if .. F, E and H, E be joined, it is plain that the 
4 FEH = 2 YLZ; from CB cut off CGS AE; 
join F, G and H, G: Then is FEHG the figure 
which was to be described. 
For (constr. and S. 43. 1.) EFGH is ac ; 
(E. 29. 1.) the 4 HEF+ EFG = two right £; 
also (E. 3. 1.) the < YLZ + 2 YLX = two right 


Z; and it has been shewn, that the HEF— — 


ZYLZ; . the EFG = 4 YLX ; and it is 
posited in the given point F. "Therefore, &c. 


Pnor. LXVII. . 


80. PRoBLEM. To produce a given straight line so 
that the rectangle, under the given straight line, 
and the part of it produced, shall be equal to a 

given square. 


Let AD bea given finite straight line : z is 


190 A SUPPLEMENT TO THE 


required to produce AD, so that the rectangle con- 
tained by AD and the part produced may be equal 
to a given square. 1 i. © 
Through D draw any straight line XY, and 
from DX and DY cut off (E. 3. 1.) DE and DF 
each of them equal to the side of the given square; 
. describe (S. 5. 1. cor.) a circle which shall pass 
through the three points A, E, and F; and pro- 
duce AD to meet the circumference in C: Then 
(E. 35. 3.) it is manifest that the rectangle ADXDC 
=ED x DF or ED'; but ED was made equal to 
the side of the given square; AD has been 
produced to C, so that AD x DC is equal to the 
given square. | 
81. Con. By a similar method, it is manifest, a 
given straight line may be produced, so that the 
. rectangle contained by the straight line, and the 
part produced shall be equal to a given rectangle: 
That is, if three straight lines be given, a fourth 
may be found so that the rectangle, contained by 
it and any of the three given straight lines, shall 
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be equal to the rectangle contained by the re- 
“maining two. 


Pror. LXVIIL 


E TuroreM. F through any point in the com- 
mon chord of two circles, which intersect one an- 
other, there be drawn any two other chords, one in 
each circle, their four extremities shall all lie in 
the circumference of a circle. 


Let P be any point in AB, which is a common 


chord of the two circles ABC, ABD ; and through 


P let there be drawn a chord CPE, of the circle 


ABC, and FPD a chord of the circle ABD; the 
four points C, F, E, D, lie in the circumference 
of a circle. 

For describe (S. 5. 1. cer.) a circle CFE, which . 
shall pass through the three points C, F and E; it 
. shall, also, pass through D: If not let it cut FD | 
in some other point as G. — | 
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Then (E. 35. 3.) CP x PE — AP x PB; and 
AP x PB =FP x PD; m^ CP x PE =FP x PD ; 
but (E. 35.3.) CPX PEZ EPX PG; . FP x PD 
== FP x PG; i.e. the greater rectangle is equal 
to the less; which is absurd ; therefore the circle 
which passes through C, F, E cannot pass other- 
wise than through D. 


Pror. LXIX. 


83. THEOREM. If through the given extremity of 
any diameter of a circle straight lines be drawn 
to meet an indefinite straight line without the 
circle, which is perpendicular to the diameter pro- 
duced, the rectangles contained by the segments of 
these lines lying between the given point, the point 
in which each of them cuts the circumference 
again, and. the indefinite line, TUM be equal to 
each other. ! 


Through the — B of the diameter AB, 
of the circle AQB, let there be drawn any num- 
ber of straight lines, terminated one way by the 
cireumference, and the other way by the indefi- 
nite straight line XY, which meets AB, produced, 
at right angles in C: The rectangles contained 
by the segments into which the lines so drawn are 
divided by the point B, shall be equal to one an- 
other. | 
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For, let PBQ be any of the lines so drawn 
through B; join A, P and A, Q: And because 
p.) AQB is a semi-circle, .. (E. 31. 3.) the 
4 AQP is a right 2, as is, also, (Ayp.) the < 
ACP; .. (S. 29. 1. cor. 2.) a circle described 
upon AP as a diameter, will pass through Q and 
C; .. (E. 35. 3.) PB x BQ— AB x BC; and, 
in the same manner, it may be shewn that the 
rectangle contained by the segments of any other 
straight line, so drawn through B, B, is equal to 


‘AB x BC, and, .., equal also to PBX BQ. All 
such rectangles a are, ., equal to one another. 

84. Cor. Hence, through a given point, (B) 
between an indefinite straight line (XY) and a line 
of any kind (VW), in the same plane with it, a 
straight line may be drawn to meet the two given 
lines, so that the rectangle, contained by the seg- 
ments into which it is divided by the given point, 
shall be equal to a given square. 
| For draw (E. 12. 1.) BC n to XY, and produce 


O 
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CB (S. 67. 3.) to A, so that CB X BÀ may be 
equal to the given square; upon AB, as a diameter, 
describe the circle ABQ,* cutting VW in Q; lastly, 
. draw QB, and produce it to meet XY in P: Then 
since. (S. 69. 3.) PB Xx BQ— CB X BA, and that 
(constr.) CB x BA is equal to the given square; 
~. PB X BQ is, also, equal to the given square. 


Prop. LXX. 


85. PnoBLEM. From the obtuse angle of an obtuse- 
angled triangle, to draw a straight line to the base, 

. the square of which shall be equal to the rectangle 
contained by the segments, snto which 1t divides 
the base. 


Let BAC be an obtuse- angled A, obtuse- 


angled at A: It is required to draw from A to 


* Ifthe circumference of the circle ABQ do not.cut VW, the 
problem admits not of a solution. 
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' BC a straight line, the square of which shall be 
equal to the rectangle of the segments into which 
it divides BC. 

About BAC describe (S. 5. 1. cor.) a circle 
ABEC, and take its centre K ; join K, A; upon 
KA, as a diameter, describe the circle ADK cut- 
ting BC in D; join A, D: Then AD' = BD x 

For produce AD to meet the circumference in 
E, and join K, D: And since (constr.) ADK isa 
semi-circle ; .. (E. 31. 9.) the 2 ADK is a right 
L5 .. (E..9. 3.) AD = DE; but (E. $5. 3.) 
SD x DC = AD x DE; . BD x DC = AD". 

86. Cor. A segment of a circle being given, 
that is less than a semi-circle, the method of draw- 
ing, from any point of its circumference, a chord 
of tbe circle, that shall be bisected by the chord 
of the segment, 3s shewn in the solution of the 
above problem. 


Pror. LXXI. 


87. ProsLEM. To make a rectangle which shall be 
equal to a given square, and shall have its two 
adjacent sides, together, equal to a given straight 
line ; the side of the given square being less than 
the half of the given straight line. | 


Let AC bea given straight line: It is required 
to make a rectangle, which shall be equal to a 
m o 2 
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sien square, and which shall have its twó adja- 
- cent sides, s, together, equal to AC. 

Upon AC, as a diameter, describe the circle 
ABC; from C draw (E. 11. 1.) CG 1 to AC, and 
make CG equal to the side of the given square ; 
through G draw (E. $1.1.) GF parallel to AC, 
and through F draw FDE parallel to CG: The 
, rectangle AD X DC is equal to the given square. 

For (constr.) DCGF is a ; .. (E. 34 1.) DE 
CG, and.. (constr.) DF = the side of the given 
square: Again, because (constr.) DF is parallel to 
CG, and the 2 ACG is a right 7, .. (E. 29.1.) 


the 2 CDF is, also, a right 7; and (constr.) ADC 
is the diameter of the circle ABC; .. (E. 8. 3.) 
DFzDE; but(E. 35, 3.) AD x DC = DF x DE; 
i. e., since DF = DE, AD x DC =DF or CG’; 

. AD PC is equal to the given square, and 
AD together with DC make up the given — 
line AC. 
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. 88. Cor: 1. If the side of the given square be 
greater than the half of the given straight line, the 
problem admits of no solution. 

89. Cor. 2. In the same manner, the greater 
- side of a given oblong may be divided into two 
parts, so that the rectangle contained by them 
shall be equal to the given oblong, a square having . 
first (E. 14. 2.) been found that is equal to the 
oblong: But, in this case, the half the greater 
side of the oblong must exceed the double of the 
lesser side. 

90. Cor. 3. In the same manner, also, a straight 
line may be divided into two parts, so that the 
rectangle contained by them, shall be equal to 
a given rectangle ; ; if the side of a square which 
is equal to the given rectangle, do not exceed the 
half of the given straight line. 

91. Con. 4. If the measure of the surface of 
an oblong be given, and if its perimeter be also 
given, the . itself may hence be con- 
structed. 


Peor. LXXII. 


92. THEOREM. If froma given point without a circle, 
two equal straight lines be drawn to the conver 
circumference, one of which touches the circle, the 
other shall also touch it. 


For, if not, draw (E. 17. 3.) from the given 
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point a straight: line to touch the circle, and (S. 
19. 3. cor. 1.) it will be equal to the other tan- | 
gent; and thus more than two equal straight lines 
can be drawn from a point, without a circle, to 
the circumference ; which (E. 8. 8.) is absurd; 
the straight line which is drawn from the same 
point, without the circle, as the tangent, and 
which is equal to the tangent itself also touches 
the circle. 


Pror. LXXIII. 


93. PRoBLEM. To produce a given straight line, 
so that the rectangle contained by the whole line 
thus produced, and the part of it produced, shall 
be equal to a given square. 


Let AB be a given straight line, and L the side 
D 


of a given square : It is required to produce AB 
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so that the rectangle, contained under the whole 
line produced, and the part of it produced, may 
be equal to the square of L. 

Bisect (E. 10.1.) AB in K, and upon AB, as a 
diameter, describe the circle ABC; from B draw 
(E. 11. 1.) BD 1 to AB, and make BD =L; join 
K, D, and let KD cut the circumference in C; from 
C draw CE I to KC, and let CE meet AB pro- 
duced in E. Then since (constr. and E. 16. 3. cor.) 
CE touches the circle, and EBA cuts it, (E. 
36. 3.) AE X EB = EC ; but, since the 7 KBD, 
KCE are right ø, and the 7 at K is common to 
the two A KBD, KCE, and that (E. 15. def. 1.) 
the side KD = the side KC, . (E:26.1.) EC 
BD; but (constr.) BD—L ; and it has been shewn 
that AE x EB = EC ; js AE X EB= the square 
of L. 

94. Cor. By the help of this proposition and 
(E. 14. 2.), a given straight line may be produced, 
so that the rectangle contained by the whole line 
thus produced, and thé part of it produced, shall : 
be equal to a given rectilineal figure. 


* 


Pror, LXXIV. 


95. Tuzorem. If, from the bisection of any given 
arch of a circle, a straight line be drawn cutting 
the chord of that arch, or the chord produced, and 
the circumference also of the circle, the rectangle 
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contained by the two parts of the straight line so 
drawn, the one lying between the point of bisec- 
tion and the circumference, the other between the 
point of bisection and the chord, shall be equal to 
the square of the chord, of half the arch. 


Let AB be the chord and let C be the bisec- 


C 


| tion, of the arch ACB of the circle ADBC ; and, 
first, let any straight line CD be drawn cutting the 
chord in E, and then meeting the circumference 


of the circle in D; also let there be drawn CB, 


the chord of CB, the half of AcB: Then DCX 
CE- CB’: i 

For join C, A and B, D, and about the A DBE 
describe (S. 5. I. cor.) the circle DEB: And be- 


8 o — 
cause (p.) AC=CB, .. (E. 27. 3.) the 2 ABC = 
4 CAB; and (E. 21. 3.) the Z CAB =z CDB, 
*, the 4 ABC = Z BDE; .. (S. 59. 3.) the straight 
line CB touches the circle DEB in B; .. (E. 86. 


3.) BC CEzCB.. 
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Prop. LXXV. 


96. PROBLEM. From the bisection of a given arch 
of a circle, to draw a straight line, such that the 
part of it intercepted between the chord, or the 
chord produced, of the given arch and the circum- 
ference, shall be equal to a given straight line. 


Let ACB be a given arch of the circle ADBC ; 


let AB be its chord, and C its bisection, and let 
LM be a given straight line: It is required to 
draw from C a straight line such that the part of 
it between AB, and the circumference ADB shall 
be equal to LM. 

Join C, B; and produce (S. 73. 3.) LM to N, 
so that LNX NM = CB'; from C as a centre, at 
a distance equal to LN, describe a circle tutting 
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ADB i inD; join C, C, D, and let CD cut AB in E: 
Then is ED = LM. 

For (S. 74. 3.) DC x CE= CB; and (constr.) 

LNXNM-CB;.DCXCE-LNXNM; 

but (constr.) DC = LN; .. CE = NM; and 

ED= LM. 


Prop. LXXVI. 


Si. PnosLEM. Through any given angle of a given 
equilateral four-sided figure, to draw a straight 
line terminated by the sides produced, containing 
the angle opposite to the given angle, which shall 
be equal to a given straight line. 


Let ABCD be a given equilateral rhombus, and 


EF a given straight line: Through any of the an- 
gular points of ABCD, as C, it is required to draw. 
a straight line, terminated by AB and AD pro- 
duced, which shall be equal to EF. 
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Join A, C; upon EF describe (E. 33.3.) a seg- - 
ment of a circle EKF, capable of containing an 
4 equal to the z BAD of the rhombus, and 


complete the circle ; bisect (E. 30. 3.) £GF in G; : 
from G draw (S. 75. 3.) GHK so that HK AC; 
join E, K; in AB produced, take (E. 3.1.) AL = © 
KE; join L C, and produce LC to meet AD pro- 
| diced i in M: Then LM = EF. 

For join K, F, and G, E, and G, F: And be- 
cause (E. 32. def. 1.) BA, AC are equal to DA, 
AC, each to each, and that the base BC, of the 
‘A ABC, is equal to the base DC, of the A ADC, 
. (E. 8. 1.) the BAC = DAC, and the 
BAC is, ., a half of EN 4 BAD: Again, be- 


cause (constr.) EG = FG, . (E. 27. 3.) the z 

EKG = 2 FKG, andthe <z EKG i is, .., the half 
of the 4 EKF, which (constr.) is equal to the 
BAD; ~. the EKH =< LAC; and (constr.) 
the two sides EK, KH of the A EKH, are — 
to the two sides LA, AC, of the A LAC; oie 

4. 1.) LC-EH, and the ACL KHE; 

(E. 13. 1.) the z KHF = ACM; also, as hath 
been shewn, the z CAM HKF, and the side 
KH (constr.) of the A KHF is equal to the side 
AC of the A ACM; .. (E. 26. 1.) CM = HF; 
and it has been proved that LC EH; .. LC + 

CM=EH+HF; that is, LM = EF. 
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Pror. LX XVII. 


98. 'THEoREM. Jf two circles cut each other, and 

(from any point, in the straight. line produced, 

which joins their intersections, two tangents be 

- drawn, one to each circle, they shall be equal to 
one another. | 


| Let the two circles ACB, ADB, cut one another 


in the points A and B, and from any point E in 
AB, produced, let there. be drawn EC and ED 
touching the circles ACB, ADB, in the points C 
and D respectively: EC— ED. 

For (E. 36. 3.) EC BE X EA; also ED. — 
BE X EA; . EC — ED' ; and . EC = ED. 

99. Com. The straight line AB which passes 
through the intersections of two circles ACB, 
ADB, that cut one another, bisects the straight 
line HL, which touches both the circles. 
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/ 


Pror. LXXVIII. 


100. Tueorem. If two circles cut each other, and 
if two tangents drawn, one to each circle, from 
any point without them, be equal, the straight line, 
joining the intersections of the circles, shall, tf it, 
be produced, pass through the common extremsty ` 
of the equal tangents. | 


Let the two circles ACB, ADB, cut one an- 
: | 


; G 
other in A and B, and from any point E, without 
the circles, let there be drawn EC touching the 
circle ACB, and ED touching the circle ADB: * 
If EC = ED, the points E, A, and B, are in the 
same straight line. | 
For join E, A; then shall EA produced ‘pass. 
through B; if not, let it pass otherwise, as EAFG: 
Then (E. 36. 3.) FEXEA = EC ; also GE x EA 


i 
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= = ED’; and (hyp.) EC’ = ED ; . FEX EA = 
E x EA; FE=GE; i. e. the less of two 
straight lines is equal to the greater, which is im- 
possible; EA, produced, cannot pass otherwise 
than through B; so that the three points E, A, 
and B are in the same straight line. 


Pror. LX XIX. 


101. PRosLEM. Two circles being given, neither of 
which lies within the other, to draw a straight line, 
such ihat the tangents to the two circles, drawn 
From any, point of the line, shall be equal to one 
another. 


Let ABC, DEF, be two given circles, neither 


of which lies within the other: It is required to 
draw a straight line, such that the tangents to the 
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two circles, drawn from any point of the line, 
shall be equal to one another. 

Find (E. 1. 3.) the centres K and L, of the two 
given circles, and draw KL; draw (S. 52. 3.) BF 
touching the two circles, on the same side, in B 
and F; bisect (E. 18. 1.) BF in G; and through 
draw (E. 12. 1.) XY 1 to KL: The tangents 
drawn to the two circles ABC, DEF, from any 
point in XY are equal to one another. 

For take any point P in XY, and draw (E. 17. 
3.) from P the straight lines PA and PD, touching 
the circles in A and D respectively; and draw 

And because (constr.) the 4 at H are right 4; 
. (E. 47. 1.) PK + LG’ = PH’ + HK LH" 4- 
HG ; and PL’ + KG" = the same four squares; 
. PK «LG = PL’ + KG’; but (constr. and E. 

. 18. 3.) the Z PAK, KBG, GFL, and LDP, are 
right 4; . (E. 47. 1.) PK’ LG PA + AK* 
+LF FG; md PL + KG PB + LF +: 
AK + GF’, because (constr.) GFB; and DL 
LF, and KB RA; ~. PA'+ AK'+ LF + FG. 
—PD' + LF’ + AK TFG); take away, ., from 
both, the squares of AK, of LF and of FG, and there 
remains PA —PD ; .. PA—PD. 

102. Cor. 1. The difference of the squares of 
the distances of any point P.in the line XY so 
drawn, from the centres K and L, of the two given 
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circles, is equal to the difference of the squares of 
the two semi-diameters of the circles. 

103. Con. 2. If from any point P in the straight 
line XY, so drawn, any two straight lines be 
drawn, PCM, PEN, the one of them cutting the 
one of the given circles, the other the other, the 
rectangles, MP x PC, NP x PE, contained by 
the whole linés and the parts of them without the 
circles, shall be equal to one another. 

For draw (E. 17. 8.) from P, PA touching the 
circle ABC, and PD touching the circle ADE: 
Then (E. 36.3.) MP X PC PA; and NP x PE 
PD'; but (S. 79. 8.) PA = PD';..MPxPC 


Pror. LXXX. 


104. PRoBLEM. To find a point from which if 
straight lines be drawn to touch three given circles, 
none of which lies within another, the tangents so 
drawn shall be equal to one another. i 


Draw (S. 79. 3.) the straight line which is the 
locus of equal tangents drawn to two of these 
given circles; draw likewise, the straight line, 
which is the /ocus of equal tangents drawn to the 
remaining circle and to either of the two circles 
first taken: It is manifest that the intersection of 
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the two straight lines, so drawn, will be the point 
which was to be found. 

105. Con. If from the point, thus found, any 
number of straight lines be drawn cutting the 
three given circles, the rectangles contained by 
the whole lines, so drawn, and the parts of them 
without the circles, shall (E. 36. 3. and S. 80. 3.) 
be equal to one another. 


Prop. LX XXI. 
106. PnoBLEM. To divide a given straight line in- 
lo two parts, so that the square of the one shall be 


equal to the rectangle contained by the other and 
a given straight line. 


Let AB and L be two given finite straight 


D A 


L 


lines: It is required to divide AB into two parts, 
so that the square of the one shall be equal to the 
, P 
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rectangle contained by the other and by the gives 
line L. 

From B draw (E.11.1.) BC 4 to AB; make 
BC = L, and (E. $1. I.) complete the c3 ABCD; 
produce (S. 78. 8. cor.) CB to E, so that CE x EB 
may be equal to AB X L; lastly upon BE describe 
(E. 46. 1.) the square EFGB: Then, ÁB is di- 
vided in G, so BG* = AG xT. | 

. For produce FG to H; then (constr.) the rect- 
angle CE x EB, = AB x L; but CF is the rect- 
angle CE X EB, because EF = EB; and CA is 
the ec AB x L, because CB was made 
equal to L; .. the rectangle CF = CA; take 


away the common part CG, and there remains 
BF- HA; and BF is the square of BG, and HA 


-AG X L, because (constr. and E. 24.1.) AD= 
BC, which was made equal to L. 


Pror. LX XXII. 

107. Tueorem. Jf a given circle be cut by any 
number of circles, which all pass through the same 
two given points without the given circle, the 

straight lines, joining the points of each of these 
intersections, are either all parallel, or all meet 
when produced in the same point. 


Let CDF be a given circle; and, first, let the 


PN 


ELEMENTS OF EUCLID. 211 


points A and B, cut the circle CDF in C and D; 
let the straight line joining C, D, be parallel to AB; 
then shall the straight line joining the points, in 
which any other circle that passes through, A, 
B, cuts the circle CDF, be parallel to AB and 
CD. . - 

For, find (E. 1. $.) the centre K of the circle 
CDF, and from K draw (E. 12. 1.) KEX 1 to CD; 
.. (E. 8. 3.) KX bisects CD at right L; . (E. i. 
3. cor.) the centre of the circle ACDB is in KX, 
which (hyp. and E. 29. 1.) cuts AB at right A, 
and .. bisects it; the centres, .., of all the circles 
that pass through A and B are (S. 8. 1. cor. 3.) in 
KX; .. (S. 1. 3.) KX cuts all the straight lines, 
which join the intersections of these circles, with 
the given circle CDF, at right 4 ; .. (E. 28. 1.) the 

|. P2 
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straight lines joining the several pairs of intersec- 
tions are parallel to one another and to AB. 

But, secondly, let the circle GLMH, which 
. passes through the two given points G, H, cut the 
. given circle CDF in L and M ; and let the straight 
line joining L and M be not parallel to AB; pro- 
duce, ., LM to meet GH produced in N; and let 
any other circle GIFH, passing through G and 
H, cut the circle CDF in I and F; then are the 
points I, F and N in the same straight line. 

For join N, F, and if NF, produced, do 
not pass through I, let it, if it be possible, 
pass otherwise, as NFPQ: Then (E. 36. 3. 
cor) PN x NF = GN X NH; also QN X NF— 
LN x NM, and LN X NM = GN x NH; . QN 
l x NF—GN X NH; also PN X NF—GN X 
NH; SQNXNF-PN x NF; .. M = PN; 
that is the less is equal to the greater, which is 
impossible; .. NF, when produced, cannot pass 
otherwise than through the point I, so that the 


three points I, F and N are in the same straight 


line. 


Pror. LXXXIII. 


108. Tueorem. If a perpendicular be let fall 
Jrom the right angle, of a right-angled triangle, 
on the hypotenuse, the rectangle contained by the 
hypotenuse and etther of the segments, into which 


bs 
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it is divided by the perpendicular, is equal to the 
3quare of the side adjacent to that segment. 


Let the 4 BAC, of the A ABC, be a right angle, 


and from A let AD be drawn l to the 1e hypote- 
nuse BC: Then CB x BD— AB , and BC x CD 
= AC. 

For if upon AC, as a diameter, a circle be de- 
scribed, it will pass (S. 29. 1. cor. 2.) through the 
point D, because (p.) the 2 ADC is a right z; 
and (E. 16. 3. cor.) it will touch AB in A, because 
the 2 CAB isa right ; .. (E. 36. rn CB x BD 
—AB. 

And, in the same manner, it may be een 


that BC x CD = AC. 


Pror. LXX XIV. 


109. THroreM. To drawa tangent i to a circle, such, 

` that the part ofi it intercepted between two straight 
lines, given in position, but of indefinite length, 
Shall be equal to a given finite straight line : 
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1st, When the indefinite straight lines both pass 
through the centre of the circle. 


2dly, When they are parallel to one another. 


9dly, When they are not parallel, but are equi- 
. distant from the centre. 


Let AB be a given circle, and CD a given 


straight line; and first let KQ and KR be two 
given straight lines, of indefinite length, passing 
through the centre K of the circle: It is required 
to draw a straight line, touching the circle AB, 
so that the part of it intercepted between KQ and 
KR, shall be equal to CD. 

Upon CD describe (S. 61. 3.) a A CED, having 
its vertical 2 CED equal to the given Z QKR, 
and its altitude EH = KB, the semi-diameter of 


the given circle; from KQ cut off KF — EC; 
and from F draw (E. 17. 3.) the tangent FBG to the 
given cizcle: Then, the tangent FG = CD. 
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For let FG touch the circle in B, and join K, B: 
And since (E. 18. 3.) the 4 KBF is a right 2, as 
is also (constr.) the 4 EHC, and that (consir.) 
EC zz KF, and EH = KB, .. (S. 78. 1.) the £ 
ECH = ^ KFB; but (constr.) the 2 CED = Z 
‘FKG; and the side EC of the A ECD, is equal 
to the side KF, of the A KFG; .. (E. 26.1.) 
FG = CD. 

Secondly, let AB be the given circle, and PQ, 


RS, two indefinite but parallel straight lines: It 
is required to draw a tangent to the circle AB, 
such that the part of it intercepted between PQ 
and RS shall be equal to the given straight line 

Take any point E in either of the two parallel 
straight lines, as PQ, and from the centre E, at a 


distance equal to CD, describe a circle cutting RS 
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in F; join E, F; ~. EF = CD; lastly, draw (S. 
8. 3:) the straight line GH, touching the circle 
AB, and parallel to EF; since, ., EGHF is a , 
.GH (E 34.1.) = EF; and EF was made equal to 
CD; .. the tangent GH 2 CD. 

| Thirdly, let the two indefinite straight lines PQ, 


PR, whiclr meet in P, be equi-distant from the 
centre K, of the circle AB: It is required to draw 
a straight line touching the circle AB, so that the 
part of it intercepted between PQ and PR shall 
be equal to the given straight line CD. 
Join P, K ; upon CD describe (E. 83. 3.) a seg- 

ment of a circle CED, capable of containing an 
Z equal to the given Z QPR, and complete the 
circle CEDG; from D draw (E. 11. 1.) DH | to 


. CD, and make DH — KB the semi-diameter of 


the given circle AB ; through H draw (E. 31. 1.) 
HIT parallel to BC; bisect ( E. 30. 8.) fer in G; 
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from G draw (S. 75. 3.) GLE, so that LE = KP; 
join E, C and E, D; from PQ cut off PM — EC; 
and from M draw (E. 17.3.) MBN touching the 
circle in B: The tangent MN = CD. 

For join C, L, and D, L, and K, M, and K,N, and 
K, B; and draw (E. 12. 1.) LT 1 to CD; . LTDH 
is a C3, and (E. $4.1.) LT=HD; and HD (constr.) 
SRB; . LT RB: Again, because (constr. and 


S. 35. 3.) C= DG, ~. (E. 27. 3.) the 2 CEG 
= 2 DEG; . the 2 CEL is the half ofthe z CED; 
and because (hyp.) PQ and PR are equi-distant 
from the centre K of the circle AB, . the Z QPK, 
or MPK, is the half of the 2 QPR, which (constr.) 
Is equal to the 2 CED; .. the 2 MPK = 4 CEL, 
and the two sides MP, PK, of the A PKM, are 
equal (constr.) to the two sides CE, EL of the A 
_ELC, each to each; .. (E. 4. 1.) KM —LC, and 
the ^ PMK, = z ECL; and because in the two 
| right-angled A KBM, LTC, KM LC, and KB= 
LT, .. (S. 74. I.) the 2 KMB = 4 LCT; and it has 
been: shewn that the 2 PMK = 4 ECL; . the 
whole ^ PMN is equal to the whole Z ECD; also | 
(constr.) the 2 MPN = z CED, and the side PM, 

of the A PMN, is equal to the side EC, of the A 


ECD; .. (E. 26.1.) MN CP. 
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Prop. LXXXV. 


110. TuronEsM. {f from the intersection qf any two 
tangents to a circle, any straight line be drawn, 
cutting the chord which joins the two points of cons 
tact and again meeting the circumference, it shall 

Bie divided by the circumference and the chord into 

three segments, such, that the rectangle contained 

-by the whole line and the middie part, shall be 

equal to the — contained by. the extreme 
parts. 


From the intersection A of two straight lines 
A 


R 


AB and AC which touch the eircle BCR in the 
points B and C, let there be drawn any straight 
line APR, cutting the circumference of the circle 
in P and R, and BC in Q: Then AR X PQ— 
AP x QR. 
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For since (S. 19. 9. cor. 1.) AB AC, the A ABC - 
is isosceles, and ., (S. 3. 2.) AQ’ + BQ x QC = 
| AB’; and (E. 35. 3.) BO C= PQ x QR ; 
also (E. 36. 3.) AB — AP X AR: 

^ AQ + PQX QR — AP X AR; 

i.e. (E.1.2. AQ xX AP + AQ x PQ+ PAX 

: QR=APx AQ + AP X QR; 
From these equals take away the common rectan- 
gle AQ X AP, and there remains ÀQ X PQ 4- 
QR x PQ= AP x QR; | 
i. e. (E. 1.2.) ARX PQ— AP X QR. 


Pror. LXX XVI. 


111. PRosLEM. To make a rectangle which shall 
be equal to a given square, and have the difference . 
between its two adjacent sides equal to a given 
straight line. 


Let AC be the side of a given square, and let L 
be a given finite straight line: It is required to 
describe a rectangle which shall be equal to the 
square of AC, and shalt have the difference between 
its two adjacent sides equal to L. 

Describe any circle CBGF capable of contain- 
ing a straight line equal to L, and having its centre 
in a 1 to AC at the point C; the circle CBGF is, 
*. (E. 16. 3.) touched by AC in C; from the cen- 
tre C, at a distance — L, describe a circle cutting 
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A 


L 


the circumference of CBGF in B, and draw CB; 
^. CB =L; from the centre of K of the circle 
CBGF, draw (E. 12; 1.) KD 1 to BC; and from 
K, as a centre, àt the distance KD, describe the 
circle DEH, which .., (E. 16. 3.) touches BC in 
D; lastly, from A draw (E. 17. 3.) a straight line 

AFG touching the circle DEH in E, and let AG 
cut the circumference of CBFG in F and G: 
Then is the rectangle contained by GA and AF 
that which was to be described. 

For join K, E; .. (constr. and E. 18. 3.) the z 
at E are right 45 ~ . GF, which is the difference 
of GA and AF, is (E. 14. 3.) 5.) equal to BC, which 

was made equal to L; „ GF =L; Also, since 
AC touches the circle CBGF, „ (E. $6. 3.) GA 
x AF=AC. | 

112. Cox. Hence, and from E. 14. 2. a fect- 

angle may be found which shall be equal to a 
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given rectangle, and which shall have the differ- 
ence between its two adjacent sides equal to a 
given straight line. | 


Pror. LXXXVII. 


11$. PRoHLEM. From a given point without a circle, 
to draw a straight line cutting the circle, so that 
the rectangle contained by the part of it without, 
and the part within, the circle, shall be equal to a 
given square. 


Let ABC be a given circle, D-a given point 
. ; | 


asap 9 "e. 


D 


without the circle, and L a given finite straight 
line: It is required to draw, from D, a straight 
line cutting the circle ABC, so that the rectangle 
- contained by the part of it without, and the part 
of it within, the circle, shall be equal to the square 
of L. "E | 
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Find (E. 1. 3.) the centre K of the circle ABC; 
take any diameter AKB, and produce it (S. 67. 8.) 
to E, so that AB X BE =the square of L; from 
the centre K, at the distance KE, describe the 
circle EFG ; from D draw (E. 17.3.) the straight 
line DF touching the circle EFG in F; join K, F, 
and let KF cut the circumference of ABC in C; 
lastly, draw DC, and produce it to meet the cir- 
cumference of ABC again in M: Then shall 
DCX CM be equal to the square of L. 

For, produce CK to meet the circumference of 
ABC again in H; then (E. 15. def. 1.) HC= AB, 
and CF— BE; . HC x CF = AB x BE; but 
(S. 69. 5.) DC X CM = HC x CF, and (constr.) 
AB x BE =the square of L;. DCX CM = 
the square of L. : 


Prop. LXXXVIII. 


114. Prosrem. To describe a circle which shall 
touch a given straight line, and pass through two 

given points, both on the same side of the given 
line, and in the same plane with it. 


Let CD be a given straight line, and A, B, two 
given points without it, both on the same side of 
CD; it is required to draw a circle through A 
and B, which shall touch CD. 

Join A, B; and first, let AB be parallel toCD:. 
Bisect (E.10.1.) AB in L; though L draw (E. 


- 
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„ - o ae Cc P H D. 
11, 1.) LH perpendicular to AB or CD; join A, . 


Hz; at the point A, in HA, make (E. 23. 1.) the 


angle HAK equal to the angle AHK, and join 
K, B; then (E, 6. 1.) KH is equal to KA, and 
E. 4. 1.) KA is equal to KB; from the centre K, 
at the distance KA, or KB, or KH, describe the 
circle AHB ; it shall pass through the three points 
A, H, and B, and (E. 16. 3. cor.) shall touch CD 
in H. | | 

But if AB be not parallel to CD, let AB, pro- 


„ CFAA D X 
duced, meet CD in the point D. Upon AB asa 


diameter describe the. circle ABE, and from D 


draw (E. 1T. 9.) the straight line DE touching it 
in E; from DC cut off DH (E. 3. 1.) equal to 
DE, and describe (E. 5. 4.) the circle AHB pass- 
ing through the three points A, H, and D. The 
circle AHB, which passes through A and B, 
touches CD in H. 
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For (E. 36. 3.) the rectangle contained by AD 
and DB is equal to the square of DE, and, there- 
fore, is equal also to the square of DH, because 
DH was made equal to DE; wherefore (E. 37. 3.) 
the circle AHB tóuches CD i in H. ! 

115. Cor.. AB subtends a greater angle at the 
point H, in the straight line CD, than at any 
other point whatever in CD. 

For, let P be any other point in CD; P is with- 
out the circle AHB; join A, P, and B, P; let BP 
cut the circle in Q; also join A, Q. The angle 
AHB is equal (E. 21. 3.) to the angle AQB; but. 
the exterior angle AQB is greater (E. 16. 1.) than 
the interior opposite ahgle APB; wherefore, also, 
AHB is greater than APB. ~ 


Pror. LXXXIX. 


116. PROBLEM. To describe a circle which shall 
have its centre in a given straight line, which 

' Shall pass through a given point, and shall, also, 
"touch another groen straight line. 


Let A be a given point, between two given 
straight lines ; and first let the two given straight 
lines PQ, RS, between which A is posited, be 
parallel to one another: It is required to describe 
a circle, which shall have its centre in RS, which 
shall pass through the given point A, and touch 


PQ. 


f 
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. Through A draw (E. 12. 1.) BAC 1 to PQ; 
from A, as a centre, at a distance equal to CB, 
describe a circle, and let it cut RS in K ; from K 
draw KE (E. 31. 1.) parallel to CB; .. the figure 
EC is a C3, and, .. (E. 24. 1. and E. 29. 1.) KT 
CB, and the 2 KEB is a right angle; also, since 
(constr.) KA = CB, and that CB, as hath been 
. shewn, is equal to KE, . KE= KA; and. 
‘circle described from K as a centre, at the di- 
stance KE, will pass through E and A; and, 
because the 2 KEB is a right z , it * (E. 16. * N K 
touch PQ in E. 

Secondly, let K be a given point in the given 
straight line RQ which meets another given 
straight line PQ in Q; and let it be required to 
describe a circle which, having its centre in RQ, 
shall pass through K, and which shall touch PQ. 

From K draw (E. 12. I.). KC- 1 to PQ; ‘bisect 

Q 
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(E.9.1.) the 4 CKQ by KB, and from B draw 
(E. 11. 1.) BE | to PQ; *. (E. 28. 1.) BE is 
parallel to CK; .. (E. 29. 1.) the 2 CKB=z 
KFB; but (constr.) the 2 EKB= z CKB; - 
the z EKB = z KBE; ~. (E. 6. I.) EK — EB; 
and .. a circle described from the centre E, at 
the distance EK, will pass through B, and (E. 
16. 3.) touch PQ in B, because (constr.) the Z 
EBQ is a right angle. r 

Lastly, let the given point A be between two 


given straight lines PQ and RQ which meet in Q; 
and let it be required to describe a circle which . 
shall have its centre in RQ, which shall pm 
through A, and touch PQ. 

. From A draw md 12. 1.) AN L to RQ, and 
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produce ÀN to. I, so that NI = NA; describe 
(S. 88. 3.) a circle which shall pass through A and 
I and touch PQ; and since RQ bisects AI 
right 4, the centre of the circle will n I. 9. 
cor.) be in RQ. 


Prop. XC. 


117. Promem. To describe a circle which shall 
touch two given straight. lines, and pass through 
a given point between them. 


N 


Let A be a given point, between two given 


straight lines PQ, TV, and, first, let PQ bë parallel 
Q2 
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to TV : It is required to: describe a circle, which 
shall pass through A and touch both PQ and TV. 
Through A draw (E. 12. 1.) BAD 1 to PQ, 
and therefore (E. 29.1.) also | to TV; bisect 
(E. 10. 1.) BD in C, and through C draw (E. 31. 
1.) RCS parallel to PQ, and .. (E. 30. 1.) also 
parallel to TV; lastly, describe (S. 90. 3.) a cir- 
cle which shall pass through A and touch PQ: It 
will also, since its semi- diameter is equal to CB or 
CD, touch TV. | = 


. Secondly, let the given point A be between two 
given straight lines TQ, and PQ, which meet 


in Q: Bisect (E. 9. 1.) the 2 TQP by RQ, and. 
since (E. 26.1.) the perpendicular distances of 
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any point in RQ, from TQ, and PQ, are equal to 
one another, it is manifest, that, if (S. 89. 3.) a 
circle be described having its centre in RQ, pass- 
ing through A, and touching either of the two 
lines TQ, PQ, it will touch the other also. 


\ 


Prop. XCI. 


118. PROBLEM. To describe a circle which shall 
touch two given straight lines, and also touch a 
. given circle, which does not lie wholly without the 
(wo given straight lines. 


Let PBand TD be two given straight lines, 


22 


LN 


and let HG be a circle, which does not lie 
wholly without PB and TD: It.is required . to 
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describe a circle which shall touch both PB and . 


TD, and which shall also touch the circle GH. 
Find (E. 1. 3.) the centre L of the circle GH; 
from D draw (E. 11. 1.) DX I to TD and make 
it equal to tbe semi-diameter of HG; through X 
draw (E. 31. 1.) XW parallel to TD ; also, as in 


8. 90. 3. draw RK, equi-distant from PB and TD; 


describe (S. 89. 3.) a circle which shall have 
its centre in RK, which shall pass through L, and 
touch WX ; let K be the centre of the circle, so 
described, and let'it touch WX in X ; join K, M 
and K, L ; and let KM and KL cut TD, and the 
circumference of GH, F and G, respectively: 
Then, since (E. 18. 8.) the 2 KMW is a right L, 


P d 


\ 
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and that (constr.) WX is parallel to TD, „+ the 
.£ KFT is also a right 7 ; and, because (eonstr.) | 
MD is a U, (E. $4. 1.) MF — XD ; but (constr.) 
XD—LG; . MF = LG; and (constr. and E. 
15. def. I.) KM — KL; . KF—KG, and a cir- 
cle described from the centre K, at the distance 
KF, will (B. 16. 8. cor.) touch TD in F, will pass 


through G, and (S. 6. 3.) will touch the eh 
HG in G. : 


Pnor. XCIL 


119. PaosLEM. To describe a circle which shall 
touch both a given circle, and a given straight 

Ane, and which shall, also, pass, first, through a 
given point without the given circle ; and, se- 
condly, through a given point within the circle. 


Let BCH be the given circle, PQ the .given 


' straight line, and first let the given point A be 
without the circle: It is required. to describe a 
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circle which shall pass through A, and which * 
touch both PQ and the circle BCH. 

Find (E. 1. 3.) the centre K of the circle BCH, 
and draw (E. 12. 1.) the diameter BDKC 1 to 
PQ; join C, A,* and produce CA to E (S. 67. 3. 
cor.) or divide it (S. 71. . cor. 3.) so that EC x 
CA-—BC x CD; describe (S, 88. 3.) a circle 
AEF, which shall pass through A and E, and 
touch PQ: It shall also touch the circle BCH. 

For, let the circle AEF touch PQ in F; find its 
centre G; and draw the diameter FGL, which 
(constr. E. 18. 8. and E. 28. 1.) is parallel to BC; 
join, B, F, and C, F; and let CF cut the circum- 
ference of BC H in H; ; join, also, B, H and F, H 
and K, H; and let KH meet FL in G; upon BF 
as a diameter; describe the circle BDHF, which, 
because the æ BDF, BHT (constr. and E. 31. 3.) 
are right Æ, will pass (S. 29. 1. cor. 2.) through D 
and H; .. (E. 36. 3. cor.) BC x CDz FC X CH; 
but (constr.) BC X CD— EC X CA; .. FCX 
CH — EC x CA, and, ., the point H is in the 
circumference of the circle AEF; otherwise ( E. 


* If AC’ > BC x CD, then CA must be divided into two 
parts, so that the rectangle’ contained by AC and the segment 
toward C shall be equal to BC x CD. Also, in this applica- 
tion of S. 67. 3, CA must first be produced, so that the rectangle 
contained by CA and the part produced, shall be of the given 
magnitude ; and then from the whole line, ig must be cut off 
ae to the part produced. 
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86. 8. cor.) the greater of two rectangles would be 
equal to the less. The point is, ., common to 
both the circles AEF, BCH. 

And, since (constr.) FL is parallel to BC, . 
(E. 29. 1.) the  GFH = ^ HCB; but, since 
(constr. and E. 31. 3.) the 2 BHC isa right 4, 
the 2 HCB+ Z CBH=(E. 32. 1.) a right ; . the 

LGFH + 2 KBH = aright ; that is (E. 15. 
` def.1. and E. 5.1.) the 2GFH + 2 KHB= a 
right 2; and (constr. and E. $1. 3.) the ^ BHF 
isarightz; . (E. 13. I.) the2 KHB + zGHF= 
a right ; .., the Z GFH ZZ GHF, and (E. 6. 
1. GF = GH: But G is in the diameter of the 
circle AEF; .. (E. 7. 3.) G is the centre of the 
circle AEF, which .. (S. 6. 3.) touches the circle 
BCH in l. . 

And, in a similar manner, the problem may be 
solved, when it admits of a solution, if the given 
point be within the given circle: It is manifest, 
however, that, in this latter case, the given straight 
line which is to be touched cannot lie wholly 
without the given circle. 


Pror. XCIII. 


120. PROBLEM. Zn a straight line of indefinite 
length, but given in position, which culs a given 
circle, to find a point, from which if a straight 
line be drawn to touch the circle, it shali be equal 
to a given finite straight line. 
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Let LM be a given finite straight line, PAB a 


straight line given in position, but indefinite in 
length, cutting the given circle ABC in A and B: 
It is required to find a point in PB, from which, 
if a tangent be drawn to the circle ABC, it shall 
‘be equal to L. 

Produce (S. 73. 3.) AB to D so that AD X DB 


LM’ ; and from the centre D, at a distance = LM, 
describe a circle cutting the circumference of the 
circle of ABC in C; draw DC; - DC— LM; 
. but (constr.) AD X DB— LM’; . AD x DB 
= DC; .. (E 37.3.) DC touches the circle 
ABC, in C; and (constr.) it is equal to LM, and 
is drawn from a point D in the given indefinite 
straight line PAB. 


7 
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| Pror. XCIV. 


121. PROBLEM. To describe a circle that shall touch 
a given straight line, and that shall also touch 
two given circles. 


Let AB and CD be the two given circles, and 


PQ a given straight line ; ‘and first, let neither of 
the two given circles lie within the other: It 
is required to describe a circle which shall 
touch both the given circles AB and CD, and 
which shall also touch PQ. 

Find (E. 1. 3.) the centres K and L of the cir- 
cles AB and CD; and if the circles be unequal, 
let CD be thë ne from any semi - diame- 
ter, as LC, of the greater, cut off CF equal to a 
semi -diameter of the less circle; from the centre 
L, at the distance LF describe the circle FG E; 


from any point P, in PQ, draw (E. 11. 1.) PR 1 
to PQ, and make PR also equal to tbe semi.di- 
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ameter of the less circle AB; through R draw 
(E. 31. 1,) RS parallel to PQ ; describe (S. 92, 3.) 
a circle KHG, passing through the point K, 
touching RS, in H, and touching the circle EGF, 
in G; let I be the centre of the circle KHG; 
join K, I, and L, I, and I, H; .. (E. 18. 3.) the 


IRR is a right C, and .. (constr. and E. 29. 1.) 


the exterior 2 IMP is, also, a right 2; and the 
figure PH isa; . (E. 34.1. MH = PR; and 
(constr.) PR — KB or DG; . . MH — KB or 
DG; .. IB, IM and ID are all equal; and (E. 16. 
8. cor. and S. 6. 3). a circle described from the 
centre I, at the distance IM, will touch PQ in M, 
the circle AB in B, and the circle CD in C. 

But if the twó circles AB, CD, be equal to one 
another, find, as before, their centres K, and L, 
and draw RS at a perpendicular distance from PQ 
equal to the semi-diameter of AB or CD: Then, 
if (S. 88. 3.) a circle be described passing through - 
K and L, and touching RS, it is evident, that its 
centre will be the centre of the circle which is 
to be described, and its semi-diameter will be 
found, as in the former case, by joining that 
centre and the centre of either of the two M" 
and given circles. 

And, in a similar manner, the problem may be 
solved, when it admits of a solution, if the two 
given circles do not lie without one another. 


% 
ELEMENTS OF EUCLID.. 23" 


Pror. XCV. ` 
122. ProsLem. To describe a circle which shall 
touch a given circle, and pass through kvo given 


points, either both without the circle, or both with- 
in it. 


Let A, B, be two given points, and CDE a given 


circles It is required to describe a circle which 
shall pass through A and B, and which shall also 
touch the circle CDE. | 

First, let the two given points, A and B, be 
without the circle CDE: And if A and B be 
equally distant from the centre of CDE, it is 
manifest (S. 6. 8.) that a circle described (S. 5. 1. 
cor.) so as to pass through the two given points, and 
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through the extremity of a diameter of the given . 
circle drawn perpendicular to the straight line 
joining those points, will touch the given circle. 
But if the points, A and B, be not equally di- 
. stant from the centre of the circle CDE, take any 
point F, without the circumference of CDE, and 
through A, B and F, describe (S. 5. 2. cor.) the 


circle AFB; draw (S. 79. 3.) HX, so that the 
straight lines which are drawn from any point of it, 
touching the two circles CDE, AGB, shall be equal 
to one another, and let BA, produced, meet HX 
in H; from H draw (E. 17. 3.) HC and HD, 
touching the circle CDE in C and D; lastly, de- 
scribe (S. 5. L. cor.) two circles, the one passing 
through B, A, and C, and the other through B, 

A, D; the circles so described shall touch the 
given circle CDE, in the points C and D, re- 
spectively. ` | 

For, from H draw (E. 17.3.) HG, touching | the 
circle AGB in.G: Then (E. 36. 3.) BH X HA= 
HG’ ; but (constr.) HG HC; ~. BH x HA = 
HC’; . (E. 37. 3.) HC touches the circle de- 
scribed through B, A and C; and (consé.) it also 
touches the circle CDE; .. (E. 8. def. 3}. the 
circle BAC which passes — A and B, touches 
the circle CDE in C. 

In the same manner it may be shewn, that the 
circle described so as to pass through A, B and 
D, touches the circle CDE in D: And by alike 
construction may the problem be solved, when 
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the two | given points are both within the given 
' circle. 


„ . Prop. XCVI. 


193. PRoBLEM. To find a point in a straight line, 
given in position, from which if two straight lines 
be drawn to two given points, without the gicen 
line, they shall have, first, their difference, and, 
secondly, their aggregate, equal fo a given * 
straight line. 


Let A, B be two given points, XY a straight. 


line of indefinite length, but given im position; 
and let C be a given finite straight line: It is re- 
quired to find a point in XY; from which if two 
straight lines be drawn to A and B, they shall 
have, first, their difference equal to C. 

From A draw (E. 11. 1.) AD + to XY; pro- 
duce AD to E, and make PE AD; from the 
centre B, at a distance equal to C, describe the 
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circle FG ; also, describe (S. 95. 3.) a circle 
EAF, which shall pass through E and A, and 
which shall touch the circle GT, in F; let K be the 
centre of the circle EAF, which centre (E. I. 3. 
cor.) is in XY: Then is K the point which was to 
be found. 

For join K, A and K, B; SUE 11. 3. or E. 12 
8.) KB passes through the point of contact F; 
and (E. 15. def. I.) KA = KF; . KB— KA= 
BF; and (constr.) BFC; .. KB KA =C. 

And, by a like construction, may a point be 
found in XY, from which if two straight lines be 
drawn, to A and B, their aggregate shall be equal 
toa given straight line. 

But, in this case, the two points A and E must 
fall within the circle described fróm the centre B, 
at a distance equal to that given line; otherwise, 
the problem is impossible. 

124. Con. 1. Let AB be (E. 10. 1.) bisected in 
I, let (E. 12. 1.) KM be drawn 1 to AB, and 
let the circumference EAF cut AB in A and R, 
and BK produced in H: Then, it is manifest, 
(constr. and E. 3. 3.) that 2IM— BR; and CE. 
$6. 3. cor.) AB X BR = HB X BF; i.e. 2AB X 
IM = HB X BF, or HF x BF + BF (E. 8. 2.) 

Let now IN be taken in IM (S. 67. 3.) so that 
2AB x IN=BF'; ., if 2AB x IN be taken 
from 2AB X IM, and if BF be taken from HEX 
BF + BF’, there will remain 2AB X NM=HF X 
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BF or 2AK X BR; ABXNM= AK BF. | 
' 125. Con. 2. There is only one pomt .K, in 
YX, from which if straight lines be. drawn to A 
and B, their quet shall be equal to the "- 
line C. 


Pror. XCVII. 
126. PROBLEM. ‘The base and the altitude of a tri- 
E > “angle being given, together with the aggregate or 


`: the differente, of the two remaining sides, to con- 
. struct the * | 


p BC be the given base of a A; and BE, drawn 


1 to BC, equal to its given altitude : It is required 
to construct. a A, which shall have BC for its 
base, its altitude equal to BE, and, first, the ag- 
gregate of its two remaining sides of a given 
length. 

Through E draw (E. 31. 1.) EF parallel to BC; 
find (S. 96. 3.) a point A from which, if Anand 


AC be drawn, their aggregate.shall be equak ta 
the giren-aggregate; if, A, B. and ‘Ay Ind 


R 
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joined, X is manifest that ABC is the A, which 
was to bedescribed.  . 

. And, in the same manner, by the help of & 
96. $., may the problem be solved if the dif. 
ference, instead of the aggregate of mil two sides 
of the A, be given. 


Prop. XCVIII. 


107, — Three points being giodh to find à a 
, fourth, from which if straight lines de drawh to 
the other three, two of them shall be equal, and 

the difference between either of these and the third 
. shall be equal to a given straight line. i 


Let A, B and L be three given points, aud M 


Zr Cin finite — line : 1 is bel to find 
a fourth point, from which, if thtee straight lings 
ba drawn to L, A, and B, two of them shall be 
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equal, and the difference between either of these 
and the third shall be equal to M. 


From L as a centre, at a distance equal to M, 

describe the circle CDE; describe (S. 95. 3.) a 
circle CAB, which shall pass through A and B, 
and which shall touch the circle CDE; and let K 
be the centre of the circle CAB: Then is K the 
point which was to be found. 

For join K, L; .., (E. 11. 3: or E. 12. 3.) KL, 
produced, passes through the point C, in which 
the two circles CDE, CAB touch one another; 
join, also, K, A and K, B; .. (E. 15. def. 1.) KA, 
KB and KC are equal to one wn ; and KI. 
KC — LC; bet (consir.) LC. KI. is equal 
to the difference between KC and M. that is, to 

the difference between K A, or KB and M. 


Pror.. XCIX. 


128. -ProsLgm. To describe d circle- that shall 
. bouch, three. gwen circles, of which tyo are egve! 
to one another. 


Let AB, CD, EF be three given circles, of 
which the two AB and CD are equal to one an- 
other: It is required to describe a circle which 
shell touch the three given circles AB, e» and 
ET, 

R 2 
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Find (E. 1. 8.) thecentres-G, H and I of the 
three giver circles; find, also, (S. 98. 3.) a point 
K, the distances of which from G and H; shall 
be equal to one another, and: shall either of them 
differ from the distance between the points K and 
I, by the semi-diameter of the given circle EF; 
if, then, GK, HK and IK be drawn, it is manifest _ 
that KB, KD, and KF, are all equal to one another, 
and, .., that a circle, BDF, described from the 
centre K at the distance KB, will pass through ` 
B, D and F, and (S. 6. 3.) will touch the circles 
AB, CD, and EF in the points B, D and F, re- 
spectively. " i 


|" Prop. C. | A 
129. PROBLEM. Te find a point,. in the. circum. 
ference of a given circle, from which if two 
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straight lines be drawn to two given points, with- 
out the circle, the chord joining the intersections. 
of the lines so, drawn and. the circumference, shall 
be parallel to the — line joining the two 
given points. 


Let CDE be a given circle, and A, B, two 


given points without it: It is required to find 3 
point in the circumference of CDE, from which if 
two straight lines be drawn to A and B, the chor 
joining their intersections with the circumference 


of CDE shall be parallel to A. 

Find (E. 1. 3.) the centre K of the circle CDE; 
find, also, (S. 98. 3.) a point L, the distances of 
which from A and B, shall be equal to one an- 
other, and shall, either of them, differ from the 
distance between L and K, by the semi-diameter 
of the given circle CDE; join L, A and L, B 
and L, K, and produce LK to meet the circum- 
ference. a CDE, in D: Then is D the pont 
which was to be found. 


For (constr.) LD is equal to LA or LB; aad 


246 A SUPPLEMENT, & c. 


a circle, ADB described from L, as a centre, 
at the distance. LA, will (S. 6. 8.) touch CDE 


in D, and will pass through B; draw DÀ and 


DB, cutting the circumference of CDE in C 
and E; join, likewise, C, E, and K, C and K, 
E: And since (constr.) the Z CKE is an Z at 
the centre, and the 2 CDE is an 4 at tbe cir- 
cumference of the circle CDE, the Z CKE is 
( E. 20. 3.) the double of the 2 CDE; in the same 
manner, it may be shewn that the 2 ALB is the 
double of the 2 ADB or CDE; . the  CKE— 
ALB; .. (E. 32. 1. aud E. 3. 1.) the æ KEC, 
LBA, at the bases of the isosceles A CKE, ALB; 
are equal to one another: Again, since (E. 15. 
def. 1.) the 2. EKD, BLD are isosceles, the Z 
KDE-ZKED, and the Z LDB or KDE=z 
LBD; . the Z KED = LZ LBD; and it has been 
shewn that the, z KEC =< LBA; ; . the whole 


CRD the whole 4 ABD; .. (E. 28. 1.) CE 
MEME 


A 


SUPPLEMENT 


TO THE 


ELEMENTS OF EUCLID. 


BOOK IV. 


Pror. I. 


1, Tuxomxx If an equilateral triangle be de- 
scribed about a given circle, the straight lines 
Joining the paints of contact shall contain another 

* equilateral triangle; and the side of the circum. 


: scribed triangle is the double of the side of the ! 


inucribed, triangle so «gptginad. 


Let ABC be a given circle: About it describe 
(E. 1. 1. and E, 3. 4.) the equilateral A. DEF, the 
sides of which touch the circle in the points A, B 
and C, respectively ; ; draw KB, BC and C: 
Then is ABC an equilateral: A, and any side, as- 
EF, of the A DEF, is the double of any side, as 
AC, of the A ABC. 

For owns E 5. 1. cor. E. 92. 1.) each of the 
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i E " Jt F 


4 D, E, F, is the third'of two right 2; . (S. 19. 1. 
E. 5. 1. E. $2. I.) each of the 4 of the a DAC, 
EAB, FBC, is the third of two right J, and they 
are all equal to one another ; .. (E. 32. 3.) the 
A ABC is equiangular ; and, - 2n (E. 6. 1. cor.) it 
is also equilateral. 

. Again; ange ith it has ped shewn that AB= AC, 


. (E, 28. 3.) "AB = ÁC; P (S. 60. 3.) DE is 
parallel to CB; and im he same manner it may 
be. shewn,. ^ - is parallel to AC, and DF 
parallel to AB; . the figures ACBE; ACFB 
i . (E. 34 I.) AC = EB; also AC = 
BF; . EB + BF, that is EF, is the double of 
AC. . | 
2. Cor. 1. If K be the centre of the circle, 
and if K, and any angular point of ‘the circum- 


MOON equilateral A, as D, be joined, DK. i is 
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bisected in G, by the arch AGC, and KG is bi- 
sected in H, by the side AC of the inscribed "qe 
lateral A. | 

For draw AG, AK, CG, CK, and produce DK 
to meet EF: Then since (S. 19. 3. cor. 1.) DA 
— DC, and (E. 15. def. i.) AK = CK, .. (S. 1. 3. 
eor.) DK and AC bisect one another at right 4 
in eis, ; and the Z ADK = 2 CDK; also ED = 

. (E. 4. 1.) DK produced bisects EF, F, and | 

9 through the point of contact B. 

d ern (E. 32. 3.) the 2 EAB = E AGB or 
AGK; and (E. 5. 1.) the 2 KAG = 2 AGK; .-. 
(E. $2.1.) the I of the A AKG are equal to the 
U of the A ABE, which in the proposition was 
shawn to be equilateral and .. equiangular; 
(E.6. 1. cor.) the A AKG is Phy ^A 
= AK; and in the same manner, it itmay be dide 
that CG = CK ;.. (S. l. 3. cor.) HG = AK; and 
it has been shewn that HD — = HB; from these 
equals take the equals HG and HK, and there. 


remains GD equal t to KB or KG;. KDI sania 
DK in G, and AC bisects KG in H.* | 

~ $. Cor. 9. A straight line which touches a 
circle, at the extremity of a diameter drawn ftom, 


* From this corollary may be derived an easy practical me- 
thod of inscribing an equilateral triangle in a given circle, and 
of describing an equilateral triangle about a given circle. 
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the point of contsct of any side of an equilateral 
A described about the circle, and, which is ter. 
minated by the two remaining sides, is the side of 
an equilateral and equiangular hexagon described 
about the circle. 

For, from the point B, in which the side EF, 
of the equilaterat 4 DEF, touches the circle 
ABC, let the diameter BG be drawe, which, ae 
hath been shewn, passen through D, and deaw 
(E. 17.1.) LM. touching the eircle in G; drew, 
also, AG and CG: Then, since. it has been proved 
(cer. I.) thet AG and CG are each of thems equal 
to the semb.diameter of the circle, .. (E. 15. 4) 
they are the sides of an equilateral aad equiangu. 
lar hexagon inacribed in the circle: And if two 
other tangents be draws at the extremities of the 
diameters which psss through the two points A, 
and C, the remaining points of contact may, in 
the same manner, be shewn. to be the remaining 
angular points of the inscribed hexagon of which 
AG and GC are sides: And in the same manner 
as the pentagon described about a circle is proved, 
in E. 12. 4. to be, equilateral and equianguler, 
may the hexagon thus described about the circle 
ABC be shewn to be equilateral and equiangular. 

4. Cor. 3. An equilateral triangle inscribed 
in a given circle is a fourth part of the equilateral - 
triangle deseribed about that "e 
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Pror. II. ‘ 


5. TurorEM. Fa triangle be described about a 
given circle, the rectangle contained by the peri- 

meter of. the triangle and the semi-diameter of 
the circle shall be double of the triangle. 


Let FEG be a given circle: Describe (E. 3. 4.) 


any A, ABC, the sides of which touch the circle 
in the points F, E, G: The rectangle contained 
by the semi-diameter of the circle, and the peri- 
meter of the A ABC, is double of the A ABC. 
For take D the centre of the circle FEG, and 
draw DF, DG, DE, DA, DB and DC: Then 
(E. 41. 1.) the rectangle contained by DF and AB 
is double of the A ADB, the rectangle contained 
by DE and BC is double of the A BDC, and the 
rectangle contained by DG and AC is double of 
the A ADC; but (E. 15. def. 1.) DF, DE and 
- DG age equal to one another; if, ., AB, BC, and 
CA, be gupposed to be placed in the same straight 
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line, the rectangle contained by their aggregate 
and a semi-diameter of the circle FEG, is (E. 1. 2.) 
double of the three 2. ADB, BDC, CDA, that is, 
of the whole A ABC. l 

6. Cor. 1. If any number of 2. be described 
about a given circle they shall be equal to one 
another. 

7. Con. 2. In the same manner it may be n 
that the rectangle contained by the perimeter of 
any rectilineal figure described about a given cir- 
cle and the semi-diameter of the circle is double 
of the rectilineal figure: And, therefore, all rec- 
tilineal figures deseribed about the same circle 
that have equal perimeters, are equal to one 
another. 


Pnor. III. 


8. PROBLEM. Three straight lines being. given, 
which, : when produced, do- not all. three met on 

' the same point, and of which the middle line is 

not parallel to either of the others, to describe, 

a circle which shall touch each ie m». 


Let PQ, RS, TV, be three given straight lines, 
which, when produced, do not all meet in the same 
point: It is required to describe a circle which 
shall touch PQ, RS and TV. | 

Let PQ and RS cut TV in A, and B; bisect 
(E. 9.1.) the g PAB, ABR, QAB, ABS, by 
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AC, BC, AD and BD, and let AC and BC: meet 
in C, and AD and BD in D; from C and D draw 
(E. 12. 1.) CE and DF I to AB: Then shall a 
circle described from the centre C at the distance 


CE, touch AB and AB and BR; and a circle 
described from the centre D, at the distance 
DF, shall touch AB and AQ and BS. | 
For draw (E. 12. 1.) from C, CG Ë to AP, and 
CH i to BR, and join C, A and C, B: And 
because (constr.) the 2 EAC = z GAC, and the 
4 at E and G are right J, and that AC is com- 
mon to the two triangles AEC, AGC, .. (E. 26. 
1.) CG = CE; and in the same manner it may 
be shewn that CE— CH; . CE, CG, and CH 
are equal to one another; and.. a circle described 
from the centre C at the distance CE will pass 
through G and H, and (constr. and E. 16. 8. cor.) 
will touch AB in E, AP in G, and BR in H. 
In the same manner it may be proved that: a - 
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circle described from the centre D, at the distance 
DF, will touch AB, AQ and BS. 

9. Cor. The four points A, C, B and D are 
in the circumference of a circle. 

For. join C, D: The two g CAE, DAE, to- 
gether, are (constr.) the half of the two g PAB, 
QAB taken together ; that is the whole 2 CAD 
is (E. 18. 1.) the half of two right L; . the Z 
CAD isa right : In the same manner it may 
be shewn that the 2 CBD is a right 2; .. (S.29. 
1. cor. 2.) a circle described upon CD as a di. 
ameter, will pass through A and B. 


Pror. IV. 


10. Tuzonzem. The three straight lines, which 
bisect the three angles of a triangle, meet in 
the same point. 


Let ABC be a given triangle: The three 


e? 


B4— 


straight ines which bisect its L, meet in the 
same point. | 
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For (E. 9. 1.) bisect the H ABC, ACB, by BD 
and CD, which meet in D, and join A, D; also 
from D draw (E. 12. 1.) DE I to BC, DF I to 
AB, and DG 1 to AC: Then it may be shewn 
as in the next preceding proposition, that DF — 
DG ; and DÀ is common to the two right-angled 
a. AFD, AGD; .. (S. 74. 1.) the 2 FAD= z 
GAD; .. AD bisects the 2 BAC, and the three 
straight fines .which bisect the three 4 of the A 
ABC meet in the same point D. 


/ 


Pror. V. 


11. Tuzonrw. Jf a circle be inscribed in a right. 

. engled triangle, the excess of the two sides, con- 
taining the right angle, ubove the third side, is 
equal to the diameter of the inscribed circle. 


Let ABC be a A having one of its 7 BAC, a 


right 4; and let (E. 4. 2.) the circle FEG, of 
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- which D is the centre, be inscribed in it. The 
excess of AB + AC above BC is equal to the di- 
ameter of the circle FEG. . 

For join the centre D, and the points of contact 
E, F, and G; join, also, D, A : Then since (S. 19. 
3. cor. 1.) BE = BF, and CÈ = CG, it is evident 
that AF + AG, or 2AF, i is the excess of AB n AC 
' above BC: Again, since AF = AG, and FD = 
GD, and AD is common to the two 2 “AFD, 
AGD, . (E. 8. 1.) the 2 FAD = 4 GAD; but 
(hyp.) the 4 FAG is a right Z ; . the 2 FAD 
is half of a right 2 ; also (constr. and E. 18. 3.) 
the ^ AFD is a right ; . (E. 32. 1.) the Z 
FDA is half of a right | 4; <. the 2 FAD— Z 
FDA; ~. (E. 6. 1.) AF = FD, a semi-diameter 
of the circle FEG; .. 2ÀF, which was shewn to be 


the excess of AB + AC. above BC, i is equal to the 
diameter of FEG. ; oh i 


Pror. VI. 


12. Tuxonzu. The straight line bisecting any 
angle of a triangle, incribed in a givencircle, cuts 
the circumference, in a point which is equi-distant 
from the extremities of the side opposite to the 
bisected angle, and from the centre of a circle in- 
scribed in the triangle. 


è * 
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Let KEF be a A inscribed in the circle KEGF, 
and let KG, which bisects the 2 EKF, meet the 
circumference in G: The point G is equi-distant 
from E and F, and from the centre of the circle 
inscribed in the A KEF. 

For, join G, E, and ne F; draw (E. 9.1.) EI 
bisecting the 2 KEF; .. (E. 4. 4.) I is the centre 
of the circle . in the A KEF: And ane 


yp.) the LEKG =z FK G, (E. 26. 3.) GE 


GP, and .. (E. 29. 3.) GE GF: Again, be- 
cause (E. 21. 3.) the Z GEF= GK F, ., (constr.) 
the two 4 GEH, HEI, that is, the 2 GEL, are 
equal to half of the two g EKF, FEK; also the 
exterior 7 EIG, of the A EIK, is (E. 32. I.) equal 
to the two Z IKE, KEI, that is (constr.) to half of 
. the two g FKE, KEF; .. the < EIG = Z GEI; 
^ (E. 6. 1.) GE GI; and it has been shewn 
that GE GF; .. G is equi-distant from E, and 
F, and from the centre I of the' qu inecribed 
in md A ind 
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Prop. VII. 


13. PnoBLEM. In a given circle, to inscribe three 
equal circles, touching each other and the given 
circle. 


Let ABC be the given circle: It is required to 
D 


inscribe in it three equal circles, touching each 
other, and also touching ABC. 

About the circle ABC describe (E. 1. 1. and E. 
3. 4.) the equilateral A DEF, the sides of which 
touch the circle in the points A, D and C: Take 


the centre K, and draw KD, KE and KF: It is 
manifest, from the demonstration of E. 4. 4., and 
of S. 1. 4. cor. 1., that, if a circle be inscribed 
in each of the equal A DKE, EKF, FKD, these 
inscribed circles will be equal, and will touch one 
another. 
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Pror. VIII. 


14. PROBLEM I. To inscribe three circles in an isos- 
celes triangle, touching. each other, and each of 
them touching two of the three sides of the tri- 
angle. 


Let ABC be an isosceles A, having the side 


AB equal to the side AC: It is required to in- 
scribe in the A ABC, three circles that touch one 
another. 


Bisect (E. 9. 1.) the vertical 2 BAC by AD; . 
(E. 4. 1.) the two œ~ ADB, ADC, are right-angled 
at D; in the A ADB inscribe (E. 4. 4.) the circle 
IG; and in the A ADC inscribe the circle III: 
Then, it is manifest, from the demonstration of 
LE. 4. 4, that the two circles IG and III touch 


AD in the same point I, and .., touch one another 

in that point, and that they are equal to one an- 

other; take their centres E and F, and draw EF, 
8 2 
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. which (E. 12. $.) passes through I; and since the 
two circles are equal, EF is bisected in I; join, also, 
E, G, and F, H; EG is (E. 18. 3. and E. 28. 1.) 
parallel to FH; and EG — FH, . (E. 33. 1.) EF 
is parallel to BC, and * 29. 1.) the 4 AIE, 
AIF, are right &; if, .., from the centre E, at 
the distance EF, a circle be described, cutting AI 
in K, and if K, F be joined, KF (E. 4. 1.) = KE, 
and the A KEF is equilateral; and its vertical z 
EKF, which (E. 32. i.) is equal to the 2 BAC, is 
bisected by AKI; .. the Z EKI = Z BAD; 
(E. 28. 1.) KE is parallel to AB; join E, N, and 
draw (E. 12. 1.) KL to AB and .. (E. 28. 1.) 
parallel to EN; .. KLNE is a C3, and (E. 34. 1.) 
KL = EN, or EI, or the half of EK; and if KM 
be drawn I to AC, it is equal (constr. and E. 26. 
1.) to KL. It is evident, .., that a circle, LM, 
. described from the centre K, at the distance KL, 
or KM, will (E. 16. 3. cor. and S. 6. 9.) touch AB 
and AC, and each of the circles GI, and HI: 
And thus will three circles have been inscribed in 
the isosceles A ABC touching one another, and 
each of them touching two sides of the triangle. 


Prop. IX. 


15. Toronem. The square, inscribed in a circle, 
is equal to the half of the square upon its dia- 
meter. 


- 
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Let ABCD bela circle: Inscribe in it (E. 6. 4.) by 


drawing the diameters AC, and BD 1 to one an- 
. other, the square ABCD, and describe about it (E. 

7. 4.) the square EFGH : And since (E. 41. I.) the 
A BAD is half ofthe ca EBDH, and the A BCD 
is half of the c BFGD, the two œ~ BAD, BCD © 
are, together, half of the two TJ EBDH, BFGD ; 
. that is, the inscribed square ABCD is half of the 
circumscribed square EFG H, which is equal to 
the square upon the diameter, because (E. 34. 1.) 
its side FG the diameter BD of the circle. 


Prop. X. 


16. PRoBLEM. In a given circle, to inscribe a rect- 
angle equal to a given rectilineal figure, not er- 
ceeding the half of the square upon the diameter. 


Let A be the given rectilineal figure, and BCD 


the given circle: It is required to inscribe, in the 
circle BCD, a rectangle equal to the figure A. 


i 1 
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Draw any diametr CD of the given circle; 


find (S. 55. 1. cor.) a A equal to A ; and to CD 
apply (E 44. J.) a CCDEF, equal to that A, 
and, .., equal to the given figure A; let the side 
EF of the CDE cut the e ee of the 
given circle CBD in B; draw the diameter BKG, 
and join C, B, and B. D, and C, G and D, G: 
And, since (E. 31. 3.) each of the 4 CBD, BDG, 
DGC, GCB, are right 4, .. (S. 36. 1. BDGC is 
a rectangular C3; and. (E, 34. 1.) it is double 
of the A CBD ; also (E. 41. 1.) the c3 EDCF is 
double. of the A CBD; the rectangle CBDG 
=0 EFCD, which has been shewn to be equal 
to A; .. the rectangle CBDG — A. 


Prop. XL 


17. Tueorzm. Jf from any point, in the circum- 
Nerence of a given circle, straight lines be drawn 
to the four angular points an inscribed square, 
the aggregate of the squares of the four lines, so 
— drawn, shall be the double of the 3 of the 
diameter. 


let ABCD be a given circle; inscribe in. it AE. 
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6. 4.) the square BADC, and from any point P, 
in the circumference, let there be drawn to the 
angular points A A, B, C, D, PA, PB, PC and PD: , 
Then PA + PB + PC + PD’ shall be double of 
the square of the diameter. 

For let K be centre of the circle, and AKC, 
DKB the two diameters perpendicular to one an- 
other, by joining the extremities of which (E. 6. 4.) 
the square was inscribed in the circle : Then since 
(E. 31. 3.) the g APC, BPD are right K. .. (E. 
47.1.) PA’ + FC. AC, and FH. PD'— DB. 
or AC; ..PA' + PB + PC’ + PD = 2AC’. 


Pror. XII. 


18. Pompi In a given circle, to inscribe dim 
, circles equal to each other, and in mutual contact 
with each other and the given circle. 


. Let ABCD be the given circle: It is required 
£o inscribe in it four equal circles touching one 
, another, and the circle ABCD. 
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About the circle ABCD describe (E. 7. 4.) the 
square EFGH, and draw its diagonals EG; HF, 
which cut one another in the centre K, so that 
(E. 26. 1.) the four æ EKF, FKG, GKH, HKE, 
have their sides and 4 respectively equal to one 
another: It is manifest, .., from the demonstra- 
tion of E. 4. 4., that if a circle be inscribed in 
each of the four equal Q, the circles so described; 
will be equal, and will touch one another, and the 
given circle ABCD. 

19. Cor. In the same manner, four equal 
circles may be inscribed in a given square, touch- 
ing each other and the sides of the square. 


Pror. XIII. 


90. Propiem. To inscribe a circle in a given trape- 
zium, of which two opposite sides are, together, 
equal to the other two sides taken together. - 


Let ABCD be the given trapezium, having the 
two sides AD and BC equal, together, to the two 
remaining opposite sides AB and DC: It is re- 


ELEMENTS: OF EUCLID. . 265 


quired to inscribe a circle in the trapezium 
‘ABCD. 
Bisect (E. 9 9. 1. 1) each of the g BAD, ADC, by 


AK and DK, which meet in K; from K draw 
(E. 12. 1.) KE 1 to AD, KF 1 to AB, KL | to 
BC, and KN I to CD: Then (demonstr. of S. 3. 4.) 
KE, KF, and KN are equal to one another; as 
are, also, AF and AE, and DE and DN ; and KL 
is equal to KF or KN: For if'KL be not equal to 
KF or KN, it is either greater or less; if it be 
possible, let KL » KF or KN; and join K, A, and 
K, D, and K, C, and K, B: Then (constr. and E. 
47. I.) KB. —KF + BF; and, likewise, KB' = 
 KLBL'; . KF + BF —KL'4- BL’; but KL 
-KE,. . BL « BF, and BL < BF: In the same 
‘manner it may be shewn that LC « CN „BL 
LC, or BC, < BF+CN; add AD to BG, Mc 
+DN, which = AD, to BF -- CN; .. AD BC 
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AB 4- DC, which is contrary to the supposition ; 
KC is not,» KF; and in a similar manner it 


may be shewn that KL is not KF; .. KI. RF, 


or KN, or KE: From K, .., as a centre, at the 
distance KF, describe a circle EFLN, and it will 
pass through the points L, G, and E,.and (E. 16. 
3. cor.) will touch AB, BC, CD and DA, respec- 
tively, in the points F, L, N, and F. 

21. Con. If two opposite sides of a trapezium 
be together equal to the other two sides, taken 


. together, the four straight lines, which bisect the 


. * 


four. 4, of the figure, ali of them meet in the same 
point. 


, Pror. XIV. | 

29. PRosLEM. Upon a given finite straight line, 
‘to describe an equilateral and — de- 
 cagon. 


E sd 


- Let AB be the given straight line:. It is re- 
DC p 


ELEMENTS OF EUCLID. 2867 


quired to describe upon it an equilateral and a 
angular decagon. 


Describe (E. 10. 4.) the A PQR, having sack 
ofthe I PQR, PRQ, double of the 7 P; at the 
points A and B, in AB, make (E. 23. l.) the 4 
BAK, ABK, each of them equal to the Z PQR, 
or PRQ; ~. (S. 26. 1.) the Z AKB Z PR, 
and the 2 KAB. KBA, are each of them the 
double of the AKB, which Z is, .., the fifth ; 
part of two right £; from the centre K, at the 

distance KA or KB, describe the circle ABCD, 
cutting AK and BK, produced, in C and D; bisect 

(E. 9. 1.) the Z DKA by EKT, which (E. 15. 1.) 
` also bisects the ^ CKB; again bisect the A DKE, 
EKA, T GKH, LKM, which also bisect the 4 


DG, GE, EL and LA: The ten-sided figure 
ABHFMCDGEL is an - m and equi- 
angular decagon. 


For the 2 AKB has been shewn to be the fifth 
part of two right I; .. (E. 19. 1.) it is the fifth 
part vin L AKB, AKD; ..thez AKD— 4, 
AKB; . (constr.) the 4, BKA, AKL, LKE, 
EKG, GKD, and (E. 15. 1.) their vertical 4 are 
equal to one another; . (E. 26. 3. and E. 29. 3.) 
the ten-sided figure is: equilateral; and since 
(constr. and E. 32. 1.) the isosceles Q, into which 
it is divided by the straight lines drawn from K to 
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its angular points, have the / at their bases all 
equal, the figure is also equiangular. 

23. Con. 1. lt is manifest from this proposi- 
tion, and from E. 10. 4., that if the semi-diameter 
of a circle be divided into two parts, so that the 
rectangle contained by the whole and the lesser 
part may be equal to the square of the greater 

part, the greater segment shall be equal to the 
. side of an equilateral and equiangular decagon in- 
' scribed in the circle; and thus may such a de- 
cagon be inscribed in a given circle. 

24. Con. 2. In the solution of the proposition, 
is shewn the method of describing, upon a given 
finite straight line as a base, an isosceles A, hav- 
ing each of the g at the base double of the third 
angle. / 

25. Cor. 3 The figure ABHFMCDGEL 
being an equilateral and equiangular decagon, if 
the points A, H, and H, M, and M, D, and D, E, 
and E, A, be joined, it may be shewn, from E. 4. 
1., that the figure AHMDE is an equilateral ‘and 
equiangular pentagon. 
. In the same manner, if an equilateral and equi- 
angular rectilineal figure of any even number of 
‘sides be given, a similar figure, having half that 
number of sides, may be constructed: Also, if a 
circle be described about the given figure, which 
can always be done by the method used in E. 14. 
4., and, each of the equal g of the figure having 
(E. 9. 1.) been bisected, if the points in which the 
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circumference is met by the bisecting lines, and 
the angular points of the given figure be joined, a 
figure of twice as many sides as the given figure 
. will have been constructed, which (E. 26. 8., and 
E. 29. 3.), is equilateral, and, .., equiangular: : 
For in the same manner, that an equilateral penta- 
gon, inscribed in a circle, is shewn (E. 11. 2.) to be 
equiangular, may any other equilateral rectilineal 


. figure, inscribed in a circle, be shewn to be equi- 


angular.. | 

Thus, by the help of E. 9. 1, E. 2. 4, E. 6. 4, 
E. 11. 4, and E. 16. 4., equilateral and equiangular : 
figures may be inscribed in a given circle, of three, 
six, twelve, &c., equal sides; of four, eight, six- . 
teen, &c. equal sides; of five, ten, twenty, &c. 
equal sides; and of fifteen, * sixty, &c. equal 
sides. 


Prop. XV. 


26. PnosrEM. Upon a given finite straight line, 
to describe an equilateral and equiangular pen- 


tagon. 


If upon the given finite straight line an isos- 
celes A be described (S. 14. 4. cor. 2.) having 


each of the 4 at the base double of the third Z, 


and if, also, a circle be described (E. 5. 4.) about 
that A, it will be manifest, that the equilateral 
and equiangular pentagon inscribed in the circle, 
according to the method used in E. 11. 4., is the 
figure which was to be constructed. 
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Prop. XVI. 


27. TR EOROEZM. The angle of a regular pentagon 

exceeds a right angle by one-fifth part of a right 

angle; and is three times as great as the angle con- 

- tained by any two sides of the figure, which are not 
‘adjacent to each other, produced so as to meet. 


Let ABDCE be the given equilateral and equi- 


angular pentagon, and let any two of its sides,.as: 
EA, DB, be produced, so as to meet in H: Any 
of its I exceeds a right-angle by one-fifth part of 
a right Z, and is three times as great as the 2 
ABZ. 9 | 
About the pentagon ABDCE describe (E. 14. 
4.) the circle AECDB; bisect (E. 30.3.) AB, in G, 
and join C, A and C, B, and C, Gand E, G and E, B: 
And since (Ayp. and E. 28, $.) the circumferences 
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CE, EA, CD, ‘DB, are saad, CEQ = CBE; 


| CEG i is the semi-cireumference of the circle, and 
(E. $1.3.) the ^ CEG is a right 4; also (E. 21. 
3.) the ^ AEG = z ACG ; and it is manifest from 
the demonstration of E. 11. 4. E. 39. 1., that the 
4 ACB is the fifth part of two right L,and . 
that its half, namely the 2 AEG, is the fifth part 
of a right 4; . the 2 AEG, which is the excess 
of the 2 CEA above a right , is me fifth part of 
aright Z. 

. Again, the two opposite 2 AEC, CBA, of the 
trapezium AECB are (E. 22. 3.) together equal to 
two right g ; and (E. 27. 3.) the CBA = 
BCE; . the AEC + 2 ECB two right 4, 
and .*:(E.28. 1.) CB is parallel to EA or EH; 
(E. 29. 1.) the 2 EHD = 4 CBD, which, since (E. 


27. 3.) the three 4 CBD, CBE, and EBA, are equal 


to one another, is a third part of the 2 ABD of 
the pentagon ABDCE. 

28. Cor. ‘It is manifest from the demonstra- 
tion, that the straight line joining'the extremities 
of the first and second side of an equilateral and 
equiangular pentagon is parallel to the fourth 
side of the figure; the sides being taken in order 
from any one of them assumed as the first. 


. Prop. XVIL 


29. 'TuEonEM. `The square of the dt of a * 
pentagon, inscribed in a given eircle, is equal to 
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the square of the side of u regular 88 to- 
gether with the square of the side of the regular 
hexagon, both inscribed in that given circle. 


Let AECB be the given circle, of which K is 


the centre, and AB the side of a regular decagon 
inscribed (S. 14. 4. cor. 1.) in it: Place, in the 
circle, BC — AB, and join A, C; .. (S. 14. 4. 
cor. 3.) AC is the side of a 1 pentagon in- 
scribed in the circle, and if KA, KB, and KC be 
drawn, any one of these lines, as KA, is (E. 15. 4.) 
the side of a regular he hexagon inscribed in the 
circle: Then AC —KA' + AB. 

For, in KA take KD = AB, draw BD and pro- 
duce it to meet the circumference in E; also, 
draw RE, KC, CE and CD: Then, it is mani- 
fest from S. 14. 4. cor. 1. and E. 10. 4, that the 
4 KBD = 7 AKB; but (constr. and E. 8. 1.) 
the Z AKB— 2 BKC; . the Z DBK or, EBK 
= 4 BKC; .. (E. 27. 1.) ED ‘is parallel to KC: 
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Again, (E. 20. 3.) the 2 EKA or EKD = 
27 EBA; but, (E. 32. 1.) the exterior Z 
EDK is e to the 2 DKB + z KBD, that is, 
| (constr.) to twice the 4 KBE, or to twice the 


Z EBA; „the z EKD =z EDK, . ED= EK; 
and (E. 15. . def. 1.) EK Z KC; .. ED = KC, and 
it has been shewn that ED is parallel to KC; 
(E. 33. 1.) EK is equal and parallel to DC, and 
the figure EKCD isa rhombus; .. (S. 45. 1.) KD 
is bisected at right I in H, by CE: And since 
KD is bisected in' H and produced to A, 
*. (E. 6. 2.) 
RAAB Y PH != AH 
*. KAXAD+DH'+HC -AH +HC ; 
but (constr. and S. 14. 4. cor. 1.) KAXAD=AB ; 
and (E. 47.1.) DH --HC —DC', or KC, or KA; 
and AH’+ C’=AC’; ° 
^ ACZKA AB. | 3 
30. Cor. Hence, if ABC be a given circle, 
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and AC, BK two diameters drawn (E. 11. 1:) at 
right æ to one another, if KC be (E. 10. 1.) 
bisected in D, and if from DA there be cut off 
BE. DB, EK is the side of a regular, decagon 
inscribed in the circle ABC, KB is the side of a 
regular hexagon inscribed in it, and EB is the side 
of a regular pentagon inscribed in it. 
For(E.11.2.) EK is equal to that part of KB, the 
square of which equals the rectangle contained by 
KB and the remaining part of KB; .. (S. 14. 4. 
cor, 1.) EK is the side of a regular decagon; and 
KB (E. 15. 4.) is the side of the regular hexagon, 
, inscribed in the circle ABC; since, .., (constr. 
and E.47. I.) EB —EK TRD, EB is (S. 17. 4.) 
the side of a regular pentagon ‘inscribed in the | 
circle ABC. 


E Pror. XVIII. v 
S]. PRosLEM. Upon a given finite straight line, 
to describe an equilateral and equiangular heza- 
gon. 


Upon the given straight line, as a hase, describe 


* This corollary furnishes the best praptical method of deter- 
- mining the sides of a regular pentegon, and of a regular de- 


` 
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(E. 1. 1.) an. equilateral A ; from its vertex as a 
centre, at the distance of either of its sides, de- 
scribe a circle: Then, if a regular hexagon be 
inscribed in the circle by the method used in E. 15. 
4., taking either extremity of the base of the equi- ` 
lateral A, for the centre of the cirole to be next 
described, it is manifest that the given ‘straight 
line will be one of its sides. : 


Pues; XIX. 


$2. PROBLEM. A circle. being given, to describe 
six other circles, each of them equal to it, and in 
contact with eaen other and with the given "X 


Let Let IGH be the given circle: It is — to 
describe six other circles, equal each of them to 
the circle IGH, and touching that circle * each 
other. 

Find (E. L. 3.) the centre K, of the dca IGH; 
take any of its. semi-diameters, as KG ; produce 


KG to A, and make GA zz GK ; from the centre 
K, at tlie distance KA, describe the circle ABCD; 
and in the cirgle ABCD inscribe (B. 15. 4.) the 
,equilateral.and eqiiangular hexagon ABFCDE; 
bisect (E. 10. 1.) the side AB of the hexagon in 


» 2 


cagon, to be inscribed in a , given circle ;.and thus — it 
easier to describe a regular pentagon, o or a a regular decagon, on on 
a given finite straight line. 

T 2 
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L: Then since (E. 15.4.) AB = KA or KB, and 
`. (consir.) AG and BH are, each of them, the half of 
KA or KB; .. AG and BH are each of them 
equal to AL or BL: If, .., from the centres A 


and B, at the distance AG, or BH, two circles. be 
described, they will be equal to one another and 
to the given circle, and they will touch (S. 6. 3.) 
the given circle m G and H, and will, also, touch 
one.another in L. In the same manner, from the 
points E, D, C, F, as centres, may four other 
circles be described, each equal to the given circle 
and in contact with it, and touching also each 
other. Th 

33. Con. No more than six circles can be de- 
scribed touching one another and a given circle, 
and each of them equal to the given circle. 
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Pror. XX. 


34. Pnonl xu. In a given circle 10 inscribe sis 
circles equal to one another, touching, each of 
them, the given circle, and touching, also, one an- 
other. ij 


Inscribe (E. 15. 4.) an equilateral and equi- 
angular hexagon in the given circle, and through 
the points, in which are its 4, draw, (E. 17. 3.) 
straight lines touching the circle; and it may be 
shewn, by. the method used in E. 12. 4., that 
the figure contained by these tangents is an equi- 
lateral and equiangular hexagon ; from the centre 
of the circle draw straight lines to the several. A 
of the circumscribed hexagon, thus dividing it 
into six equal equilateral .; and if (E. 4. 4.) a 
circle be inscribed in each of these A, it will be 
manifest from the demonstration of E. 4. 4, that. 
the circles, so inscribed, will be equal, and that 
they will touch one another in common points of 
the sides of the A, and will, also, touch the given 
circle, each of them in one of the points of con- 
tact of the circumscribed hexagon. 


| 4 
SUPPLEMENT 
10 THE : 
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BOOK V. 


| Prop. I. | : 

1. Toeorem. If the first of four proportional mag- 
nitudes be greater than the second, the third is 
also greater than the Jourth; if equal, equal; 
and tf less, less. ` 
Let A: B:: C: D; and first, let A>B; then 

C>D. ) 

Take the doubles of the four magnitudes ; and 
since (%.) A » B, twice A > twice B;. (hyp. 
and 5 def. 5.) twice C>twice D;. C D. 

In like manner it can be shewn, if A — B, that 
C= D; and if A < B, that C < D. 


Pror. II. | 
2. THEOREM. If Jour magnitudes are — 
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* &onals, they are proportionals also when taken 
inversely. 


Let A: B:: C: D; then BA:: D: C. 

Let there be taken of A and C any equi - multi- 
ples pA, pC, and of B. and D any . 
qB, qD: Then (%.) A: B:: C: D, .. (5. def. 5.) 
if pA >qB, pC>qD; if pA = qB, pC — qD; ; if 
pA «qB, pC«qD; . accordingly as qB is greater 
than, equal to, or less than pA, qD is greater than, 
-— to, or less than pC; . 

e (5. def. 5.) B: A:: D: C. 


Prop. III. 


3. THEOREM.: Jf the first of four magnitudes be 
the same multiple of the second, or the same part 
of it, that the third is of the fourth, the first is 
fo the second, as the third is to the fourth. 


First, let A = pB, and C = pD; then A: B:: 
C: D. 
Let there be taken of A and C any equi- multi- 
ples q A, qC, and of B and D any equi multiples 
rB, rD. And since A = pB, accordingly as qA 
>,=, or < rB, will q times pB be >, =, or M 
rB, i. e. q times p will be >, =, or Cr; and . 
q times pD will also be >, =, or <rD; i. e. 052. 
gC will be >, =, or « rD; .. (5. def. 5.) 

A:B: iC: D. F 
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. Secondly, let pA= B and pC = D; then, also, 
A:B::C:D. | 
For in that case, as hath been shewn, 
| B:A::D:C; 
. S. 2. 5.) A: B:: C: D. 


Prop. IV. 


4. e If the first of four proportional 
' magnitudes be a multiple, or a part, of lie se- 
cond, the. third is the same mulliple, or the same 
pari, of the fourth. 


If A: B::C:D, and if A= pB, thén C = pD. 
For (hyp. and S. 3. 5.) A: B:: pD:D; 
and (hyp.) A: B:: C: D; 
^. (E. 11. 5.) C: D:: pD: D; 
. (E. 9. 5.) C = pD. 
Again, if A: B:: C: D, and 9 B, then 
pC— D. 
For (hyp.) A: B: C: D; 
. (S. 2. NM A::D:C; 
and To B= pA; .., as in the former case, 


D — pC; i. e. C is the same part of D, that À is ' 
of B. 


7 
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Pror. V. 


3. Tuxonem. {f any number of equal ratios be 
' each greater than a given ratio, the ratio of the | 
sum of their antecedents to the sum of their 
consequents, shall be greater than that given 
ratio. 


Let the ratios (A: B), (C: D), (E: P, &c. be 
equal to one another, and let each of them be 
greater than the ratio (P : Q); then (A+C+E 

: B+D+F)>(P:Q.) 

For (E. 12. 5.) A+C+E:B+D+F::A: B; 
and (Ayp.) (A: B)» (P: : 
„. (AC TE: B+D+F)>P:Q. 


Pnor. VI. 


6. Tueonem. If the first of four magnitudes have 
a greater ratio to the second than the third has io 
the fourth, the second shall have to the first a less 
ratio than the fourth has to the third. 


If (A: B) (C: D), then is (B: A) (D: C). 
For, let E be a magnitude such that 
(E: B):: (C: D); 
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and since (p.) 
(A: B) (C: D) .., (A: B)» (E: B); 
. (E. 10. 5.) ECA; 
F . 8. 5.) (B: E) 2 (B: A); 
But t (gp. and S. 2. 5.) (D:C)::(B:E);. - 
* (E. 13. 5.) (D:C)>(B: A): - 
Or, (B: A) < (D: C). 


| Pror. VI I. | 


7. Turonem. Ifthe first of Sour magnitudes, of 
the same kind, have a greater ratio to the second 
‘than’ the third kas to the fourth, thé first shall 
have to the third a greater ratio um the second 


has to the fourth. 


If (A: B) be greater than (C: D), then is 
A: O Y: D). | 

For, let E be a —À such that 

E: B) :: (C: D): 
. (Ap. and E. 10. 5.) ASE- 
.. (E. 8. 6.) (A1 C) (E: C); 


Tuto Borde osi et C):: (B: D) 
D 


» 
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Pnor. VIII. 


8. 8 If four 8 ‘of the'same kind 
be proportionals, and tf the first of them be the 
c greatest, the fourth shall be the least’; but df the 
first of them be the least, the fourth shall be the 
greatest. 


Let A, B,C, D, be four: magnitudes of the same 
kind, which are proportiénals ; and, first, let Abe 
the greatest; then D shall be. the least of them. 

For, since (hyp.) A» C, ^. (E. 14.5.) B» D; . 

Again, since (hyp.) A: B::C: D, 

i „E. 16. + A:C::B:D: 

But (up.) A»B; .. (E. 14. s ) C>D: And it 
has been shewn that B >D; .. D is in this case 
the least of the four proportionals. And, if A be 
the least of the four proportionals, it may, in like 
manner, be proved that D vill be the greatest of 
them. 

9. Con. If four magnitudes, of the same kind, 
be proportionals, the difference between the two 
extremes is greater than the difference between 
the two means. 


Pnor. IX. . 


10. TukonEM. Jf the first, together with the se. 
. cond, of four magnitudes, have a greater ratio ` ` 
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to the second, than the third, together with the 
' fourth, has to the fourth, the first shall have a 
greater ratio to the second. than the third has 
to the fourth. | | 


If (A 4- B: B) be — than (C+D: D), 
then is (A: B)» (C: D) 
For, let E be & magnitude such that (E+B: B) 
«s (C+D: D); 
. (E. 10. 5.) ATB ETB; 
„. ASE; 
^ (E. 8. 5.) (A: B) (E: B): 
But (hyp. and E. 17. 5.) (E: B) = (C: D); 
| ic B)» (C: D). 


2 


Prop. X. 


11. TuxonEM. Jf the first of four magnitudes 
have a greater ratio to the second than the third 
has to the fourth, the first, together with the 
second, shall have to the second, a greater ratio 
than the third, together with the fourth, has to . 
the fourth. 


If (A: B) be greater than (C: D), then is(A + 
B: B) (CD: PD). 

For, let E be a — such that (E: B):: 
(C: D); 
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^. (E. 10. 5.) A >E; 
 A+B>E+B; 
v (E. 8. 5.)(A+B: B) » (E+B: B): 
ae 18. 5. and kyp.)(E+B:B.)::(C+D: D); 
^. (A+B: B) » (C+D: D). 


Prop. XI. 


12. Throne. If the first term of a ratio be less 
than the second, the ratio shall. be increased by 
adding the same quantity to both terms; but if 
the first term be greater than the second, the 
ratio shall be diminished by adding the same 
quantity to Both. 


Let A be less than B, and let C be any other 
magnitude: | 

Then is (A --C: BTC) (A: B). 
For, (5 8. 5. and kyp.), (C: A)>(C: B); 

^. (S. 10. 5), (A+C : A) » (B--C : B); 

„ (S. 7. 5.) (Ar C: B--C) (A: B). 

And, if A be greater than B, it may, in the 
same manner, be shewn that e — < 
(A: B.) 


Pror. XII. 


13. Tusozza. Lf the first of four magnitudes, 
Qf the same kind, have a greater ratio to the se- 
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cond than the third has td the fourth, the first, 
together with: the’ third, shall -have to the second, 
together with the fourth, à greater ralió than the 

. third has to: the fourth, and a less ratio than thé 
first has ta the second. 


If (A: B) be greater than (C: D), then is 
(A+C:B+D)>(C: D); and (A + C:B+D)< 
(A:B). 

; For, (S.. 7. 5. and hyp.) (A: C) GB: D); ., 

*. (S.. 10. 5. ), (A C: C) . (B＋D: Dj; 

* (S. 7. 5), (A C:, BTD) (C: D): 
ps since. (Ayp. and S. 6. 5.), (B: A)«(D: C), 
or (D:C) (B: A), it may be shewn, in feae 
manner, that . ; 


(A+C: B+D)< A:B. 


Pror. XIII. 


14. THEOREM. If. the first, together with. the 
second, have to the second, a greater. ratio than 
the third, together with. the fourth, has to the. 

«fourth, then shaft the first, together with the second, 

^. have ta the first, a less ratio, than the third, lo- 
gether with the fourth, has to the third. 


If (A+B: B) be greater than (C +D: D), then 
is(A+B:A)<(C+D;C) ` 

| For (S..9. 5. and hyp.) (A: B) » (C:D); 

. (8. 6. 5.) ^ (B:A)«(C:D); 7 
*. (S. 10. 5.) | (AB: A) « (C D: iC): 
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Paor. XIV. 


15. THEOREM. d the first, hdi ‘with. the 

. second, have. to the third, to gather with the fourth, 
. @ greater ratio than. the first has [o the third; 
then shall the second have tot fourth a greater 
ratio, than.the first, together with the second,. has 
to the third, together "e the Fourth. ! 


4 e 


If - (A+B: C+D) be greater than (A: o, then 
is (B: D) >(A+B:C+D). 
For (hyp. and S. 7. 5.) 
(A+B:A)>(C+D:C); 
. (S. 13.5.) (AB: B) CD: C); 
„ (S. 7.5.) (ATB. CY DD « (B:D);. 
l Or, (B: "es C+D). | 


ae XV. 
16. THEOREM. Lf any. number of magnitudes: be 


continual propottionals, ‘their ` di — t 
also, be proportionals, - N 


Let A: B: -B: nr C: D, ke, then shall A-B 
B- C:: B- C: C- D, and so on. 
For (yp. and E. 19. 5.) 
A: B:: A- B: B- C; 
A and B: C::B-C:C—D; 
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. (hyp. and E. 11. 5. cor.) | 
A—B:B—C:: B—C:C—D. 


17. Cog. From the demonstration i it is manifest, 


that, if three magnitudes, A, B, C, are propor- 


tionals, the excess of the greatest, A, above 
the mean B, is greatet than the excess of the mean 
B above theleast, C. 


For it has been shewn that A: B:: A—B:B—C; 
And (p.) A» B; .. (S. 1. 5.) A- BY B-C. 


Prop. XVI. 


18. Tuzorem. If four magnitudes be propor- 
tionals, they are also proportionals by conver- ` 
sion: that is, the first is to its excess above the 
second, as the third to its. excess above the 


fourth. - 


Let A+B: B:: C+D: D; then A+B: A:: 
CD: C. 

For (dividendo) A: B:: C: D; 

^ (invertendo) B: A:: D: C; 
^. (componendo) AB: A:: CD: C. 
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Pror. XVII. 


19. Teorem.. If there be three magnitudes, and 
other three, and if the first have a greater ratio to 
the second, in the former set, than the first has to 
the second, in the latter; and $f, also, the second 
have to the third, in the former set, a greater ratio. 
than the second has to the third, in the latter ; 
then shall the first have a greater ratio to the 
third, in the former set, than the first has to the 
third, in the latter. 


Let A, B, C, be three magnitudes, and D, E, F, 
three other magnitudes: If (A:B) be greater than 
(D:E) and (B:C) greater than (E: F), then is 
(A. C) » (D:F). 

For let G be a magnitude such that (G: C) :: 
(E: F); 

*. (hyp. and E. 10. 5.) B»G; 
. (E. 8. 5), (A: G) > (A: B). 
Again, let H be a magnitude such that (H: G) 
* E); 
*. (hyp. and E. 13. 5.) (H:G) «(A: B): 
Much more then is (H:G) « (A: e 
| *. (E. 10. 5.), ASH; 
. (E. 8. 5), (A: CJ» (H: C): 
But (hyp. and E. 22.5.), (H:C):: (D: F); 
. (A: C)) (D: F). : 
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Phor. XVIII. 


20. TuEonEM. Jf there be three magnitudes, and 

. other three, and if the first have to the second, in 
the former set, a greater ratto than the second has 

10 the third, in the latter; and if, also, the second 

. have to the third, tn the former set, a greater 

ratio than the first has to the second, in the latter; 

. then shall the. first have to the third, in the for- 
mer set, a greater ratio, than the first has to the 
third, in the latter. 


Let A, B, C, be three ‘nit arid D, E, F, 
| three other magnitudes: If (A: B) be greater than 
(E:F) and (B:C) greater than (D:E), then is 
(A:C) » (D: F.. 

For let G be a magnitude such that (G: Q: 8 
(D:E); 

“+ (hyp. and E. 10. 5.) B> G; 
. (E. 8. 5.), (A: G) „(A: B): 

Avan, let H be a magnitude di that (H: G) 
"e M. 
„ (hyp. and E. 13. 5.), (H: G) (A: 6); 

5. (E. 10. 5. ), AN H; 
*. (E. 8. 5.), (A: C)» (H: C); 
But (hyp. and E. 23. 5.) (H: C):: (D: F); 

A: ): H. 


ELEMENTS OF EUCLID. — 391 


. Pror. XIX. 


21. ThHEoREM. Jf three magnitudes be propor- 
tionals, the two extremes are, together, greater 
than the double of the mean. 


Let A, B, C, be three magnitudes which are pro- 
portionals: Then A +C » 2B. 

For (hyp. and E. 6. def. B. 5.), (A:B):: (B: C); 
"Bar erc "ado d 
i. e. A+C > 2B. 

22. Cor. An arithmetic mean proportional, 
between two given magnitudes, is greater than a 
geometric mean proportional between the same 
two magnitudes. - 


Pror. XX. 


43, TugoREM. If there be two sets of magnitudes, 
^ the onè geometric, and the ‘ether arithmetic, pro- 
portionals, and ¿f the two first magnitudes. be the 
same in both, any other magnitude in the former 
set, shall be greater than the a mag- 
nitude in the latter. ; 


Let the magnitudes 4, B, C, D, E, kr. be gen- 
deetric proportionats, and let the magnitudes A, 
, veg 
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B, c, d, e, &c. be arithmetic proportionals; then 
is C» c, D» d, E» e, and so on. 
For, first, let A be the least magnitude, in each 
series; 
.. (S. 15. 5. cor.) C- B B— A: 
But, from the property of arithmetic propor- 
tion, 


B—Azc—B; 
"e C—B >c—B; 
.. Cc. 


Again, (S. 15. 5. cor.) D— C»C — B, and 
as hath been shewn, C — B>c—B ord - e; 
. D- CS dc; and Cc; ..D>d. In the 
same manner it may be shewn that E c, and so on. 

Secondly, let A be the greatest magnitude in 
each serie: | 

Then (S. 15. 5. cor.) A—B>B—C; 

But, from the property of arithmetic propor- 
tion, | 

A—B=B—c; 
S BC >B—C 
.. Cee. 

Again, (S. 15. 5. cor.) B—C > C—D; and it has 
been shewn that C » c; much more then is B—c 
>C—D: 

But B—c=c—d; 
*. c—d>C—D; 
5. Ded: 

And, in the same manner, it may be shewn 
that, in this case, also, E >e, and so on. 

24. Con. The two first magnitudes, in both 
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the sets, being the same, if the second of the geo- 
metric proportionals be greater than the second of 
the arithmetic proportionals, then, much more, 
will every other magnitude, in the former set, be 
greater than the corresponding magnitude in the 
latter. l 


Pror. XXI. 


25. TuHkonEM. Zf there be two series of magni- 
tudes, the one arithmetically proportional, the 
other geometrically proportional, but each having 

te same magnitude for its first term, and if the 
last term of the arithmetic sertes be not less than 
the last term of the geometric series, any other 
term of the former series shall be greater than the 
corresponding term in the latter. 


Let the magnitudes A, B, C, D, E, &c. Q, be. 
geometric proportionals; and let the magnitudes 
A, b, c, d, e, &c. q, be arithmetic proportionals ; 
then if q be not less than Q, b» B, c» C, d» D, 
and so ou. . 

For (S. 20. 5. and cor.) if B be equal to b, or 
greater than b, Q»q; which is contrary to the 
hypothesis; .. bey B: 

Again, in the two series B, C, D, &c. Q, b, c, d, &c, 
q, let b, which has been shewn to be greater than 
B, be supposed to become equal to B, and q to re. 
main of a magnitude not less than Q; then it is 
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manifest, from the nature of arithmetic propor. 
tion, that the intermediate terms C, d, &c. must 
each, also, become less than they are in the given 
arithmetic series; and yet, as hath been shewn, 
the second of them will be greater than C; much 
more, then, is the term c, in that given series, 
greater than C: And, in the same manner, it may 
be proved that d» D; and so on. 


SUPPLEMENT 
70 THE 
ELEMENTS OF EUCLID. 


BOOK VI. 


Prop. I. 


1. TnuxonEM. Jf the bases of four rectangles be 
proportionals, and their altitudes be also pro- 
portionals, the rectangles themselves shall like. 

. Wise be proportionals. | 


Let the four rectangles AC, DF, GI, KM, have 


their bases AB, DE, GH, KL proportionals, and 
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let their altitudes BC, EF, HI, LM, also, be pro- 
portionals: Then AC: DF:: GI: KM. 

For, in EF and LM, produced if necessary, 
take EN — BC, and LP — HI, and complete the 
rectangles DN and KP. 

Then since (hyp.) AB: DE:: GH : KL, 
. (constr. E. 1. 6. and E. 11. 5.) 
AC:DN::GI: KP: 


Also, (hyp. and constr.) EN: EF:: LP: LM. 

^. (E. 1.6. and E. 11.5.) DN: DF:: KP: KM. 

. (E. 22. 5.) AC: DF:: GI: KM. 

2. Con. 1. If four straight lines be proportion- 
als, their squares shall also be proportionals. 

9. Con. 2. Conversely, if four squares be pro- 

portionals, their sides shall likewise be propor- 

tionals. 


Prop. II. 


4. THEoREM. f the outward angle of a triangle, 
made by producing one of its sides, be divided into 
two equal angles, by a straight line which also 
cuts the base produced, the segments between the 
dividing line and the extremities of the base have 
the same ratio, which the other sides of the iri- 
angle have to one another : And if the segments 
of the base, produced, have the sume ratio which 
the other sides of the triangle have, the straight 
line, drawn from the vertex to the point of section, 
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divides the outward angle of the triangle into two 
equal angles. i 


First, let the outward 2 CAE, of any A ABC, 


B G C D 


be divided into two equal A, by AD, which cuts the 
base BC, produced, in D: Then BD: DC:: BA 
; AC. 
Through C draw (E. 31. 1.) CF parallel to AD; 
„(E. 29. 1.) the Z ACF = z CAD; but (. 
the CAD DAE; . the Z ACF = 4 DAE. 
Again (constr. and E. 29. 1.) the Z DAE = 2 CFA; 
and it has been shewn that the Z ACF = 4 DAE; 
„ the Z ACF = Z CFA, and (E. 6. 1.) AF = AC. 
| Also (constr. and E. 2. 6.) BD: DC:: BA: AF; 
i.e. BD: DC:: BA : AC, because AF = AC. 


Secondly, let BD: DC:: BA: AC, and let AD 
be drawn; then the CAD = 2 DAE. 
: The same construction having been made, since 
(hyp.) BD: DC:: BA: AC, 
and (consir. and E. 2. 6.) BD : DC:: BA : AF, 
e 11..5.) BA: AC:: BA: AF; 
„. (E. 9. 5.) AC = AF. 
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Wherefore (E. 5. 1.) the 2 AFC = z ACF; 
but (constr. and E. 29. 1.) the 2 EAD zz A AFC, 
and the 4 CAD =z ACF; .-. the v Z 
CAD. 

5. Cog. 1. Hence a given finite straight line 
may be cut in harmonic proportion. 


For let BD be the given' finite straight line: 
Take any point A, out of BD, and through A 
draw BAE; join A, D; at the point A, in DA, 
make (E. 23. 1.) the 2 DAC = z DAE, and 
bisect (E. 9. 1.) the 2 BAC by AG: Then is BD 
cut harmonically in the points G and C. 

For (constr. and E. 3. 6.) BG: GC:: BA: AC; 

And (constr. and S. 2. 6.) BA: AC:: BD: DC; 

„. (E. 11.5.) BG: GC:: BD: DC; 
„. (E. 16. 5) BG: BD:: GC: DC; 
that is, BG: BD:: BC— BG: BD—BC; 
which is the property of harmonic proportion. 

6. Con. 2. If any straight line be drawn be- 
tween BE and BD, it may, in the same manner, 
be shewn to he cut harmonically by the straight 
lines AG, AC, and AD. 


Pror. III. 


7. TERM. Either of the equal sides of an iso- 

{seles triangle, is a mean proportional between 
me base, and the half of the segment of the base, 
produced if necessary, which is cut off by a 
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straight line drawn from the vertex at right 
angles to the equal side. 


Let ABC be an isosceles A, having the side 
A. 


E 


AB zz AC, and let AD, drawn | to AB, meet BC, 
produced, if it be necessary, in D; also, let BD 
be bisected in E: Then BC: AB:: AB:BE. 

For draw AE; and (S. 29. 1.) EA-EB; .. 


(E. 5.1.) the 2 EAB= z ABE = Z ACB; n > ` 


(E. $2.1.) the 2 AEB= 4 BAC; .. (E. 4. 6.) 
CB: BA:: BA: BE. . 


| | Prop. IV. 

8, THEO. The diameter of a circle is a mean 
proportional between the sides of an equilateral 
triangle and heragon described about the circle. 


Let DEF be an equilateral A, described about 
the circle ABC, of which the centre is K ; let the 
sides of the A DEF touch the circle in the points 
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A, B, C; let D, B be joined, cutting the circum- 
ference in G, and let LM be drawn touching the 
circle in G; so that (S. 1. 4. cor. 2.) LM is the 
side of a regular hexagon described about the cir- 
cle ABC, and GB passes through the centre K; 
Then, DE: GB :: GB: LM. 

For join A, K; .. (E.18: 1.) the z DAK, 
DGL, are right A, and the < ADK is common to 
the two A DAK, DGL, which (S. 26. 1.) are, ., 
equiangular ; ! 

^. (E. 4. 6.) DA: AK:: DG: GL: 
But (S. 1. 4. and cor. 1. 2.) DE is double of DA ; 
the diameter GB is double of AK, or of DG, which 
(S. 1. 4. cor. 1.) is equal to AK ; and LM is double 
of LG : 

^ (E. 15.5.) DE: GB:: GB: LM. 
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Prop. V. 


9. TuEeonREM. Eguiangular parallelograms have to 
one another the same ratio as the rectangles con- 
tained by the sides about equal angles in each. 


Let AC, DF, betwo equiangular parallelograms, i 


N; „„ 
, E. 4 


having the < ABC =~ DEF: Then AC: DF:: 
AB X BC: DE x EF. 


For draw (E. 11. 1.) BG and EI I to AB and 
DE, respectively; make BG = BC, and EI=EF; | 
and complete the rectangles ABGH and DEIK ; 
and produce the sides of the given I, that are 
opposite to AB and DE, to meet AH and DK, 
in M and P, respectively. 

And, since (hkyp.) the Z ABC = 7^ DEF, and 
(constr.) the L ABL = 2 DEN, .. the 2 LBC— 
.4 NEF; also(hyp.) the 2 LCB = Z NFE; .. (S. 26. 
1.) " two A LBC, NEF, are equiangular: 

. (E. 4. I.) BL: BC or BG: : EN: EF or EI: 
But (E. 1. 6.) BL: BG:: AL: AG; 
Also, EN: EI: : DN: DI; 
*. (E. 11. 1.) AL: AG: : DN: DI; 
*. (E. 16. 5.) AL: DN:: AG: DI: 


, 
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But (E. 35.1.) CO AL = MAC; and GO DN = 
DF: | 
AC: DF:: AG or AB X BC: DI I or DE x EF. 

.10. Cor. Triangles, having equal vertical 
angles, are to one another as the rectangles con- 
tained by the sides about those equal angles. 


Prop. | VI. 


11. THEonEkM. The straight lines, drawn from the 
bisecttons of the three sides of a triangle to the 
opposite angles, meet in the same point. 


Let the sides AB, AC, of the A ABC, be bi- 


sected m 10. 1.) in E and F; and let BF and CE 
cüt one another in the point R: The straight line 
which is drawn from A, to the bisection of. BC, 
shall also pass through R. 

For j join A, R, and produce ÀR to meet BC in 
D; join, also, E, F; and through R draw (E. 31. 
1.) PRQ parallel to BC. And, since (constr. and 
E. 2.6.) EF is parallel to BG (E. 29. 1.) the 
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two 2. BFE, BRP, are equiangular ; ; à are, ako, 
the A CEF, CRQ. 
. (E. 2. 6.) BF: BR:: CE: CR: 
Also (E. 4.1.) BF: BR:: EF: PR; 
And CE: CR:: EF: RQ; 
^, (E. 11. 5.) EF: PR:: EF: RQ; 
. (E. 9. 5.) PR RQ; | 
. (S. 61. 1.) BDS DC; 

„ D is the bisection of BC; and there cannot be 
two straight lines joining the same two points A 
and D, which do not coincidé; . the straight 
hne, drawn from A to the bisection of BC, "- 
through the point R, | 


Prop. VII. 


12. PRosLEM. . To find, within a given rectilineal 
angle, first, the locus of all thé pbinis, from each 

of which, if two straight lines be drumn, to the Hines 
containing the given angle, so as always to de 
parallel to two straight lines given in position, 
they shall bé to one another in a given ratio: 
And secondly, to find the locus of all the pointe, 
Jrom each of whith 4f two straight lines be drawn. 
in like manner, they shall cut off from two bhh 
parts of the stiraizht ines dontatrting the given 
angle, segshents that shalt be to onè . an a 
given ratio. ; E xS vus 
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Let CAB be the given 4; let AK, AL, be the two 
: | 


A. n B 


straight lines given in position; andlet AL be to 
AK in the given ratio: It is required, first, to find, 
within the 2 CAB, the locus of all the points, from 
which, if straight lines be drawn to AC and AB, 
parallel to AL and AK, respectively, they shall be 
to one another as AL to AK. 

Through K and L draw (E. 31. 1.) KM, and 
LM, parallel to AB and AC, respectively, and 
meeting in M; draw AM, and produce it, inde- 
finitely, toward X ; AX is the locus which was to 
be found. | 

For take any point P in AX, and from P draw 
TQ parallel to AL, and PR parallel to AK: And, 
since (constr. and E. 29. 1.) the a APR, KAM 
are equiangular, as are, likewise, the a APQ, 
MAL. | 

^. (E. 4. 6.) PR: AK:: AP: AM: : P: AL 
. (E. 11. 3.) PR: AK: : PQ: AL ! 
*. (E. 16. 5.) PR: P:: AK: AL. 
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Secondly, let B and C be two given points in 
AB and AC: It is required to find the locus of 


all the points, from which if straight lines be 
drawn parallel to AK and AL, they shall cut off 
from CA and BA two segments, which are always 
to one another in the same ratio as the given 
finite straight lines AK and AL, 


From CA cut off CE— AK, and from BA cut 
off BF— AL; from C and B, draw (E. 21. 1.) 
CD parallel to AL, and BD parallel to AK, and 
let CD and BD meet in D; likewise from E and 
F draw EG parallel to AL or CD, and FG parallel 
to AK or BD, and let EG and FG meet in G: 
Through D and G draw the straight line DGX : 
Then is DGX the locus which, in this case, was to 
be found. | 


For take any point in it, as P, and draw PH 

parallel to DC, and PI parallel to DB: Then it is 

manifest from the demonstration of E. 10. 6. that 
x 
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HC: EC:: PD: GD: : IB: FB; 
*, (E. 16. 5.) HC: IB:: EC: FB: 


That is (constr.) HC is to IB in the given ratio: 
And it is easily shewn, er absurdo, that no point 
‘which is out of the locus so determined, has the 
property described in the proposition. 


3. Cor. The intersection of the one locus 
dn the other, determines a point, from which if 
two straight lines be drawn to AB and AC, in the 
given directions, they shall be to one another in 
the same given ratio as the segments are, which 
they cut off from CA and BA. 


Pror. VIII. 


14. TuEkonEM. Fa circle be touched, in the same 

point, both externally and internally, by two other 
circles, and through the point of contact two 
straight lines be drawn, the parts. of them inter- 
cepted between the circumference of the given 

. circle, and that of the circle which touches it in- 
ternally, shall have to one another the same ratio 
as the parts which are chords of the other circle. 


Let the given circle ABC be touched in the 
same point A, internally by the circle DAE, and 
externally by thé circle FAG; and through A let 
there be drawn any two straight lines, BAG, CAF, 
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each cutting the three circles ABC, DAE, FAG: 
Then BD:CE:: AG: AF. 
For, draw BC, DE, and FG ; and through A 
draw (E. 17. 1.) HAL touching the circle BAC, 
in A, and .. touching the two cireles DAE, FAG: 
And since (E. 15. 1.) the Z DAH=z LAG, and 
that (E. 32. 3.) the £ DAH = DEA, and the 
4 LAGz 2 AFG, ~. the 4 DEF =z EFG, and 
7. (E. 27. 1.) FG is parallel to DE: Also, since 
(E. 32; 8.) the 4 DAH or BAH, is equal to each 
of the g DEA, BCA, they a are equal to one an- 
other, and .. (E. 28. 1.) BC is parallel to DE, 
G. 2. 6.) BD:CE:: AG: AF. ! 


Progr. IX. 
13:'Prostem. From the centre of a given circle; 
to draw a straight line to meet a given tangext:to 
the circle, so that the segment of the line between 
x 2 
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the circle and the tangent shall be any required 
part of the tangent. 


Let ABC be a given circle, of which K is the 


centre, and let BD touch the circle in B: It is re- 
quired to draw a straight line from K to BD, so 
that the segment of it, between the circle and BD 
shall be any required part of the segment BD. 

Draw KB; divide (S. 49. I.) KB into a number 
of equal parts, equal to the number of times. 
which the segment of BD is to contain the seg- 
ment of the straight line to be drawn from K to 
BD; and from BD cut off BF equal to one of 
them; from F draw (E. 17. s.) FC touching the 
circle ABC in C; through C draw KCD: Then 
shall CD be the required part of BD. 

For (constr. and S. 26. 1.) the two A KBD, 
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DCF, are equiangular; also (constr. and S. 19. 3. 
cor. I.) FB—FC; 
nu 4. 1.) KB: BD::CF or BF: CD; 
. (E. 16. 5.) KB: BF:: BD: CD; 
. „ (constr. and S. 4. 5.) CD is the required part 
of BD. 


Pror. X. 


16. PRoBLEM. From a given triangle to cut off a 
rhombus ; the base of the rhombus being part of 
the base of the triangle, and having its extremity. 
én a, given point of that base. 


Let ABC be the given A, and D the given 


point in its base BC: It is required to cut off from. 
the AABCa rhombus, having its base in BC, and 
terminated by the given point D. 
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Draw KP, and produce it; from tlie centre B, 
at the distance BC, describe a circle, cutting AD 
produced ín E, and join B, E; . . BE—BC; 
through D draw (E. 31. 1.) DF parallel to EB; 
also through F draw FG parallel to BC, and 
through G draw, GH parallel to FD or BE; 
the figure FD HG is a : And since (constr. and 
E. 28. I.) the A BAC, FAG, are equiangular, as 
are, also, the m~ ABE, AFD, 

. (E. 4 6.) AB: BC or BE:: AF: FG: 
And AB: BE:: AF: FD; 
* (E. 11. 5.) AF: FG: : AF: FD; 
„. (E. 9. 5.) FG = FD: | 
But (E. 84. 1.) FG = DH, and FD = GH; 


_ tbe figure FDHG, having its base DH i iu BC, had 


terminated by the given point D, is a rhombus. 


. Prop. XI. | 


17. TuEomREM. If two triangles have one angle of 
the one, equal to one angle of the other, and also 
another angle of the one, together with another 
angle of the other, equal to two Fight angles, the 
sides about the two remaining angles shall be pro- 
gortionals. 


Let the two A ABC, DEF, have the z BAC = 
4 EDF, and another zZ, as ACB, of the one A, 
together with another 7, as DEF, of the other, 
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equal to two right angles: Then AB : BC:: DF: 
FE. i 

From F draw (S. 25. 1.) FG making with DE 
an L FGE =Z FEG; .. (E. 6. 1.) FG=FE: 
And since (hyp.) the 2 ACB + 7; DEF = two 
right Æ, and that (E. 13. 1.) the z DGF ^ 
FGE = two right A, .. the Z ACB + Z DEF= 
Z DGF + Z FGE; but (constr.) the Z FGE = 
FEG; . the Z ACB = 4 DGF; and (hyp.) 
the BAC GDF; .-. (S. 26. 1.) the two 
ACB, DGF, are equiangular; (E. 4. 1.) AB.: 
BC::DF:FG or FE. 


Prop. XII. 


18. THEOREM. If, from the extremities of the base 
of a given triangle, there be drawn two Straight 
lines, both on the same side of the base, and each 
equal to the adjacent side, and making with that 
side an angle equal to the vertical angle of the 
triangle, then the straight lines which join the ex- 
tremties Qf the lines so drawn, and the further 
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extremilies of the base, shall cut off, from the 
sides, equal segments towards the verter ; and 
cach of those segments shall be a mean propor- 
tional between the other segments, fial are to- 
wards the base. 


From the extremities B and C of the base BC, 


of the A ABC, let BD be drawn Œ $1. 1.) 
parallel to AC, and made e equal to AB; and let 
CE be drawn parallel to AB, and made equal to 
AC; so that (E. 29. 1.) each of the g ABD, 
ACE, is equal to the vertical 2 BAC; also, let 
DC and EB be drawn, cutting AB and AC in L 
and M, respectively: Then AL = AM; and 
BL:LA:: AM orLA:MC. 


For (constr. and E. 15. 1.) the a DLB, ALC, 
gre — as are, also, the 7 EMC, AMB, 


*, (E. 4. 6.) DBor AB: AC::BL:LA; 
. (E. 18. 5.) AB + AC: AC:: AB: AL: 
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Again (E. 4. 6.) CEor AC: AB:: CM: MA; 
^ (E. 18.5.) AC-- AB: AB:: AC: AM; 
*. (E. 16.5.) AC+ AB: AC:: AB: Au; 
„. (E. 9. 5.) AI. AM. 
Also, since it has been shewn, that 
AB: AC:: BL: LA, 
and AC: AB:: CM: MA, 
. (S. 2. 5.) AB: AC:: Au: CM; 
^. (E. 11. 3.) BL: LA :: AM or LA: MC. 


Pror. XIII. 


19. Taxonzu. Fal the extremities of the hypote- 
nuse of a right-angled triangle two straight lines 
be drawn, on the same side of the hypotenuse as 
the right angle, each equal to, and each perpen- 
dicular to, the adjacent side, the two straight lines 

joining each of their extremities and the further’ 
extremity of the hypotenuse, shall cut each other 
in the same point of the perpendicular drawn to , 
the hypotenuse from the right angle. 


i From the extremities A and B, of the hypo- 


F 


Ey Ag B K C ^G 
tenuse BC of the right-angled A ABC, let BD 
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and CE be drawn 1 to AB and AC; and equal to 
AB and AC; respectively, and let AK be drawn 
i to BC: Then if D, C and E, B be joined, DC 
and EB shall cut one another in the same point 
of AK. ; 

For, if it be posible, let DC ent AK in P, and 
let EB cut AK in H; and from D and E draw 
(E. 12. 1.) DF and EG 1 to BC produced both 
ways; .. (S 88. 1.) FB=GC, and.. FC = BG: 
And, since (constr.) the 4 PKC, DEC, are right 
J, and that the < PCK is common to the two 
As PCK, DCF, .. (S. 26. 1.) the two Æ% PCK, 
DCF are equiangular ; and, in the same manner, 
the two A. HKB, EGB may be shewn to be equi- 
angular; .. (E. 4. 6.) CF: FD:: CK: KP. 

But (S. 68. 1. cor.) FD = BR, and CK — GE; 
and it has been shewn that CFz BU; 

.. BG; BR:: GE: KP: 
But (E. 4. 6.) BG: BK:: GE: KH; 

.. (E. 9. 5.) KH — KP; which is absurd; 
DC and EB cannot cut the perpendicular drawn 
from A to BC, in two different points. 


Pror. XIV. 


20. TREOREM. ‘The semi-circumference of a circle 
having been divided into any number of equal 
parts, and chords having been drawn, from eather 
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euramii of the diameter, to the several points of 

division; the first chord has to the second, the same 

rülió which the second has io the aggregate of the 

Jérst and third; or the same ratio which any other 
| hord has. to the aggregate of the two chords that 
are neat to $t. 


f EET ? 


Let. the. 1 „AE. of a JR 


be divided into any number of equal parts, in the 
points D, C, D, E, F, &c. ; and let AB, AC, AD, 
AE, AF, &c., be drawn: Then 

AB: AC:: AC: Mop AD: AC 4- AE, and 
80 on. 

For, from C, as a centre, at the distance CA, 
describe a circle cutting AD, produced, in M, 
and join B, C, and C, D, and C, M; and since 

SE ue A. cue 
(hyp.) AB = BC, . [E. 29. 8.) AnS BC; ‘also 
(E. 27. 3.) the 4 BAC = z CAD; .. (E. 5. 1. 
and S. 26. 1.) the isosceles i. ABC, ACM, are 
— 
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. (E. 4. 6.) AB: AC:: AC: AM, or DM AD: 

But (E. 22. 3.) since ABCD is a quadrilateral 
figure inscribed in a circle, the 2 ABC+ 2 ADC= 
two right g; also (E. 18. 1.) the < ADC+ z 
CDM = two right 4; . the 2 CDMzzz ABC; 
and the 4 BAC = z CAD, or (constr. and E. 5. 1) 
CMD; and the side CM, of the ACDM, is 
equal to the side CA, of the A ABC; .. (E. 26. 
1.) PM AB; and it has been shewn that 

AB: AC:: AC: BM AD; | 
„ AB: AC:: AC: AB--AD: 

And, by asimilar construction, and a similar me- 
thod of proof, the remaining part of the proposi- 
tion may be demonstrated. 


Prop. XV. 


21. PRoBLEM. From a given point, either within 
or without a given rectilineul angle, to draw a 
straight line cutting off from the lines which con- 
tain the angle, segments, towards ihe summit of 
the angle, which shall be to one another in a given 
ratio. 


. Let PAQ be the given - and first let B bea . 
given point without it: It is required to draw, . 
from D, a straight line which shall cut off from 
AP and AQ, two segments, towards A, which 
shall be to one another in a given ratio. 


From AP and AQ cut off AC and AD, equal 
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to the two straight lines which exhibit the given 
ratio, each to each; join D, C; and through B 
draw (E. 31.1.) BEF parallel to DC: Then, since 
(constr. and E. 29. J.) the two a ADC, AEF are 
equiangular, ` | T 

^ (E. 4 6.) AF: AE: : AC: AD; 

*. (constr.) AF is to AE in the given ratio. 

And the problem may be solved in the same 

manner, when.the given point is within the given 
angle. 


Prop. XVI. 


$3. Prostem. To draw through a given point a 
straight line cutting the lines which contain a 
given reciilineal angle, so that the segment of it, 
between those lenes, shall be divided by the straight 
line that bisects the given angle, into two parts, 
which are to one another in a given ratio. 
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Let PAQbe the given <; let AR be drawn (E. 9. 


1.) bisecting it ; and let B bethe given point : It is 
required to draw, from B, a straight line cutting AP 
and AQ, so that the segment of it, between AP 
and AQ, shall be divided by AR, into two parts, 
which are to one another in a given ratio. 

Draw (S. 15: 6.) BEF, so that AF shall be to 
AE in the given ratio, and let BF cat AR in H; 
then, (E. 3. 6.) since AH bisects thez FAE, FH 
:HE:: AF: AE; that is, PG is to GE. in the 
given ratio. 


Pror. XVII. 


23. Turonsw. If two trapeziums have an angle 
of the one equal to an angle of the other, and. if, 
also, the sides of the two figures, about each of 
their angles, be proportionals, the remaining angles 
of the one shall be equal to the- remaining angles 
of the other. 
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Let the two trapeziums ABCD, EFGH, which 


haye the sides about each of their A proportionals, 
have the < ABC equal to the EFG: The two 
figures shall be equiangular. 


For draw AC and EG: Then (hyp. ind E. 6.6.) 
the A ABC, EFG, are equiangular, and have 
their equal angles opposite to the homologous 
sin 

.. (E. 4. 6.) BA: AC:: FE: EG; 
and (hyp-.) DA: BA:: HE: FE; 

. (E. 22. 5.) DA: AC:: HE: EG: 

And in the same manner it may be shewn, that 
DC: CA:: HG: GE: 

And (Ap.) AD: DC:: EH: HG ; 

*, (E. 5. 6.) the a ADC, EHG, are equiangular, 

and have their equal C opposite to the homolo- 

gous sides; and it has been shewn, that the . 

ABC, EFG, are likewise equiangular; .-. the tra- 

peziums ABCD, EFGH are equiangular. 


Prop. XVIII. 


24, TukonEM. Jf two straight lines touch a circle 
' at opposite extremities of its diameter, any other 
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tangent of the circle, terminated by them, is so 
divided in its point of contact, that the radius of 
the circle is a mean proportional between its seg- 
.. ments. 


For (S. 20. 8. cor.) the tangent, so terminated, 
subtends at the centre of the circle a right <, and 
(E. 18. 3.) the straight line drawn from the centre 
to the point of contact, meets that tangent at 
right // , and is, .., (E. 8. 6. cor.) a mean propor- 

tional between the segments of the tangent. 


Pror. XIX. 


25. THEoREM. If two given circles touch each 
other, and also touch a given straight line, the 
part of the line between the points of contact, is a 
mean proporhonal between the diameters 4 the 
circles. 


Let the two circles ABC, EBD, which touch 
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one another in B, be each of them touched by CD 
in the points C and D: Then is CD a mean pro- 
portional between the diameters. of the two circles 
ABC, EBP. 

. For draw the diameters CA and DE, which (E. 
18. 5.) are | to CD; also draw (E. 17. 3.) BF 
touching each of the circles in B, and join A, B, 
and C, B, and E, B, and D, B: Then, since (S. 
19. 3. cor. 2.) FB = FC, and FB = FD, a circle 
described from the centre F, at the distance FB, 
would pass through C and D; .. (E. 31. 8.) the 
4 CBD is a right Z, as is, also, the Z EBD; 
(E. 14. 1.) CB and BE are in the same straight: 
line; and, in the same manner, it may be shewn 
that AB and BD are in the same straight line; 
but (E. 8. 6.) the < CAD = < DCB or DCE; .. 
(S. 26. 1.) the two right-angled a. EDC, DCA, 
are equiangular; . (E. 4.6.) ED: DC:: DC: CA. 


Pror. XX. 


26. Prostem. Two straight lines being given, 
thich are the two first of a series of proportionals, 
to find the rest; and, if the series decrease, to find 
a line which shall be greater than the aggregate 
Cam number, whatever, of its terms, but to which 
the aggregate may approximate indefinitely. 


Let A, B be the two first of a decreasing series 
of proportionals: It is required. to find a line 
7 Y j 
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which shall be the limit of the aggregate of the 
proportionals. | 
Make CD = A, and EF— B; and let EF be 
drawn (E. 31. 1.) parallel to CD; join C, E and 
D, F, and let CE and DF be produced, so as to 
meet, in G; join E, D, and through G draw GL 
parallel to ED, and let it meet CD, produced, in 
L: Thenis CL the line which was to be found. 
For, through F draw HFG parallel to EB; and 
through H draw HI parallel to EF or CD: 


Then (constr. and E. 34. 1.) DQ=EF; also, 
(constr. and E. 2. 6.) 


CD: D:: CE: EH:: DF: FI: 
But since (constr. and E. 27. 28. 1.) the EFD, 
HIF are equiangular. 


: 
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. (E. 4. 6.) DF:FI:: EF: HI; | 
(E. 11,5.) CD:DQor EF:: EF: HI: 

So that HI is the next of the proportionals to 
EP; and,by a similar construction, the next of 
them NP, may be found; and so on: But CL = 
CD + DQ -- QR, + &c.; and, by the construction, 
DQ, QR, &c. are equal to the several proportionals: 
Itis manifest, .., that CL is their limit. 

27. Con. The first term of a decreasing series 
of proportionals is a mean between the excess of 
the first term above the second, and the line which 
is the limit of all the terms. 

For draw EV parallel to DG ; then since (E. 
29. 1.) the A CVE, CDG are buda, as are, 
also, the CED, CGL, 

*. (E. 4. 6.) CV:CD::CE:CG::CD:CL; 
* (E. 11.1.) CV: CD:: CD- CL. 

And, since (E. 34. 1. VD = EF, . . CV = 

CD — EF. : 


Pror. XXI. 


28. PnoBLEM. To describe a square which shall 
have a given ratio to a given reclilineal figure. 


Find (E. 14. 2.) a square that shall be equal to 
the given rectilineal figure, and from its side, pro- 
. duced if it be necessary, cut off (E. 10. 6.) a part, 
which shall be to the side itself in the given ratio: 
The —S Ms by the side of the square 
v2 
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and the part so cut off, will (E. 1.6.) have to the 
given square the given ratio: If, .., lastly, a square 
be found (E. 14. 2.) that is equal to the rectangle, 
it will have to the given square the given ratio. 

29. Con. Hence a square may be cut off from 
a given square, which shall be any required part 
of it. | 


Pror. XXII. 


90. PROBLEM. To divide a given finite straight 
line into two parts, the squares of which shall be 
. to one another in a given ratio. 


Let AB be the given finite straight line: It is 
A E B . 


required to divide it into two parts, the squares of 
which sball be to one another in a given ratio. 
Draw (E. 11. 1.) AX 1 to AB; find (S. 21. 6.) 

the sides of two squares, which shall be to one an- 


~ 
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other iti the given ratio, ind from AX cut off AC 
equal to one of them, and CD equal to the other ; 
join D, B; and from C draw (E. 31. I.) CE; parallel 
to DB: Then is AB divided in E, so that the 
squares of AE and EB are to one another in the 
given ratio. 

For Gorr and E. 2.6.) AE :EB :: AC :CD; 

. (S. 1. 6. cor. I.) AE :EB :: AC :CD': 

But mat AC is to CD' in the given ratio; 

„ AE’ is to EB’ in the given ratio. 


Pror. XXIII. 


91. PRoBLEM. To find two points, situated in two 
adjacent sides of a given oblong, at equal distances 
from two opposite angles, from which, if two 
straight lines be drawn parallel to the sides of the ` 


figure, they shall cut off from it any part re- 
quired. 


Let ABCD bea given oblong: It is required to 


T ensi — 
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find in two of its adjacent sides, as in AB and BC, 
two points equidistant from the 4 A and C, from 
which if straight lines be drawn parallel to BC and 


BA, they shall cut off a given part of the oblong 
ABCD. 


From AB cut off AE — BC; produce CB; find 
(S. 21. 6.) a square which shall be the same part of 
the given oblong, as that which is to be cut off, 
and in CB, produced, make BF equal to the side 
of that square; bisect EB in G; from the centre 
G, at the distance GE, describe the circle HFL, 
cutting AB produced in L, and AB in H; from 
‘CB cut off CM = AH: Then are H and M the 
points which were to be found. 

For, since (constr.) AE = BC, and AH = CM, 
^S, HE-BM: Again, since (constr.) HG —GL 
and EG—GB, „HE BL; and it has been 
shewn that HE — N; „BL. BM; but (constr. 
and E. 35. 3.) HB x BL—BF,; Hb x BM = 
BF; .. (constr.) HBX BM is the fm te of 
AB X BC ; and the points H and M are equi- . 
distant from A and C. 


Peor. XXIV. 


32. PRosLEM. Within a given oblong, to describe 
another oblong which shall be any required part. of 
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it, and shall have its four sides all equally distant 
From the four sides of the given rectangle. 


Let ABCD be s given oblong: It is required 
y 


to describe within it another oblong, which shall 
be a given part of ABCD, and have its sides 
equally distant from the sides of ABCD, each 
from each. TE" 

From ABCD cut off (S. 23. 6.) the oblong 
HBMV, the same part of it as that which is to be 
described, is required to be, and having the ex- 
tremities H and M, of its sides BH and BM, 
equally distant from A and C; let HV, pro- 
duced, meet DC in I; bisect (E. 10. 1.) DI in K, 
and CM in N; .. DK = CN; from K draw (E. 
31. 1.) KQ parallel to BC, and from N draw NR 
parallel to AB; from BC and NR cut off BP and 
| NS, each equal to DK or CN; through P draw 


398 A SUPPLEMENT TO THE 


PQ parallel to AB, and through S ‘draw ST pa- 
rallel to BC; . the figure QRST is an oblong : 
And it is manifest, from the construction, that 
RS— HB and RG — BM, and that, ., the gno- 
mon QRW is equal to the gnomon HBW, for the 
one may evidently be applied to the other so as to 
coincide with it ; add to these equals the rectangle 
VT, and it is plain that the oblong QRST is equal 
to the oblong HM, which was made the required 
part of the given oblong ABCD. 


Pror. XXV. 


33. PRoBLEM. The base, the vertical angle, and 
the ratio of the two sides of a triangle being given, 
to consiruct it. | | 

Let EF be a given straight line: Upon EF, as 


K 


a base, it is required to construct a A, having its 
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vertical 2 equal to a given 4, and its two re- 
maining sides in a given ratio to one another. 

Upon EF describe (E. 33. 3.) a segment of a 
circle EKF, capable of containing an 7 equal to 
the given 2, and complete the circle EKFG ; 
divide (E. 10. 6.) EF in H, so that EH is to HF 
in the given ratio; bisect (E. 90. 3.) GP in G; 
draw GH, and produce it to meet the circumfe- 
rence in K ; lastly, join E, K, and F, K : Then is 
EKF the A which was to be constructed. 


For since (constr.) EG = FC, .. (E. 27. 8.) the 
4 EKG = 2 FKG, so that the ^ EKF is bisected 
by KH; 
. (E. 3.6.) KE: KF:: EH: HF: 
That is (constr.) KE is to KF in the given ratio, 
, and the vertical 2 EKF is equal to the given 
angle. 


Pror. XXVI . 


34. PROBLEM. A given finite straight line Being 
divided into any two given parts, to divide it 
again, $o that the rectangle contained by the two 

former given parts shall have a given ratio to the 
rectangle contained by the two latier parts. 


Describe (S. 21. 6.) a square which shall be to 
the rectangle, contained by the given parts of the 
given line, in the given ratio ; and divide (S. 71. 3.) 
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the given line into two parts, so that the rectangle 

contained by them shall be equal to the square so 
described : It is manifest that this rectangle will 
be to the rectangle, contained * the two given 
parts, in the given ratio. 


Pror. XXVII. 


35. PnosLEM. To draw a straight line to touch a 
given arch of a circle, so that being terminated by 
the semt-diameters, produced, which bound the 
arch, it shall be divided by the point of contact, 
into two parts that are to one another in a given 
ratio. 


Let LBM. be a given arch of the circle ALBM, 


terminated by the two semi-diameters KL and 
KM : It is required to draw a tangent to the circle, 
so that, being terminated by KL and KM, pro- 
duced, it shall be divided, by the point of its 
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contact, into two segments, that are to one an- 
` other in a given ratio. 

Take any straight line CD, and divide it (E. 10. 
6. in H in the given ratio; draw (E. 11. 1.) 
HE I to CD, and let HE be cut in E, by a seg- 
ment of a circle described (E. 33. 3.) upon CD, 
capable of containing. an 4 equal to the given 
4 LKM; and join C, E, and D, E; .. the Z | 
GED = < LKM; lastly, draw (S. 8.3. cor.) FBG 
touching the circle ALBM, and making with KL, 
produced, an ^ KFG = z ECD: Then is the 
tangent FG divided in B, so that FB is to BG in 
the given ratio. 

For join K, B; .. nd and E. 18. 3.) the A 
at B are right I; as are, also, the I at H; and 
(constr.) the 2 ECH = 2 KFB; .. (S. 26. 1.) the 
Ax ECH, KFB are equiangular ; and since the 
4 CEH =z FKB, and that (constr.) the whole Z 
CED = whole z FKG, .. the HED =z BKG, 
and (S. 26. 1.) the a. EHD, KBG are equiangular, 
as are, gri the ^4, CED, FKG ; | 

.. (E. 4. 6.) CH: HE: : FB: BK; 

and HE: HD.: : BK: BG; 

. (E. 22. 5.) CH: HD :: FB:; BG: 
But (constr.) CH is to HD in the given ratio; 
FB is to BG in the given ratio. i 
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Prop. XXVIII. 


36. PRoBLEM. Two points being given, one in 
each ef two parallel straight lines, and a third 
point being also given, without them, to draw, 
from that third point, a straight line so to cut the 
: parallels, as that the segments of the parallels, be- 
tween it and the two first points, shall be to one 
another in a given ratio. 


Let PQ and RS be the two given parallel 


straight lines; A and B the two given points in 
them; and C a given point without them: It is 
required to draw from C a straight line cutting 
PQ and RS, so that the segments of PQ and RS, 
between the cutting line and the given points A 
and B, shall be to one another in a given ratio. 
Join A,B; and divide (E. 10. 6.) ABin D, so 
that AD is to DB in the given ratio; through D 
draw CEF, cutting PQ and RS, in E and F: Then 
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is CEF the straight line which was to be drawn. 

For, since PQ is (hyp.) parallel to RS, (E. 29. 
1.) the 2 AEF L EFB; and the Z EAB=< 
ABF; also (E. 15.1.) the ADE = z FDB; 
so that the A ADE, BDF are equiangular; 

^ (E. 4. 6.) AE: BF:: AD: DB: 

But (constr.) AD is to DB 1n the given ratio; 
.. AE is to BF in the given ratio. 


Prop. XXIX. 

37. PRoBLEM. To find a point within a given 
triangle, from which if, three straight lines be 
drawn to the three angles of the triangle, it shall 
thereby be divided into three parts that are each 
to each in given ratios. 


= 


Let ABC be the given A, and let PQ, QR, RS, 


S 
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placed in the same straight line, be three given 
straight lines: It is required to find a point within 
the A ABO, from which if straight lines be drawn 
to A, B and C, the A shall thereby. be divided 
into three parts that are to otie another as PQ, 


QR, and RS. 

Through A draw (E. $1.1.) DAE parallel to 
BC, and from B and C draw (E. 11. i.) BD and 
CE 1 to BC; in like manner, describe upon AB 
another rectangle ABGF, about the. A ABC; 
divide (E. 10. 6.) DB in H, so that PS: PQ:: 
DB: BH; divide, also, BG in K, so that PS: 
QR :: BG: BK; through H draw HI parallel to 
BC, and through K draw KL parallel to BA, and 


let HI and KL cut one another in M: Then 
is M the point which was to be found. 


For draw MA, MB, and MC: And since (E. 41. 
1.) each of the rectangles DBCE, ABGF, is 
double of the A ABC, they are equal to one 
another; also (E. 41. 1.) AK is double of the A 
AMB, and HC is double of the A BMC: 
But (E. 1. 6.) 

HBCI: DBCE: : HB: DB:: PQ: PS; 
and ABGF: ABKL:: KB: GB:: PS: QR; 
*. (E. 22. 5.) HBCI: ABKL:: PQ: QR; 
*. (E. 41. 1. and E. 15. 5.) 
A BMC: A AMB::PQ: QR: 
"Whence it follows, also, that the A AMB: 
A AMC:: QR: RS. 
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Pror. XXX. 


38. PaoBLEM. To divide a given circular arch 
into two parts, so that the chords of those parts 
shall be to each other in a given ratio. 


Let EKF be the given circular arch : It is re- 
K 


G 


quired to divide it into two parts, the chords of 

which shall be to one another in a given ratio. 
Join E, F; and describe (E. 25. 3.) the circle 

KEGF, of which EKF is a given segment ; bisect 


(E. 30. 3.) EGP in G; divide (E. 10. 6.) EF in 
.H, so that EH shall be to HF in the given ratio; 


draw GH, and produce it to meet the circumfe- 


rence in K ; lastly join E, K and F, K. 

Then, since (constr. and E. 27. 8.) the ^ EKF 
is bisected by KHG, .. (E. 3. 6) KE: KF: : 
EH : HF; that is, (constr.) KE: KH in the given 


ratio. 
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Pror. XXXI. 
39. PRosLEM. To inscribe a square in a given 
- trapezium, which has the two sides about any 
angle equal to one another, and the two sides 


about the opposite angle also equal to one 
. another. 


Let. AKCL be a trapezium having the side 


A 


0 

KA — KC, and also the side LA = LC: It is 
required to inscribe in AKCL a square. 
Draw the diameters of the figure, AC and KL; 
divide (E. 10. 6.) AK in F, so that AF: FK:: 
AC: KL; draw (E.31. 1.) FG parallel to AC, 
and GI and FH parallel to KI.; and join H, I: 
Then is the inscribed figure FHIG a square. 

‘For (S. 1. 3. cor.) KL bisects AC at right 2; 
(constr. and E. 34. 1.) the 4 at F and G are 
right 4 : Again the a AFH, AKL (E. 29. 1.) 
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are equiangular, as are, also, the 2. KFG, KAC; 
(E. 4.6.) AK: KL:: AF: FH: 
And (constr.) KL: AC:: KF: AF; 
. (E. 23. 5.) AK: AC:: KF: FH: 
But (E. 4. 6.) AK: AC:: KF: FG; 
. (E. 9. 5.) FG FH: 
And since (E. 2.6.) CG: GK :: AF: FK, it may, 
in like manner, be shewn that GI = GF; and 
(constr.) GI is parallel to FH; .. (E. 33. 1.) IH 
is equal and parallel to GF; .. the figure FHIG 
is an equilateral C3; and its ~ GFH, FGI, have 
been shewn to be right 4 ; ~. (E. 34. 1.) all its 
are right A; .. (E. $0. def. 1. FHIG is a 
square, 


Peor. XXXII. 


40. Pnosirw. To inscribe a square in a given 
trapezium. 


Let ABCD be the given trapezium : > It is re- 
quired to inscribe in it a square. 


Since (E. 34. def. 1.) ABCD is not a C3, one 
pair, at least, of its opposite sides must meet if 
they be far enough produced; let, .., DA and CB 
be produced so as to meet in T : Take any straight 
line fg and upon it describe (E. 46. 1.) the square 
fihi; join f, h; and upon Af, hg, and hi describe 
(E. 33. 3.) segments of circles, ich, fth, and gbh, 
capable of containing A equal, respectively, to 
the 7 T, B, and C, and let x, 4, and m, be the se- 


Z 
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veral centres of the circles; draw km, and divide 
it (E. 10. 6.) in p, so that mp: pk::CB: BT; 
also join p, l; through k draw (E. 12.1.) chg 1 
to pl produced, and meeting it in 9; also let cq, 
produced, meet the circumference jth in f, 
the circumference gbh in b, and the ciroumfe- 
' rence ich in c: Again, divide (E. 10. 6.) BC in H, 
80 that BH: HC: : bk: hc; make (E. 2S. 1.), at 
the point H, in BH, the ^ BHG = < bhg, the 
L BHF = Z bhf, andthe 2 CHI = 7 chi; lastly, 
join F, G and F, I: Then is the inscribed figure 
FGHI à square. 

For draw (E. 12. 1.) I and. Pa. 1 to tc: Then, 
since (constr. and E. 3. 3.) bh = 9h, and Ac 
= 2hs, it is manifest that bc = 295; and, in- the 
same manner, it may be shewn that tb 279; 

„. (E. 15. 5.) th: &: : 19: 98: 

But (constr. and E. 10. 6.) 

79: 98: : &: pm:: TB: BC; 
*. (E. 11.5.) th: be: : TB: BC. 
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. Again (constr. and S. 26. 1.) the a gbh, GBH 
áre — as are, also, the Æ ich, ICH; 
. (E. 4. 6.) hg: hb:: HG: HB: 
And (constr.) nb 1 he :: HB: HC: 
Also (E. 4.6.) hc : ki: : HC: HI; 
| ^. (E. 9 22, or hi: HG: HI: 
But (constr.) hg = -- HG = HI ; and it is 
manifest, also, 4 the construction, that the 
4 GHI = ^4 ghi, of the square fZhi; .. the 
4 GHI is a right Lis 
, Again, since (constr.) bh: hc: BH: HC, 
. (comp. and div.) th: bh : : TH: BH: 
TM (constr. and S. 26. 1.) the two / ff, 
TFH, are equiangular, as are, also, the two a bhg, 
BHG; 
*. (E. 4. 6.) Ih: ths: FH: TH: 
And th: ö: : TH: BH; 
— 4. 6.) bh: g:: BH: HG; 

„(Z. 22. 5.) fhihg : : FH: HG: 
Wherefore; the two A fhg, FHG, having their 
sides about the equal 4 fhg, FHG, proportionals, 
are (E. 4. 6.) equiangular; ./ the < FGH is a 
right angle; and (E. 4. 6.) FG z: GH, because 
(eonsir.) fg = gh: And, as bath been shewn, the 
“ EGH, GHI, are right 43 . 28. 1.) GF is 
parallel to Hi. 

It has been shewn, also, that HI = HG ; 
(E. 33. 1. and E. 54. 1.) the figure FGHI is equi. 
lateral and rectangular : That is (E. 90. def. 1 c 
is a square. 
2 2 
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Prop. XXXIII. 


41. PROBLEM. To determine the locus of the 
summits of all the triangles which can be described 
on a given base, so that * its 
two sides in a given tano: 


| Let AB bea given finite ii line: It is re- 


quired to determine the locus of the summits of 
all the 2 which can be described upon AB, asa 
base, having their two remaining ‘sides, in each, 
in a given ratio.to one another. | 

Divide (E. 10. 6.) AB in C, so that AC shall be 
to CB in the given ratio; from the greater seg- 
ment AC, cut off CD = CB; find (E. 11. 6.) a 
third proportional to AD and CB, and in AB, pro- 
duced, make BK equal to it; from the centre K, 
at the distance KC, describe the circle CPE: The 
‘circumference CPE is the locus Mist was to be 
determined. 
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For, take any point P, in the circumference 


‘CPE, and draw PA, PB, PC, and PK: Then 
since, | 
(constr.) AD: CB: : CB: Bk, 
e ves 5.) AD + CB or AC:CB:: CK: BK; 
. (E. 16. 5.) AC: CK: : CB: BK; | 
*. (E. 18:5.) AK: CK :: CK: BK; 
i. & 15. def. 1.) AK: KP:: KP: KB; 
.. (E. 6. 6.) the two Æ% APK, BPK, are equiangular: 
. (E. 4. 6.) PA: PB:: AK: PK or CK: 
And it bas been shewn that 
AK: CK:: CK: BK:: AC; CB; 
| . (E. 11. 5.) PA: PB: : AC: CB: 
And (constr.) AC is to CB in the given ratio; . 
PA is to PB in the given ratio, wherever, in the 
circumference CPE, the point P is taken.* 


Pror. XXXIV. 


42. PRoBLEM. The base, the perpendicular di- 
. stance of the vertex from the base, and the ratio 
of the. two sides of a triangle being given, to con- 
Struct it. 


Draw (E. 31. 1. and E. 11. 1.) a straight 
line parallel to the given base, and at a per- 
 pendicular distance from it equal to the given 
perpendicular distance; draw, (S. 38. 6.) the 


* If the given ratio be a ratio of equality, the locus to be de- 
« termined is, manifestly, the straight line drawn at right angles 
to AB, through the point which divides AB into two equal parts, 


^ 


342 A BUPPLEMENT TO THE 


Jocus of the summits of all the 2. which can 
be described on the given base, having their 
sides to one another in the given ratio; and it 
is manifest that the point, in which this locus 
meets the line drawn parallel to the base, will 
be the summit of the A which was to be des 
. scribed. 


Prop. XXXV, 


48. 1 The segments into which the per. 
pendicular, drawn from the verier to the base of 
a triangle, divides the base, and the ratio of the 
two terning sides being given, 10 constraet 
the triangle. 


The segments being placed in the same — 
line, upon their aggregate draw (S. 83.6.) the 
locus of the summits of all the a, which can be 
described on that line, as a base, so as to have 
their remaining sides in the given ratio: Amd it 
is evident that a perpendicular drawn (E. 11. 1.) 
to this base, from the point, which is commen to 
the two segments, will cut the locus in a point, 
which-is the vertex of the A that was to be 
described. 


Pror. XXXVI. 


44. PaosLEM. To find a point, Jrom which if 
three straight lines be drawn to three given points, 
they shall " each 4o each in given ratios. 
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^. Upon the straight line joining two of the given 
points, describe (S. 33. 6.) the locus of the sum- 
mits of all a having that line for a base, and 
having their sides to one another in one. of the 
given ratios ; upon the straight line, also, joining 
the third given point, and either of the other two, 
describe the Jocus of the summits of all A having 
that line for a base, and having their sides in an- 
other of the given ratios: Then it is manifest, 


that the point, in which the one locus cuts the 


. Other, is the point which was to be found. 


Pror. XXXVII. 


45. PROBLEM. A straight line being divided into 
three given parts, to find a point without it, at 
which the three parts shall subtend equal angles. 


Upon the aggregate of the first and second of 
the given parts, describe (S. 33. 6.) the locus of 
the summits of all ^. having that line for a base, 
and having their sides to one another, as the first 
is to the second of the given parts: Again, upon 
the aggregate of the second and third of the given 
parts, describe the locus of the summits of all A ` 
having that line for a base, and having their sides 
to one another as the second of the given parts is 
to the third : Then it is manifest, from E. 3. 6., 
that the point, in which the one iocus cuts the 
other, is the point which was to be found. 
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Pror. XXXVIII. 


46. PROBLEM. To find a point in a given line, 
from which, if two straight lines be drawn to twa 
given points, both on the same stde of the given 

line, they shall be to each other $n a given ratio, 


Upon the straight line joining the two given 
points, describe (S. 33. 6.) the locus of the sum- 
mits of all A having that line for a base, and 
having their sides in the given ratio; and it is 
evident, that the point, in which the locus, so de- 
scribed, cuts the giyen line, is the point which 
was to be found. 


Pror. XXXIX. 


4T. PROBLEM. In a given parallelogram to in- 
scribe a parallelogram that' shall have its two 
. adjacent sides in a given ratio to one another, 
and that shall be the hajf of the given parallelo- 
gram.. 


Let ABCD be the given : It is required to 
inscribe in it a C3, which shall be the half of 
ABCD, and which shall have two adjacent sides. 
in a given ratio to one another. 

Bisect (E. 10. 1.) AB in E, and through E dina 


(E. 31. 1.) EF parallel to AD or BC: And, first, 
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B H M C 


if the given ratio be a ratio of equality, bisect, 
also, EF in K; through K draw (E. 11. 1.) LKM 
1 to EF; and draw EL, LF, FM, and ME: 
Then ELFM is an equilateral C3, and it is the 
half of the cài ABCD. 


For (E. 10. 6.) LM is divided, in K, in the same 
manner as AB is divided in E; .. KL KNM; 
^. (constr. and E. 4. I.) EL, and LF, and FM, and 
ME, are equal to one another; and . (S. 18. 1.) 
the figure LEMF is am: And since (E. 4. 1.) 
the A ELF is the half of the © AEFD, and the 
A EMF is the half of the © EBCF, .. the whole 
figure ELFM is the half of the given Cà ABCD. 

But, secondly, let the given ratio be not a ratio 
of equality : In this case, upon EF describe (S. 33. 
6.) the locus of all the a having EF for a base, 
and having their sides in the given ratio, and let 
it cut AD in G; join E, G, and F, G; from CB 
cut off CH = AG, and join E, H and F, H: Then 
is EGFH the C3 which was to be described. 


|... For (constr. and S. 43. 1.) EGFH is a C3; and 
it may be shewn to be the half of the given C 
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ABCD, in the same manner as ELFM was shewn 
to be the half of ABCD; and (constr.) the adjacent 
sides EG and GF, are to one another in the given 
ratio. 


Prop. XL. 


8. PnosLEM. From a given point, either within 
or without a given rectilineal angle, to draw a 
straight line cutting the two lines which contain 
the angle, so that the distances of the two inter- 
sections from the given point, shal be % one . 
another in a given ratio, | 


Let PAQ be the given rectilineal Z , and, first, 


let B be à given point without it: It is required 
to draw from B a straight line cutting AP and AQ, - 
so that the distances of its intersections with AP 
and ÀQ, from B, shall be to one another in a 


given ratiọ. 


ELEMENTS or EUCLID. | 947 


Through B draw BC to any point C in AP; 
find (E. 12. 6.) a fourth proportional to the two 
straight lines, which exhibit the'given ratio, and 
to BC; and from BC cut off BG equal to that 
fourth proportional ; through G draw (E. 31. 1.) 
GE parallel to AC, and meeting AQ in E; join 
B, E and produce it to F: Then shall FB be to 
EB in the given ratio. 

For (constr. and E. 29. 1.) the two A BFC, 
BEG, are equiangular : 

^. (E. 4. 6.) FB: EB:: CB: GB: 

But (constr.) CB is to GB in the given ratio; 
„. FB is to EB in the given ratio. ; 

And, by the same method of construction, the 
problem may be solved, when the given point is 
within the given angle. 

49. Cor. It is manifest that the problem 
admits of the same method of solution if one of 
the given lines, as AP, be a straight line of inde- 
finite length, and if the other AQ be a line of 
any kind, in the same plane with AP. 


." Pror. XLI. 


50. PnosLEM. To find, between two given paral- 
lel stratght lines, the locus of all the points, from 
each of which if two straight lines be drawn to ihe 

two given parallels, so as always to make wit 
them, towards the same parts, given angles, they ` 
shall be to one another in a given ratio. 
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let AB and AC, drawn from any point A in XY, 
be in the two given directions: It is required to 
find, between VW and XY, a locus, from any 
points of which if two straight lines be drawn to 
VW and XY, the one parallel to ÀC and the other 
parallel to AB, they shall be to one another in a 
.given ratio. 

Find (E. 12. 6.) a fourth proportional to the two 
straight lines, which exhibit the given ratio, and to 
AB ; and from CA, produced, cut off AD equal to 
that fourth proportional; join B, D; through A 
draw (E. 31.1.) AE parallel to DB, and through E 
draw EF parallel to CA, and let it meet ABin F; 
‘lastly, through F.draw SFT parallel to VW or to 
XY: Then is ST the /ocus which was to be 
found. mE 

For take any point P, in ST, and from P draw 
PQ parallel to AB, and PR parallel to AC. 
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And since (consir. and E. 29. 1.) the os AEF, . 
ABD are equiangular, . 
. (E. 4. 6.) FA: FE: AB: AD: 


But Ts and E. 34. 1.) FA = PQ, and FE = 
PR; also (constr. AB is to AD in the given 
ratio; .. PQ is to PR in the given ratio. 


| ‘Prop. XLII. | 
51. Prostem. To divide a given straight line 
into two parts, such, that the rectangle contained 


by the'whole line and one of its parts, shall have 
a given ratio to the square of the other part. 


Let AB be the given straight line: It is re- 


L 


; C 
A. : B 


quired to divide it into two parts, such that the 
 rectangle.contained by AB and one of the parts 
shall have to the square of the other part a pna 
ratio. 

Find (E. 12. 6.) a fourth proportional, L, to the 
two straight lines, which exhibit the given ratio, 
and to AB; and divide (S. 81.'3.), AB into two 
parts, in C, so that AC X L 2 CB': And since, 


(E. 1. 6.) AC x AB: AC X L or TB:: AB: L, 
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it is manifest that AB has been divided in C, so ` 
that AC X AB is to CB' in the given ratio. 


Prop. XLIII. 


52. PROBLEM. One given circle lying within an- 
other, to find a point from which, if two tangents 
be drawn, one to each of the given circles, they 
shall be to each other in a given ratio. 


Let ABC, DEF, be two given circles, of which 


DEF lies within ABC: It is required to find a 
point from which if tangents be drawn to touch 
the two circles ABC, DEF, they shall * to one 
another in a given ratio. 

Draw (E. rv. 3.) AE touching the lesser diii 
DEF in any. point E, and let AL meet the circum- 
ference of ABC in A and B; bisect (E. 10. 1.) 
AB in G, and from E draw (E. 11. 1. ) EH 1 to 
AB; find (E. 12. 6.) a fourth proportional to the 
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two straight lines, which exhibit the given ratio, 
and to AG; and make EH equal to it; from the 


centre G, at the distance GA or GB, describe the 


circle AKB; from H draw (E. 17. 3.) HK touch- 
ing the circle AKB in K; and produce HK to 


meet AB, produced, in L: Then is L the point 
which was to be found. | 
For, from L draw LC touching the circle ABC 
in C; and join G, K; . (constr. and E. 18. 3.) 
the Z GKL is a right 2, as is, also, (constr.) the 
4 LEH; .. (S. 26. 1.) the a LKG, LEH, are 
equiangular ; | 
. (E. 4. 6.) LE: LK:: EH: GK or GA: 

But, since (E. 36. 3.) AL X LB is equal to LK’s 
and also to LC’, .. LK = LC; and (constr.) EH 
is to GA in the given ratio; . the tangent LE is 
to the tangent LC in the given ratio. 


Prop. XLIV. 
59. PROBLEM. From a given point, to draw a 


straight line to cut a given circle, so that the di- 


stances of the two intersections from the given 
point, shall be to each other in a given ratio. 


Let CFE be the given circle, and A the given 


point without it: It is required to draw from A 
a straight line cutting CFE, bo that the distances 
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of its two intersections from A shall be to one 
another in a given ratio. 


From A draw (E. 17. 3.) AF touching the cir- 
cle CFE in F; find (S. 21. 6.) a square, which 
shall be to the square of AF, in the given ratio ; 

from the centre A, at a distance equal to the side. 
of the square thus found, describe a circle cut- 
ting the circumference of CFE in Q; and draw 
AQ, which is, , equal to the side of that square; 
produce AQ to meet the circumference of CFE 
again in P: Then shall AP be to AQ in the given 
ratio. 


For (E. 1. 6.) AP: AQ:: AP X AQ: AQ’: 
But (E. 36. 3 3.) AP X AQ — AF’; and (constr.) 


AF is to AQ’ in the given ratio; . AP is to AQ 
in the given ratio. i 


e 
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' Pror. XLV. 


54. PRoBLEM. Two given circles lying wholly 
without one another, through a given point, which 
is between the two circles, and which is posited in 
the straight line joining their centres, to draw a 
straight line that shall be terminated by the conver 
circumferences, and divided, by the given point, 
into two parts, that are to one another in a given 
ratios . 


Let BD and EF be two given circles, and A a 


given point in CK, which joins the two centres 
C and K: It is required to draw, through A, a 
straight line, which being terminated by the con- 
vex circumferences of the circles BD and EF, 
shall be divided by A inte two parts, that are to 
one another in a given ratio, 

Produce CK indefinitely toward X : Find (E. 
12.6) a fourth proportional to the two lines, 
which exhibit the given ratio, and to CA, and 

| 2 A 
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from AX cut off AH equal to it; find, also, a 
fourth proportional to the same two given lines 
and any semi-diameter, CD, of the circle BD; 


and from HX cut off HI equal to it; from the 
centre H, at the distance HI, describe a circle, 
and let it cut the circumference of EF in G; draw 
HG, which .. is equal to HI; draw (E. 31. 1.) 
CB parallel to HG ; and join B, A, and G, A: 
Then shall BA and AG be in the same straight - 
line; l | 

for (constr. and E. 11. 5.) CA: AH: : CB: GH; 
| „. (E. 16. 5.) CA: CB: : AH: GH; 
and (constr. and E. 29. 1.) the 2 BCA =z AHG, 
and two remaining 4 BAC, HAG, of the CBA, 
AGH, are of the same species, each of them being, 
necessarily, less than a right 2; „. (E. 7. 6.) the- 
ZBACzz Z GAH; .. BA and AG are in the 
same straight line; otherwise (E. 15. 1.) the 
greater of two æ would be equal to the less: 
And since (E. 7. 6.) the two 2. CBA, AGH, are 
equiangular, | * 

^*. (E. 4. 6.) BA: AG: : CA: AH; 
that is (constr.) BA is to AG in the given ratio. 


Pror. XLVI. 


45. ProsLem. To find a point, from which if 
three straight lines be drawn to meet as many 
given straight lines, which cut one another, so gs 
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. td make, each with the line on which it falls, an 
angle equal to a given angle, the lines so drawn 
thall be, each io each, in given ratios. | 


Let AB, BC, and CA, be the three given 


straight lines, and D the given 2: It is required 
‘fo find a paint from which if three straight lines 
be drawn to AB, BC, and CA, each making with 
each an 7 equal to the 4 D, they shall be to one 
another in given ratios. | 

Straight lines being supposed to be drawn at : 
the point B making, with AB and BC, angles each 
equal to the 4 D, draw (S. 7. 6.) the locus BK 
of all the points from which if parallels be drawn 
to them meeting AB and BC, these parallels shall 
be to owe another in the firat ef the given ratios; 
then (F. $9. 1.) shall the parallels so drawn make 
. with AB and BC, angles each "- to the gren 
4 D. 

2A 2 
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In like manner draw the locus CK of all the 
points from which if straight lines be drawn to: 
AC and CB, making with them angles equal each 
to the given 2 D, they shall be to one another 
in the second of the given ratios; And let BK 
and CK meet in K. It is manifest that K is the 
point which was to be found. | 


Pror. XLVII. 


56. ProsLem. To make an isosceles triangle, 
which shall be, equal to a scalene triangle, and 
shall also have an equal vertical angle with it. 


Let ABC be the given scalene triangle: It is 


N 


required to make an equal isosceles A, which 
shall have the 2 BAC for its vertical angle. 

. Find (E. 18,6.) a mean proportional between 
the two unequal sides AB and AC, of the given 


ELEMENTS OF EUCLID. 357 


A ABC, and from AB, the greater side, cut off 
AD equal to the mean proportional so found ; also 
produce AC to E, so that AE = AD, and join D, 
E: Then is ADE the A which was to be de- 
- scribed. 

For (constr.) BA: AE:: AD: AC; ~» (E. 15. 6.) 


the isosceles 4 ADE is equal: to the given A 
ABC. 


Pror. XLVIII. 


57. TREonEM. Ifa straight line, drawn from the 
vertex of an isosceles triangle cutting the base, be 
produced to meet the circumference of a circle 
described about the triangle, the rectangle con- 

. tained by the whole line so produced, and the part 

^ Qf it between the verter and the base, shall be | 
equal to the square of either of the equal - of 
the triangle. ` l 


Let AD drawn from the vertex, A, of the 
isosceles A ABC, inscribed in the circle ABDC, 
cut the base of the A in E; and the circumference 


of the circle in D: Then DA X AE = AB. 
For join ps D, = since (p.) AB= AC, .- 


(E 28. 3.) AB= m AC, and .. (E. 27. 3.) the 7 
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A. 


D 


BDA, of the A ABD, is equal to the ^ ABE, of 
the A AEB; and the Z BAD is common to the 
two a; .. (S. 26. 1.) they are equiangular ; 
^ (E. 4. 6.) DA: AB:: AB: AE; 
. (E. 17, 6.) DA x AE = AB. 


Pror. XLIX. 


58. TuzoneM. Jf from a given point, without a 
circle, two straight lines be drawn to the concave 
circumference, they shall be reciprocally pro- 
portional to the parts of them between the given 
point and ihe conves circumference. 


For (E. $6.3. cor.) the rectangle contained by the 
one of the lines, so drawn, and the part of it with. 
out the circle, is equal to the rectangle contained 
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by the other line and the part of it withont the 
circle; .. (E. 16. 6.) the two straight lines so 
drawn are reciprocally proportional to the parts 
of them, between the given point and the convex 
circumference. 


Prop. L. 


59. PROBLEM. To divide a given finite straight . 
line, into two parts, such, that another given 
straight line, not greater than the half of the 
Jórmer, shall be a mean proportional between 
them. 


Let AC be the given straight line which is to 
" 


be divided into two parts, and let CG, placed at 
right æ to AC, be the line which is to be a mean 
proportional between the parts of ACD. 

Upon AC, as a diameter, describe the circle 
ACB; through G draw (E. 31. 1.) GF parallel 
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to CA, and let GF meet the circumference of 
AECF in F; through F draw the chord: FDE 
parallel to GC, and .., (E. 29. 1.) 4 to AC; .- 
(E. 3. 3.) FE is bisected in D; .. (E. 35. 3.) AD 
x DC SPF; but (constr. and E. 94. 1.) CG = 
DF; .. AD x DC = CG'; . (E, 17. 6.) the 
given straight line CG is a mean proportional 
* AD and DC. 


Prop. LI. 


60. PRoBLEM. Of four straight lines which are 
continual proportionals, the two extremes being 
given, and also a line which ts equal to the 
difference of the other two, fo Jind those two 
lines. 


Let AB and BC, placed in the same straight 
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line, be the two given extremes, and L the given 
difference of the two mean terms, of four propor- 
tionals: It is required to determine the two mean 
terms. 

Bisect (E. 10. 1.) AC in D, and from the centre 
D, at the distance DÀ or DC, describe the circle 
AECF; likewise, upon DB, as a diameter, de- 
— scribe the circle DGB; and, since (S. 4. 5. cor. 
and hyp.) DB is greater than L, in the circle 
DGB place (E. 1. 4.) BG equal to the half of L; 
and produce GB both ways to meet the circumfe- 
rence in E and F: Then are BE and BF the two 
mean proportionals, which were to be found. 

For join D, G; and because the 2 DGB is in 
a semicircle, it is (E. 31. 3.) a right Z ; . (E. 3. 
3.) GF = GE; whence it is manifest that BG, 
which was made equal to the half of L, is the 
difference between BF and BE; - (E. 35. 3.) 
AB X BC = BF x BE; 

*. (E. 16. 6.) AB: BF:: BE: BC. 


Prop. LII. 


61. PROBLEM. To make a triangle, which shall 
"s its two sides equal to two given straight 
lines, each to each, and shall have its base equal 


. * The method used in this proposition furnishes another, and 
perhaps a neater, mode of solving the problems contained in 
. S. 86. 8. and its corollary. 
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to the perpendicular distance of the vertex from 
the base. 


Let AC and CB be two given straight lines: It 


is required to describe a A which shall have its 
base equal to the 1 drawn to it from the vertex, 
and shall have its two remaining sides eqnal to 
AC and CB, each to each. 


Let AC and CB be placed in the same straight 
line; and from the centre C, at the distances CA 
and CB, describe the circles ADE, BFG; from 
the centre A, at the distance CB, describe a cir- 
cle cutting the circumference BFG in F; and 
join A, F; so that AF==CB; produce FA to 
meet the circumference BFG again in G; upon 
AC as a diameter describe the circle AHC, and 
in it place AH — AG; draw CH and produce it 
to meet the circumference BFG in I; lastly, join 
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I, A, and produce IA to meet the circumference 
BFG in K: Then is CAK the A which was to be 
described. 

For, draw (E. 12. 1.) CL I to AK; .. (E. 31. 
3. and S. 26.1.) the a CLI, AHI, are equian- 
gular ; and since (E. 35. 3.) AI X AK = AG X 
AF, i.e. (constr.) Al x AK = AH x CK, 

. (E. 16. 6.) AI: AH: : CK: AK: 
But e 4. 6.) AI: AH: : CI or CK: CL; 
*. (E. 9. 5.) AK = CL: 
And the een straight line AC is one of the sides 
of the A CAK; and CK, which (E. 15. def. 1.) is 
equal to CB, is the remaining side. | 


Pror. LIII. 


62. ThEORREM. Jf from any point in the diameter, 

or the diameter produced, of a given parallelo- 

am, perpendiculars be let fallon the two adjacent 

sides, produced, tf necessary, which meet the di- 

ameter, the perpendiculars shall be reciprocally 
proportional to the sides on which they fall. 


Let AB be the diameter of the cj ABCD; 
Jet P be any point in AB, and Q any point in AB 
produced ; and let PK and QM be , to AB, and 
PL and QN 1 to BC: Then 

AB: BC:: PL: PK:: QM: QN. 
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For draw AC, and AP, and PC; ; and let AC 
cut BD in E; 
*. (S. 42. 1.) AE EC. 
*. (E. 38. 1. ) ! 
A ABE = gre and A APE = A.CPE; 
ia APB = = ACPB; 
zm (E. 4 41. 1.) AB X PK=BC x PL; 
^. (E. 16. 6.) AB: BC:: PL: PK. 
Again, since (constr. E. 15. 1. E. 32. 1.) the A 
BKP, BNQ, are equiangular, as are, also, the a 
BLP, mew 
*. (E. 4. 6.) QM: BQ:: PL: PB; 
and BQ: QN: : PB: PK, 
^. (E. 22. 5.) QM: QN : : PL: PK: 
And it has been proved that AB: BC:: PL: PK; 
„(E. 11. 5.) AB: BC; : QN: QM. 
In the same manner, also, the proposition may 
be shewn to be true, if perpendiculars be let fall 
from Q on the sides DA, and DC, produced. 
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Prop. LIV. 


63. PnoBLEM. From a given point, in the base of 
a scalene triangle, to draw a straight line, which 
Shall cut off equal segments from the two remain- 
ing sides, the less of those sides having been pro- 
duced. 


Let D be a given point in the base BC of the 


scalene A ABC: It is required to draw from D a 
straight line which shall cut off from the greater 
side AC, and from the less side AB, produced, 

equal segments. 

From AC cut off (E. 3. 1.) CE = : AB; through 
D draw (E. 31. 1.) DF parallel to AB, and DG 
parallel to AC ; and, accordingly as the point F 
falls between E and C, or between E and A, take 
in AG, or in GA produced, AH = EF; produce 
HG, or GH, (S. 73. 3. cor.) to K, so that GK X. 
KH =GA X AF; lastly, join D, K: Then shall 
DK cut off from AC a segment CL equal 'to the 
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segment BK, which it cuts off from AB produced. 
For, since (constr.) GK X KH is equal to GÀ 
x AF, or (constr. and E. 34. 1.) to.DF X GD, 
. (E 16. 6.) GK: GD:: DF: KH: 
But Bion E. 29. 1. and S. 26. 1.) the two a 
KGD, LFD, are equiangular ; 
^ (E. 4.6) GK:GD::DF: FL: 
„. (E. 9. 5.) EH — FL: 
But (constr.) BH — CF; to these equals add 
the equals HK, and FL, and it is manifest, that 
the segment CL is equal to the segment BK. 


Prop. LV. 

64. TuHkoREM. Jf an angle of a triangle be bi- 
sected by a straight line, which also cuts the base, 
the rectangle, contained by the sides of the tri- 
angle, 1s equal to the rectangle contained by the 
segments of the base, together with the square of 
the straight line bisecting the angle. 


Let ABC be a A, and let the 2 BAC be bi- 
sected hy AD; then BA xX AC= BD PC 
AD* | | 


Describe (E. 5. 4) the circle ACB about the 
triangle ; produce AD to the circumference in E, 
and draw EC. And, because (E. 21. 9.) the Z 
ABC = 4 AEC, and (hyp.) the 4 BAD = 4 
CAE, ~. (E. 32. 1.) the & ABD, AEC, are equi- 
angular; 
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A 


| . (E. 4. 6.) BA: AD: : EA: AC; 

„ (E. 16, 6.) BÀ X AC=EA X AD; i. e. (E. 
3. 2.) BÀ X AC = ED x DÀ + åD: But (B. 
35.3.) ED X DA— BD x DC; . BA X AC 
— BD x DC + AD". a 


Pror. LVI. 


65. TnHronEM. Jf from any angle of a triangle a 
straight line be drawn perpendicular to the base, 
the rectangle contained by the sides of the triangle, 
és equal to the rectangle contatned by the perpen- 
dicular and the diameter of the circle described 
about the triangle. 


Let ABC be a A, and AD the | from the 2 BAC 
to the base BC; then is BA x AC equal to the 
rectangle contained by AD, and the diameter of 
the circle dascribed about the A ABC. 

Describe (E, 5. 4.) the circle ACB about the 
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triangle; draw its diameter AE, and join E, C: 
Because the 2 ECA in a semi-circle is equal (E. 
31. 3.) to the right 2 BDA, and that (E. 21. 8.) 
the 2 AEC =z ABC, .. (E. 32. 1 .) the a ABD, 
AEC are equiangular, 

. (E. 4. 6.) BA: AD::EA:AC; 


^ (E. 16.6.) BAX AC— — FÀ x AD. 


Pror. LVII. 


66. THEorEM. The rectangle contained by the 
diagonals of a quadrilateral rectilineal figure, 
inscribed tn a circle, ts equal to both the rectan- 
gles contained by sts opposite: ‘sides. 


Let ABCD be any quadrilateral rectilineal 
figure, inscribed in a circle ACB, and let AC, 
BD, be its diagonals; then AC X BD = ABX 
. CD + AD x BC. 

Make (E. 23. 1.) the 2 ABE = E DBC; add 
to each the common Z EBD; .. the 2 ABD = 
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Z EBC; and (E. 21. 3.) the 2 BDA = ^ BCE; 
*. (E. 32. 1.) the 2 ABD, BCE, are equiangular ; 
. (E. 4. 6.) BC:CE:: BD: DA; 
^ (E. 16. 6) BC x AD—BD x CE: Again, 
because (constr.) the 2 ABE = ^ DBC, and 
(E. 21. 3.) the 4 BAE = 7^ BDC, the a ABE, 

BCD, are equiangular ; 

. (E. 4. 6.) BA: AE: : BD: DC; 
. (E. 16. 6.) BA X DC = BD X AE: And it 
has been shewn that BCX AD—BD X CE; 
S. (E. . I. 2.) AC X BD = AB X CD + AD X 
BC. . 


Pror. LVIII. 


67. Tueorem. Jf, from the centre of the circle, 
described about a given triangle, perpendiculars 
be drawn to the three sides, their dggregate 
shall be equal to the radius of the circum- 
scribed circle, together with the radius of the 
circle inscribed in the’ given triangle. 

Let ABC be the given A; bisect (E. 10. 1.) 

28 | 
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AB, BC, and AC in the points D, E, and F; and 
from D, E, and F draw (E. 11. 1.) DG 1 to AB, 
EG , to BC, and FG 4 to AC; then (S. 4. I.) 
these perpendiculars meet in the same point G, 
which is the centre of the circle that can be de- 
scribed about the A ABC ; find, also, (E. 4. 4.) 
the centre K, and the semi-diameter KH, of the 
circle that can be inscribed in the A ABC; and 
draw GA: Then* GD + GE + GF = GA + 
KH. i 
For draw DE, EF, and FD, .. (S. 69. I. cor. 1. 
and E. 34.1.) 4 AC, CF = AB, and FD— Xi 
BC; draw GB, and GC; And, since (constr.) the 
(L at D, E, F, are right 4, .. (E. 32. 1. cor. 1.) 
the two Z DAF, DGF, are, together, equal to 
two right 4; . (S. 28. 3.) a circle may be de- 
scribed about the trapezium ADGF ; and in the 
aame manner it may be shewn that circles may 
be. described about BDGE, and CFGE: - ! 

*. (S.57.6.) AG BF. BA DE4-CG x FE = 


* The straight lines GD, GE, GF, are wanting in the figure. 
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AF X BGA x GF+ BD X GE-- BE X DG + 
CEX GF+CF x GE: And if to the doubles 
of these equals be added the rectangles GE x BC 
+ GF x AC + GD X AB, which (E. 41. I.) make 
up the double of the A ABC, it will be manifest, 
from E. 1. 2., that the rectangle contained by the 
perimeter of the A ABC, and by GA, together 
with the double of the A ABC, is equal to the 
rectangle contained by the perimeter of ABC, and 
by the aggregate of GD, GE, and GF: But (S. 2. 
4.) the double of the A ABC is equal to the rect- 
angle contained by the perimeter af the A and 
the semi-diameter, KH, of the circle inscribed in 
it; .. (E. 1. 2.) the rectangle contained by the 
perimeter, and by the aggregate of GA and KH, 
is equal to the rectangle.contained by the perime- 
ter, and by the aggregate of GD, GE, and GF; 
. GD + GE + GR= GA + KH. 


Pror. LIX. 


GB. Prosrem. To find a point, from which if 
tee straight lines be drawn to three given 
points, their differences shall be severally equod 
to three given. stnaight lines; the difference qf 
any two of the straight lines ta be drawn, not 
being greater than the: distance of the two 
posts t which they are to be drawn. 


Let A, B, C, be the three given points, and E, 8, 
f 2B 2 


972 A SUPPLEMENT TO THE 


6 M F EN 


two of the given differences: It is required to 
find a point, from which if three straight lines be 
drawn to A, B, and C, the difference of the first 
and second shall be equal to R, the difference be- 
tween the second and third equal to S, and .. the 
difference between the first and third equal to the* 
third of the given differences. 

. Draw AB, BC, and CA ; bisect (E. 10. 1.) AB 
in D, and BC in E; from DB cut off DF, equal 
to a third proportional (E. 11. 6.) to 2AB, and to 
S; likewise from EB cut off EG, equal to a third 
proportional to 2BC, and to R; and through F 
and G draw (E. 11. 1.) FH 1 to AB, and GH | 

to BC, and let them meet in H ; find (E. 12. 6.) 
a fourth proportional, (T,) to AB, S, and BC; 
through H draw (S. 7. 6.) the locus, IH, of all the 
points, from which if perpendiculars be drawn to 

AB and BC, respectively, they shall cut off from 

GB and FB segments that are to one another as 
R is to T; lastly, in IH find (S. 96. 3.) a point K, 
such that the difference of its distances from C 
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and B, shall be equal to R: Then is K the point 
which was to be found. 

For if not, let P be the point; and, if it be pos- 
sible, let the point P be out of IH ; join P, A, and 
P, B, and P, C; and draw, from P (E. 12. 1.) PL 
1 to AB, and PM I to BC: Then (constr. E. 17. 
3. and S. 96. 3. cor. 1.) 

FL AB = BP NS; and GM x BC=BPXR; 

. (E. 16. 6. and constr.) 

BP: FL:: AB: S:: BC: T; 
and GM: BP:: R: BC; 
. (E. 28. 5.) GM: FL:: R: T: 
. (constr. and S. 7. 6. cor.) the point P cannot 
be out of IH; .. (constr. and S. 96. 3. cor. 2.) K 
is the point which was to be found. 


Pror. LX. 


69. PRoBLEM. To describe a circle, which shall. 
pass through a given pomt and touch two given 
circles. i 


Find a point (S. 59. 6.) such that the difference 
between its distance from the centre of the one 
circle, and its distance from the given point, shall 
be equal to the semi-diameter of that circle; and 
that the difference between its distance from the 
other centre, and from the given point, shall like- 
wise be equal to the other given semi-diameter : 
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It is manifest (S. 6. 3.) that the point, so deter- 
mined, is the point which was to be found. 


Otherwise. 
Let DCD and EFG be the two given circles, 


and A a given point without them: It is required 
to describe a circle which shall pass through A, 
and touch the two circles BCD, EFG. A 
Find (E. 1. 3.) the centres, K and L, of the 
two given circles; draw KL and let it, produced, 
meet thé circumference of BCD in B, and the 
circumference of EFG in E and G; and let it 
meet CH, which is drawn (S. 52. 3.) sọ as, to touch 
both the circles, in H; join H, A; find (E.12.6.) a 
fourth proportional to AH, HB, and HG, and 
from HA cut off HI equal to it; so that (E. 16. 
6.) BH X HG = AH x HI; lastly, describe (S. 
95. 8.) a circle AMI, passing through A and I, 
and touching either of the given circles BCD, in 
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some point, M; it shall, also, if HM be drawn, 
pass through the point N, in which HM cuts the 
circumference of the circle EFG, and shall touch 
EFG in the point N. 

For, if it be possible, let the circumference of 
the circle AMI cut HM in some other point, as 
P: Then. (E. 36.3.) MH X HP = AH X HI; 
but (constr.) AH x HI = BH X HG, and (E. 36. 
3.) BH x HG = MH x HN; . MH x HP = 
MH x HN; . HP is equal to HN, the less to 
the greater, which is absurd; .. the circumfe- 
rence of the circle MIA cannot but meet the 
circle EFG in the point where it is cut by MH; 
and it touches the circle EFG in that point. 

For draw KM, KC, KD, LQ, LF, and LP, and 
let MK and PL, produced, meet in R: Then 
since (constr. and E. 18. 3.) the A HFL, HCK, 
bavitig a common 4 at H, have the y HFL, 
HCK, right 7, they are (S. 26. 1.) equiangular; 
*. (E. 4. 6.) HL: LF or L:: HR: KC or KM: 
And the ~ HL, HKM, have a common 2 at 
H, and have the two remaining ; HL, HMK 
of the same species; for since MH cuts both the 
circles, the 7 HL, HMK, are (E. 16. 5. cor.) 
each of them less than a right Z; .. (E. J. 6.) 
the 4 HQL =z HMK; . (E. 15. def. 1. and E. 
5. 1.) the Z LNQ, or RNM,  z HMK, or NMR; 
~ (E. 6. 1.) RM + RN; but, since the circle 
AMI touches the circle BCD, of which K is the 
centre, .. (E. 11. or 12. 3.) the centre of AMI 
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must be in MR; and since RM — RN, that 
centre (E. 7. 3.) must be in R; since, .., the 
diameters of the two circles MAI, EFG, have a 
common extremity at N, the two circles (S. 6. 3.) 
touch one another.* 


Prop. LXI. 


70. PROBLEM. To describe a circle that shall touch 
three gtven circles. 


Find a point (S. 59. 6.) such that the difference 
between its distances from the centres of the first 
and second of the given circles, shall be equal to 
the difference of the diameters of those circles, 
and such that the difference between its 'distances 
from the centres of the first and third of the given 
circles, shall be equal to the difference of the 
diameters of those circles: Then it is manifest, 
that the difference between its distances from the 
centres of the second and third of the given 
circles, will be equal to the difference of their 
diameters; and that, if from the point so deter- 
mined, as a centre, a circle be described touching 


* It is evident that Prop. 59 may be deduced from this pro- 
position, as it is thus independently demonstrated; and that the 
proposition immediately following, which is one of some cele- 
brity, may be deduced from either of them. 
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any one of the given circles, it will (S. 6. 3.) also 
touch the other two. 


i Pror. LXII. 


71. PRoBLEM. Upon a given finite straight line, 
to describe an equilgleral and equiangular figure, 
having the number of its sides equal to four, eight, 
sixteen, &c. ; or to three, siz, twelve, Sc.; or to 

Jive, ten, twenty, &c. ; or to fifteen, thirty, sixty, 
Gr. sides. 


In any circle inscribe (S. 14. 4. cor. 3.) an equi- 
lateral and equiangular rectilineal figure of any 
number of sides that is specified in the proposi- 
tion; then upon the given finite straight line 
describe (E. 18. 6.) a rectilineal figure similar to 
it, and the problem will have been solved. 


Pror. LXIII. 


72. Tueorsm. Similar triangles, and similar po- 
dygons, are to one another as any rectilineal 
figure described upon any side of the one, is to a 

similar rectilineal figure similarly described upon 
the homologous side of the other. 


For (E. 20. 6.) the two given figures, and two 
similar figures thus similarly described, will have 
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to one another the same duplicate ratio of that 
which the homologous sides have. 


Prop. LXIV. ` 


73. PROBLEM. To cut off from a given triangle 
any part required, by a straight line drawn 
parallel to a given straight line. 


Let ABC be the given A, and AX a given 


straight line: It i8 required to cut off, from the A 
ABC, any assigned part, by a straight line drawn 
parallel to AX. 

First, let AX be parallel to BC; find (S. 2 l. 6.) 
a square which shall be the same part of the 
. square of AB, that the A, to be cut off, is required 
to be of the given A, and make AD equal to its 
side; through D draw (E. 31. 1.) DE parallel to 
AX or BC: Then is ADE the A which was to 
be cut off from ABC. b 


= 
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For, (constr. and E. 29. 1. ) the as ADE, ABC, 

are equiangular ; 
. (E. 4. 6. and S. 63. 6.) AD*: AB: : A ADE: 
^ ABC. 
(constr. and S, 4. 5.) the A ADE is the re. 
quired part of the ^ ABC. 

Secondly, let AX be not parallel to DC, and 
let it meet BC, produced, if necessary, in F: Find 
(S. 21. 6.) a square which shall be the same part 
of the rectangle FB x BC, that the A, to be cut 
off, is required to be of the A ABC, and make 
BG equal to its side; through G draw GH paral- 
lel to FA: Then is BHG the A which was to " 
cut off from ABC. 

For (constr. and E. 29. 1.) the A BHG, BAF, 
are equiangular ; 

. (E. 4. 6. and S. 63. 6.) 

BG :BF :: A BHG: A BAF; 

And (E. 1. 6. and E. 11. 5.) 

BF’: BF x BC:: A BAF: ABAC; 
*. (E. 22. 5.) 
BG: BF x BC:: A BHG: A BAC; 

*. (constr. and S. 4. 5.) the A BHG is the re- 

quired part of the A ABC. 


Prop. LXV. 


"44 PmomLEM. To describe a polygon, similar to a 
given polygon, and having a given ratio to it. 
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Upon any side of the given polygon describe 
(E. 46. 1.) a square; find (S. 21. 6.) a square 
which sball have to the square first described the 
given ratio ; and upon its side describe (E. 18. 6.) 
a polygon similar, and similarly situated, to the 
given polygon: It is manifest, from E. 20. 6., 
that it will have to the given polygon the given 
ratio. 


Prop. LXVI. 


75. TuHzoREM.: Any regular polygon, inscribed in 
a circle, is a mean proportional between the 
inscribed and circumscribed regular polygons of 
half the number of stdes. 


Loet BGFA be a polygon inscribed in the cir- 


cle BG, and let EH and CD be polygons of half 
the number of sides, the one EH inscribed in the 
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circle (S. 14. 4. cor. 3.) by joining the sides of the 
figure BGFA, and the other CD described about 
the circle, by drawing tangents to it through the 
angular points A, B, G, and F; so that (E. 18. 3. 
E. 28. 3. E. 27.3. E. 26. 3. and S. 19. 3.) it is 
equilateral and equiangular : Then is the polygon 
BGFA a mean proportional between the polygons 
EH and CD. 

Find (E. 1. 3.) the centre K of the circle BGFA, 
and join K, B, and K, C: It is manifest, from the 
construction, that KB bisects, at right /, the 
sides of the figures EH and CD, which it cuts, and 
that KC passes through the angular point E: 

And (E. 1.6. and E. 4. 6.) 

A CBK: A EBK:: CK: EK :: CB: EL: 

But, the figure CD is the same multiple of the A 
CBK, that the figure BGFA is of the A EBK; 
also a side of CD is double of CB ; and a side of 
EH is double of EL; .. (E. 15. 5.) CD is to 
BGFA as a side of CD is to a side of EH; and 
(E. 20. 6.) CD has to EH the duplicate ratio, of 
that which a side of CD has to a side of EH; 
CD has to EH the duplicate ratio, of that which 
it has to BGFA; i. e. (E. 10. def. 5.) the figure 
BGFA is a mean: proportional between CD and 
EH. - 
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Prop. LXVII. 


76. TuronEM. Jf from two points similarly 
situated, one in each of any two homologous sides 
of two similar polygons, two straight lines be ` 
drawn making equal angles with those sides, 
they shall cut off from the polygons two similar 
figures ; and the owe shall be the same part of 
the one polygon, Mat the other is of tha other. 


Let AC and FH be tuo similar polygons, and. P 
A x 


PD Hak 

snd Q two points similarly situated. in the two ho» 
mologous. sides CLD: and HK: If from P and Q 
straight lines be drawn, making equal g with. C 
and HK, they shall, cut off similar figures from the 
polygons; and the one shall be the same part of 
the one polygon that the other is of the other. 

First, let PM and QN, making the ^ MPD — 
Z NQK, cut the sides DE and KL, adjacent to 
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CD and HK: And since (hyp. and S. 26. 1.) the 
two A MPD, NQK, are equiangular, they are 
(E. 4. 6.) similar to one another, and they are to 
one another (E. 19. 6.) in the duplicate ratio of 
their homologous sides PD and QK, that is (2% p.) 
in the duplicate ratio of CD and HK; .. (E. 20. 
6.)'they are to one another in the same ratio as 
the polygons are, and.. whatever part the A 
MPD is of the polygon ABCDE, the same part is 
the A NQK of the polygon FGHKL. 


Secondly, let PR and QS cut any other sides of 
the polygons, as AE and FL, which are not ad- 
jacent to the sides CD and HK: Draw PE and 
QL; and since (hyp. and E. 24. 1.) the a EPD . 
and LQK are equiangular, the A RPE and SQL 
are also equiangular; whence it may be shewn, (as 
"in E. 20. 6.) that RPDE, SQKL, are similar 
figures; . (E, 20. 6.) they are to one another in 
the duplicate ratio of the homologous sides DE 
and KL; or in the ratio of the polygon ABCDE 
to the polygon FGHKL; .. RPDE is the same 
part of ABCDE that SQKT, is of FGHKL. 


Pror. LXVIII. 


71. TnugenEM. If any two chords of a circle inter- 
sect each other, the straight lines joining thér eax 
tremities shail cut off equal segments from the 
chord which passes through the common inter- 
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section of the two former chords and is there 
bisected. 


Let AB and CD be two chords of the circle 


ACBD, cutting one another in E; through E draw 
(S. 2. 3.) the chord FG, so that FG i is bisected in 
E; and join C, B and A, D: Then shall HE = EI. 
For through I draw (E. 31. 1.) KIL parallel to 
BC, and meeting CD in K, and BA, produced, 
in L: Then (constr. and E. 29. 1.) the Z CBL = 
4 BLK, and that (E. 21. 3.) the 2 CBA = 7 
CDA, . the 2 ALI = Z IDK; and (E. 15. 1.) 
the z AIL, of the A LAI, is equal to the Z KID, 
of the A DKI; . (S. 26. 1.) these two A are 
equiangular, as are also (constr. and E. 29. 1.) 

the two ÆA CEH, IEK, and the two a HEB, 
IEL; | 
^. (E. 4. 6.) AL: IL:: kl. D; 


^. (E. 16. 6.) IL x KI = AI x ID: 
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Again (E. 4. 6.) CH: HE:: IK: IE, 
and BH:HE::IL:TE, 


. (E. 22. 6.) 
| CH x BH: HE IR x IL or AT X IB: LE; 
*. (E. 18. 5.) | 
CH x BH 4-HE': HE : PAL XID Hs IE’ ; 

E (E. 35. 3.) 
| FHXHG+HE : BE: FixIG+iE: QE: 
But (hyp. and E. 5. 2.) FHXHG+HE, and FI 
X ÍG 4- IE", are each of them equal to EF or EG 
and .. they are — to one another ; 3. (E. 14.5. ) 
HE = IE; HE = IE, 


Pror.. LXIX. 


78. PRosLEM. Two similar rectilineal figures 
being given, to find a third figure also similar 
to them and a mean * between them. 


Find (E. 18. 6.) a mean proportional between 
any two homologous sides of the .given figures, 
and upon it describe (E. 18. 6.) a rectilineal 
figure similar to either of them, and .. (E. 21. 6.) 
similar, also, to the other: Then (E. 22. 6.) will 
the rectilineal figure, so described, be a mean pro- 
portional between the two given figures. 
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Pror. LXX. 


79. PROBLEM. If two sides of a trapezium be 
parallel, and a straight line be drawn cutting 

' them, and meeting also the other two sides, (any 
of the sides being produced, if necessary) the two 
rectangles contained by the respective segments of 
the parallel sides, have to each other the same 
ratio, as the two rectangles contained by the seg- 
ments into which the line, so drawn, is severally 
divided by each of the two parallels. — 


Let the side AD, of the trapezium ABCD, be 


parallel to the opposite side BC, and let EF cut 
AD and BC, in G and H, and AB and DC, pro- 


duced, in Fand E: Then AG x GD: BH x HC 
: GF x EG: HF x EH. 
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For (hyp. and E. 29. 1.) the ^4, AGF, BHF, aud 
the A EGD, EHC, are equiangular ; .. (E. 4. 6.) 
AG:BH::GF:HF ; 
and GD: HC:: EG: EH; 
*. (S. 1. 6.) 
AGxGD:BHXHC::GFXEF: HFXEH. 
Which'conclusion may also. be . at by means 
of E. 28. 6. 5 


= Prop. LXXI. 
80. PROBLEM. To cut off from a given parallelo- 


gram a similar parallelogram, which shall be any | 


required part of it. 


Let ABCK be the given CJ: It is required to 


. cut off from it a similar ©, which shall K. any 


required part of it. 
Draw the diameter AC, and fom the A ABC 
cut off (S. 64.6.) by a straight line DE, drawn 
Perle to AK, the A ADE the same part of 
ABC as the C3 to be cut off is required to be of 
| 2c 2 


388 A SUPPLEMENT TO THE 


the given; through E draw (E. 31. 1.) EL 
parallel to AB: Then, since (E. 34. L.) the c3 
ADEL is the double of the A ADE, it is (consir. 
aud E. 15. 5.) the required part of the C ABCK ; 
and (E. 24.6.) the C ADEL is, also, similar to. 
the © ABCK. | 

81. Con. Hence, a gnomon may be cut off 
from a'given , which shall be any required 
part of it. 


Prop. LXXII. 


89. THEOREM. A given straight line being cut in 
extreme and mean ratio, if from the greater seg- 
ment «the less be taken, the greater segment also 
will thus be cut in extreme and mean ratio ; and 
Fa straight line, equal to the greater segment, be 
added to the given line, the line which is made up 
Qf the given line and this segment, is also cut in 
extreme and mean ratio. 


Let AB be a given finite straight line; let it be 


——— 


cut (E. 30. 6. ) in extreme and mean ratio in the 
point C ; from the greater segment, AC, cut off 
CD = CB; and to AB add BE = AC: Then 
shall AC be cut in extreme and tnean ratio in the 
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point D; and AE shall be cut in extreme and 
mean ratio in the point B. 
For since (kyp.) AB: AC:: AC:CB or Sm. 
dio 17. 5.) CB or CD: AC:: AD:CD; 
. (S. 2. 5.) AC: CD:: CD: AD; 
- (E. $. def. 6.) AC is cut in extreme and mean 
ratio in the point D. ` 
Again, since. 
(hyp. and S. 2. 5.) AC or BE: AB:: CB: AC, 
*. (E. 18. 5.) AE: AB:: AB: AC or BE; 
*. (E. 3. def. 6.) AE is cut in extreme and mean 
ratio in the point B. 


Pror. LXXIII. 


83. PRosLEM. Upon a given straight line, as an 
hypotenuse, to describe a right-angled triangle, 
which shall have its three sides continual propor- 
tionals. 


Let BC be the given finite straight line: It is 


B E D C 
required to describe upon it a right-angled A, the 
sides of which shall be continual proportionals. 
Cut (E. 30. 6.) BC in extreme and mean 
ratio, in the point D; bisect (E. 10. 1.) BC in E; 


390 4 SUPPLEMENT TO THE 


from the centre E, at the distance EB or EC, 
describe the circle BAC, and let DA, drawn from 
D, (E. 11.1.) 1 to BC, meet its circumference in 
A, and join A, B and A, C: Then is ABC the A 
which was to be described. : 

For (constr. and E. 31. 3.) the 2 BAC isa right 
L 5 . (constr. and E. 8. 6. cor.) AC is a mean 
proportional between BC and DC, as is also 
(constr.) BD; . AC = BD; .. but (E. 8. 6. cor.) 
AB is a mean proportional between BC and BD; 
^. AB is a mean proportional between BC and 
AC. : 


Pror. LXXIV. 


84. PROBLEM. The perimeter being given of a 
right-angled triangle, having ils three sides pro- 
portionals, to construct the triangle. 


Let AB be a given straight line: It is required 
E | 


to describe a right-angled A, which shall have its 
sides continual proportionals, and equal together 
to A 
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Upon AB describe (S. 73. 6.) the right-angled 
A AEB, having its sides continual propor- 
tionals; bisect (E. 9. 1.) the 4 EAB, EBA, by 

two straight lines AF and BF, which meet in F; 
and through F draw (E. 31. 1.) FG parallel to EA, 
and FH parallel to EB: Then is FGH the A 
which was to be described. | 
For it may be shewn, as in S, 94. 1., that the 
perimeter of the A FGH is equal to AB ; and 
since (constr. E. 29. 1. and S. 26. 1.) the A FGH 
and EAB are equiangular, and that the sides of 
the A EAB are proportionals, it is manifest from 
E. 4. 6., and E. 11. 5., that the sides of the A 
FG H will, also, be proportionals. 


Pror. LXXV. 


85. THEOREM. The semi-diameter of a given circle ` 
having been divided in extreme and mean ratio, 
the greater segment shall be equal to the side of 
an equilateral and equiangular decagon inscribed 

in the circle. | 


For (S. 14. 4. cor. 1.) if the semi-diameter of — — 
the circle be so divided, as that the rectangle, 
contained by the whole and the lesser part, may 
be equal to the square of the greater part, that 
greater segment will be equal to the side of an 
equilateral and equiangular decagon to be in- 
scribed in the given circle; and (E. 17. 6. E. 3. 
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def. 6 ) when the semi-diameter has been so di- 
vided, it is cut in extreme and mean ratio. | 


Pror. LXXVI. 


86. THEOREM. Any rectangle is the half of the 
rectangle contained by the diameters of the squares 
of its two sides. ! 


Let ABCD be any given rectangle; produce 


F 


AD to F, and make DF = DC; produce, also, 
CD to E, and make DE = DA ; join A, E and C, 
F; . AE and CF are the diameters of the squares 
of AD and DC: Then is the rectangle ABCD 
equal to the half of AE XCF. | 
For (constr. E. 5. 1. and E. 32. J.) the two A 
ADE, CDF, are equiangular ; E 
„. (E. 4 6.) CF: AE: CD : DE or DA; 
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the rectangle contained by CF and AE is (E. 1. 
def. 6.) similar to the rectangle contained by CD 
and DA; and since (hyp. and E. 10. def. 1.). the 
4 FDC isa right 2, . the rectangle CF X AE, 
which is on CF, is equal (E. 31. 6.) to the two 
similar rectangles CD DBA and FD x DE, which 
are on the equal sides CD and DF; that is, the 
rectangle CF AE is double of the rectangle 


CD X DA ; or this latter rectangle is equal to the 
half of the former. l 


Pror. LXXVII. 


87. PRoBLEM. Through a given point, to drawa ` 
straight line, cutting two given straight lines, 
which meet one another, so that the triangle con- 
tained by the segment of that line and the ‘seg- 

. ments which it cuts off from the given lines, shall 
be equal to a given rectiltneal figure. 


Let AP and AQ be two given straight lines, 
which meet in A, and, first, let B be a given point 
without. the < PAQ: It is required to draw 
through B a straight line cutting AP and AQ, so 
that the A, contained by the segments. of the 
three lines, shall be equal to a given square. 

Through B draw (E. 31. 1.) BR parallel to AQ, 
and let it meet AP in C; to AC apply (E. 45. 1. 
cor.) the C3 ACDE, having the 4 . ACD for one 
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of its £, and equal to the given figure; from E 
draw (E. 11. 1.) EF 1 to AQ, and make it equal 
to BC; from the centre F, at a distance equal to 
BD, —— a circle cutting AQ in G, and join 
F, G;. FG SBD; lastly draw BG, cutting 
AP in H: Then is BG the line which was to be 
drawn. 

For, let BG cut ED in K; the a BCH, BDK, 
EKG, are (constr. E. 29. 1. and E. 15. 1.) equi- 
angular, and . (E. 4. 6.) similar to one another; 
and (constr.) BC = EF, BD = * and the 
FEG is a right 4; it is manifest, .-., that the three 
homologous sides BC, BD, and EG, of the three 
similar A BCH, BDK, EKG, are the sides of a 
right-angled A; ~. (E. $1. 6.) the A BDK=A 
BCH + A EKG; take away the A BCH, and 
there remains the trapezium HCDK — A EKG ; 
add to both these the — AHKE, abd it is 
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evident that the A AHG is èqual to the =m} 
ACDE, or (constr.) to the given square. 

And, in a similar manner may the problem be 
solved, when the given point is within the given 
rectilineal 2 PAQ. 

88. Cor. Hence, and from S. 21.6., a mei 
line may be drawn through a given point, which 


shall cut off from a given A any required "m of 
it.* 


Prop. LXXVIII. 


89. PRosLEw. Through a given point to draw a 

. straight line, so as to cut off from two straight. 
lines, that meet one ánother, two segments, toward 
their point of concourse, which shall contain: a 
rectangle equal to a gtven square. 


Let the two given straight lines AP and AQ ` 
meet in A; and let B be a given point either 
within or without the Z PAQ: It is tequired to 
draw through B a straight line, so. as to cut off 
from AP and AQ two segments, towards A, 


Hence, and by the help of Trigonometry, any given rectilineal 
figure may be divided into two parts, which are to each other in 
any given ratio, by a straight ime drawn from a given i pot 
situated without the gion fgure. 
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hid shall contain a + rectangle equal to a given 
square. 

From AP and AQ cut off AC and AD each of 
them equal to a side of the given square, and join 
C, D; through B draw (S. 77. 6.) BEF cutting off 
the A AEF, equal to the A ACD: Then, since 
the two A EAF, CAD, have the same vertical z , 

.*. (S. 5. 6. cor.) 
A EAF: ACAD:: EAX AF: CA X AD: or AC’; 

But (constr.) the A EAF = A ACD; 

„EAX AF=AC; i e. (constr.) the nini 
EA X AF is equal to the given square. 


Peor. LXXIX. 


90. THEonEM. In different circles the semi-diame- 
ters which bound equal sectors contain angles 
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reciprocally proportional to their circles; and | 
conversely. 


In the circles ABC, DEF, of which ABC is the 


greater, first, let AKC, DLF, be two equal sectors: 
Then shall the 2 AKC be to the 4 DLE, as the 
circle DEF is to the circle ABC. : 

For (E. 33. 6.) 
4 AKC: four right A:: sector AKC: circle ABC; 


and, 

four right : 2 DLF:: circle DEF: sector DLF: 
But (hyp.) sector AKC = sector DLE; 
^". (E. 28. 5.) 

4 AKC: z DLE::circle DEF: circle ABC. 
Secondly, let the 2 AKC be to the 4 DLE, as 
the circle DEF is to the circle ABC: Then shall 
the sector AKC be equal to the sector DLE. 

For it may be shewn as before that 
four right 7 : 2 DLF :: circle DEF: sector DLV; 
and (hyp. and S. 8. 5.) 
DLF: Z AKC:: circle ABC: circle DEF; 
and 
4 AKC: four right 4 : : sector AKC: circle ABC; 


398 . A SUPPLEMENT TO THE 


*. (E. 23. 5.) four right Z : four right K :: Sector 
AKC: sector DLF; 
*. sector AKC = sector DLF. 


Pror. LXXX. 
91. PRenBLEM. A given space being bounded by 
two arches of circles, subtending, at their respect. 
sve centres, angles reciprocally proportional to 
the circles, to find a square that shall be equal 
to it. 


Let the space m „ U e 


ABC, ADC, of circles ABCE, ADCE, the centres 
of which are K and L; let the 2 AKC be to the z 
ALC, as the circle AD CF is to the circle ABCE: 
It is required to find a square that shall be hue 
to the space ABCDA.  . 
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Since (hyp. and S. 79. 6.) the sector ABC K is 
equal to the sector ADCL, from these equals take © 
away the common part ADCK ; and there re- 
mains the figure ABCDA equal to the rectilineal 
figure AKCL : Find, .., (E. 14. 2.) a square equal 
to the figure AKCL, and the problem will have 
been solved. 


Pror. LXX XI, 


99. PRoBLEM. To trisect a given circle, by di- 
viding il into three equal sectors. 


Inscribe (E. 1. 1. E. 2. 4.) in the given circle 
an equilateral A : Then it is manifest, from E. 28. 
3. and E. 38. 6., that the straight lines drawn 
from the centre of the circle to the three angular 
points of the inscribed A, will divide the cirele 
into three equal sectors. 

99, Con. In like manner, a circle may be 
divided into any required number of equal sec. 
tors, in all cases in which an equilateral figure, 
having that same number of sides, can he inscribed 
in the circle. | 


Pror. LXXXII. 
94. TuEoREM. J, from the greater of two unequal 
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sides of a given triangle, be cut off a part equal 
to the less, that. segment shall have to the remain. 
ing segment, a ratio greater than the ratio which 
the angle adjacent to the remaining segment, has 
to the angle adjacent to the segment first cut off. 


Let the side AB, of the triangle ABC, be less 


than the side BC, and from BC let there be cut 
off BD = AB: Then (BD:DC)>(zACB: z 
ABC). 

For draw AD, and complete (E. S1. 1.) the c3 
ADBE ; from the centre A, at the distance AB, 
describe the circle BEF, the circumference of 
which, since (E. 34. 1. and constr.) AE = BD or 
AB, will pass through E; produce CA to meet 
the circumference BEF in F, and BE produced in 
G; so that (E. 29. 1.) the a GEA, GBC, are 
equiangular. 

Then, since the sector AEF is Jess than the A 
AEG, and the sector AEB greater than the A 
AEB, 
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(A AEG: sector AEF) > (A AEB: sector AEB); 
. (S. 7.5.) 
| yr" AEG: A AEB) > (sector AEF: sector AEB): 
But (E. 1. 6.) A AEG: A AEB:: GE: EB, 
* 4. 6. and E. 34. 1. GE: EB:: BD: DC; 
. (BD: DC) > (sector AEF: sector AEB). 
i Also (E. 33. 6.) 
sector AEF: sector AEB:: 2 EAF: 2 EAB; i 
and (E. 29.1.) - 
the 2 EAF =z ACB, and the 2 EAB=z ABC; 
^ sector AEF: sector AEB:: 2 ACB: z ABC; 
*. (BD: DC) Y (C ACB: C ABC). 
95. Cox. If any part BP be taken of BC, 
that is greater than AB, then, much more, is (BP 
; PO)» 2 ACB: 4 ABC.) 


| Pror. LXXXIII. : | 

96. TuHEoREM. The greater of any two unequal 
archés, of a given circle, has a greater ratio 
lo the less arch, than the chord of the greater 
has to the chord of the less. 


Let ÁB and AC be any two neque arches 
of the cela e AECB, and let AB be be the pe 


Then (AB: BC) > (AB: BC). 

For join A, C; bisect (E. 9. I.) the < ABC " 
BDE,and let BDE cut AC in D, and the circum- 
ference i in E; join, also, E, C, and E, A; from 
E draw (E. Aa. 1.) EF 1 to AC. 

,2D 
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And, since (consir. and E. 26. 8.) 2 = AE, 
„(E. 29.3.) CE = AE; and EP is common to 
the two ae £s. AFE, CFE ; . (S. 73. 1.) 
AF. FC, and .. AD» PC; also (E. 19. 1.) 
EC > ED, snd ED > EF; if, a from the centre E, 
at the distance ED, a circle GDH be described, it 
will cut EC, in H, between E and C, and EF, 
produced, in F; so that the sector DEG > ADEF, 
and the sector DEH < ADEC; 
.*. (sector DEG: sector DEH) > (ADEF: A DEC): 
. (E. 38. 6. and E. 1. 6.) 
(4 DEF: 4DEC) » (DF: 50); 
^. (S. 10. 5.) (Z FEC: 2 DEC) > (FC: DC). 
In the same manner it may be shewn that 
| (z AEC: 2 DEC) » (AC: DO); 
.. (S. 9. 5.) (Z AED: ODU. DC); 


i.e (E. 88. 6) (AB: N. DC); 
-*. (constr. and E. 8. 6.) (AB: Bc} >(AB: BC). - 
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Pnor. LXXXIV. 


97. THEOREM. The greater angle, at the base of 
a scalene triangle, has a greater ratio to the less 
angle, than the greater side has to the less side. 


Let ABC* be a scalene A; having the 2 BCA 
greater than the 2 BAC: Then (Z BCA: Z BAC) 
>(AB: BC). 
About the A ABC describe P" 5. 4.) the circle 
. AECB: 


Then (E. 33. 6.) 2 BCA: 8 


But (S. 83. 6.) (AB: BC) >(AB: BC); 
. (Z BCA: 4 BAC) » (AB: BC). 


i , Pror. LXXXV. 


` 98. Prostem. To divide a given circle into any 
required number of equal paris, by the circum- 
Jérences of circies described ‘within it, about its 
centre. 


Let ABC be a given circle: It is required to 


* See the figure in p. 408. 
2 9 2 
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C 


divide it into any number of equal parts, by the 
circumferences of circles described about the 
same centre with it. 


Find (E. 1. 3.) the centre K of the circle ABC ; 
take any semi-diameter KA; divide (S. 49. 1.) 
KA into as many equal parts, in the points D, E, 
&c. as those into which the given circle is to be 
divided; upon AK, as a diameter, describe the 
circle AHK; from D, E, &c. draw (E. 11. 1.) 
DG, EH, &c. | to AK, and meeting the circum- 
ference of AHK in G, H, &c. ; join K, G and K, 
H, &c.; from the centre K, at the distarices KG, 
KH, &c.-describe the circles GF, HL, &c.: Then 
is the given circle divided in the required number 
of equal parts, by the circumferences of the cir- 
cles so described. 


ELEMENTS OF EUCLID. 405 


. For, join A, H, and A, G; and since (constr. 
and E. 31.3.) the A AHK, AGK, are right Ly 
amd HE, GP ars eee ` 

„. (E. 8. 6. and E. 20. 6. cor. 2.) 

"E IR: KD:: AK': KG’: 
But (E. 2. 12. and E. 22. 6.) 
AK: RG: : circle ABC: circleGF: 

„(E. 11. 3.) AR: KB:: circle ABC: circle GF: 

Likewise, KE : AK :: circle HL : circle ABC; 
.. (E. 23.5.) KE: KD :: circle HL: circle GF; 

*. (E. 17. 5.) 

ED: PE: : circle HL—circle GF: circle GF; 
But (constr.) KD DE; .. the circle GF is 
equal to the space included between the circum- 
ferences of GF and HL: And, in the same man- 
ner, it may be shewn that this space is equal to 
the space included between the circumferences 
of HL, and of the circle next described, according 
to the construction; and so on; . the circle 
ABC is thus divided into the required number 
of equal parts, by the circumferences of circles 
that have the same centre with it. 


Prop. LXXXVI. 


99. ProsLem. To find ‘a circle, which shall be 
equal to the excess of the greater of two given 
circles above the less. 
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Find (S. 75. 1.) a square which shall be equal to 
the excess of the square of the diameter of the 
greater circle above the square of the diameter of 
the less: It is manifest from E. 2. 12. and E. 17. 5., 
that the side of the square so found will be the 
diameter of the circle, which is equal to the ex- 
cess of the greater of the given circles above the 


less. 


Prop, LXXXVII. 


100. ProsLem. To find a circle. to which a given 
circle shall have the same ratio, as that which one 
given straight line has to another. 


Find (E. 12. 6.) a fourth proportional (L) to the 
two given straight lines (A) and (B) and to the 
diameter (D) of the given circle; find, also, 
(E. 13. 6.) a mean proportional (M) between the 
diameter (D) of the given circle, and the fourth : 
proportional (L) first found ; ! 

. (E. 20. 6. cor. 2.) D: M:: D: L; 
and (constr.) D: L:: A: B; 
„. (E. 11. 5.) P': M:: A: B; 
.. (E. 2. 12.) the given circle has to a circle de- 


scribed on M, as a diameter, the same ratio as that 
which A has to B. . 
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Pror. LXXXVIII. 


101. THeorem. Jf, in any given circle, two 
chords cut each other at right angles, the four 
circles described upon their segments, as di- 
amelers, shall, n be equal ta the: given 
circle. 


For (S. 50. 9.) the squares of the four segments 
are, together, equal to the square of the diameter : 
It is manifest, .., from E. 18. 5, and E, 2. 12. 
that the circles described on the four segments of 
the chords are, together, equal to the given circle. 


Prop. LXXXIX. 


102. THEOREM. A circle is equal to the half of 
the rectangle contained by its semi-diameter and 
by a straight line which is equal to its circumfe- 
rence. 


Let ABCD be a circle, and let F be the half of 
the rectangle contained by its semi-diameter and 
by a straight line equal to its circumference: The 
circle ABCD is equal to the rectangle F. 

For if it be not equal, it is either greater, or less, 
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than.it. If it be possible, let .F « the circle 
ABCD; .. (E. 2. 12.) a polygon ABCDE may be 
‘dette in the circle, which shall be gen 
than F. 

Find (E. 1. 3.) the centre G, and from G draw 
(E. 12. 1. GH 1 to any side CD, of ABCDE, 
and join G, D. Then it may be assumed that 
the circumferénce of the circle is greater than the 
perimeter of the inscribed figure ABCDE; and 
(E..17. and 19. 1.) GD» GH; .. the rectangle 
contained. by the circumference and the semi- 
diameter of the circle is greater than that con- 
tained by GH, and the perimeter of ABCDE, 
which latter rectangle (E. 41. 1. and E. 1. 2.) is 
the double of the. polygon ABCDE; . F> 
ABCDE; and it is also less ; which is absurd. 

But, if it be possible, let F be greater than the 
circle. Then (E.2.12.).a polygon. KLMNX 
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may be described about the circle, which ‘shall be 
less than F; join the centre G, and any of the 
points of contact O; and since it may be assumed 
that the perimeter of KLMNX is greater than the 
circumference of the circle, the rectangle con- 
tained by the perimeter of KLMNX and GO, 
which rectangle is the double of KLMNX, is 
greater than the rectangle.contained by the cir- 
cumference of the circle and GO; . the circum- 
scribed polygon KLMNX > F; and it is also 
less; which is absurd. Therefore, the circle 
ABCD can neither be greater, nor less, than F; 
å. e. it is equal to F. 

103. Cor. The circumferences of circles are 
to one another as their semi-diameters. 


Pror. XC. 


104. TnuEonEM. A circle is a mean proportional 

between any regular polygon, described about 
it, and a similar polygon, the perimeter of. 
"which is equal to the circumference of the circle. 


For if there be taken a straight line (P) equal 
to the perimeter of the regular polygon described 
about the circle, and another straight line (p) 
equal to the perimeter of the similar polygon, or 
(Ayp.) equal to the circumference of the circle, 
then (E. 20. 6. and E. 22. 6.) the polygon, de- 
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scribed about the circle, is to the similar polygon, 
ss P^ is to p' : But (S. 2. C. cor. 2.) the polygon, 
described about the circle, 1s the half of the rect. 
angle contained by P and the circle’s semi-diame- 
ter; and (S. 89. 6.) the circle is the half of the 
rectangle contained by p; and by the circle's 
semi-diameter ; .. (E. 1. 6.) that polygon is to the 
circle, as P is to p; and it has been shewn to be 
to the similar polygon, as P is to p`; . it has to 
the similar polygon a ratio, the duplicate of that 
which it has to the circle; . the circle is a mean 
proportional between the two similar polygons. 


THE END. 


dibus ce a Ee oro reae ruo E 
T. Davison, Printer, Whitefriars. 
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